Essential dimension of simple algebras with involutions

S. Baek

ABSTRACT

Let 1 < m < n be integers with m|n and Alg,, ., the class of central simple algebras of degree n
and exponent dividing m. In this paper, we find new, improved upper bounds for the essential
dimension and 2-dimension of Alg,, ,. In particular, we show that ed2(Alg,s ,) = 24 over a field
F of characteristic different from 2.

1. Introduction

Let T :Fields/F — Sets be a functor (called an algebraic structure) from the category
Fields/F of field extensions over F' to the category Sets of sets. For instance, T(FE) with
E € Fields/F can be the sets of isomorphism classes of central simple FE-algebras of degree
n, étale F-algebras of rank n, quadratic forms over E of dimension n, torsors (principal
homogeneous spaces) over F under a given algebraic group, etc. For fields E, E’' € Fields/F, a
field homomorphism f : E — E’ over F and a € T (E), we write aps for the image of o under
the morphism 7(f) : T(E) = T(E'").

The notion of essential dimension was introduced by J. Buhler and Z. Reichstein in [5] and
was generalized to algebraic structures by A. Merkurjev in [4] and [11]. The essential dimension
of an algebraic structure is defined to be the smallest number of parameters needed to define
the structure.

Let E € Fields/F and K C E a subfield over F. An element o € T(E) is said to be defined
over K and K is called a field of definition of « if there exists an element § € T(K) such that
Br = a. The essential dimension of « is

ed(a) = min{tr.degp(K)}
over all fields of definition K of a. The essential dimension of the functor T is
ed(T) = sup{ed(a)},

where the supremum is taken over all fields F' € Fields/F and all « € T (E). Hence, the essential

dimension of an algebraic structure 7 measures the complexity of the structure in terms of the

smallest number of parameters required to define the structure over a field extension of F'.
Let p be a prime integer. The essential p-dimension of « is

ed, () = min{ed(ayr)},

where L ranges over all field extensions of E of degree prime to p. In other words, ed,(a) =
min{tr.degr(K)}, where the minimum is taken over all field extensions L/F of prime to p and
all subextensions K/F of L which are fields of definition of ay. Hence, ed(a) > ed,(a) and
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ed(T) > ed,(T) for all p. The essential p-dimension of T is
edy,(T) = sup{edp(a)},

where the supremum ranges over all fields £ € Fields/F and all o € T(E).

Let G be an algebraic group over F. The essential dimension ed(G) (respectively, essential
p-dimension ed,(G)) of G is defined to be ed(H'(—, G)) (respectively, ed,(H'(—,G))), where
H(E,Q) is the nonabelian cohomology set with respect to the finitely generated faithfully flat
topology (equivalently, the set of isomorphism classes of G-torsors) over a field extension E of
F.

For every integer n > 1, a divisor m of n and any field extension E/F, let Alg,, ,,(E) denote
the set of isomorphism classes of central simple E-algebras of degree n and exponent dividing m.
Then, there is a natural bijection between H'(E, GLy, / p,,,) and Alg,, ., (E) (see 2, Example
1.1]), thus

ed(Alg,, ,,) = ed(GL, / p,,,) and ed,(Alg,, ,,) = ed,(GLy / p,,).

In this paper, we compute upper bounds for the essential dimension and 2-dimension of
Alg,, . By a theorem of Albert, a central simple algebra has exponent dividing 2 if and only
if it admits an involution of the first kind (see [6, Theorem 3.1]). Thus, any algebra A in
Alg,, o(K) for any field extension K/F has involutions of the first kind. Moreover, such A has
involutions of both symplectic and orthogonal types (see [6, Corollary 2.8(2)]). By the primary
decomposition theorem and [3, Section 6], we have

ed(Alg, 5) = ed(Algy- 5) and eda(Alg, 5) = eda(Algy: 5), (1.1)

where 27 is the largest power of 2 dividing n. Hence, we may assume that n is a power of 2.
By [3, Remark 8.2 and Corollary 8.3],

edg(AlgM) = ed(Alg, ;) =4 and edy(Algg 5) = ed(Alg&Q) =8
over a field F of char(F) # 2. By [1, Theorem 1.1 and Theorem 1.2],
eda(Alg, o) = ed(Algy 5) = 3 and 3 < edz(Algg 5) < ed(Algg ) < 10

over a field F' of char(F) = 2. In general, in [3, Theorem)], the following bounds were established
over a field F of char(F) # 2:

(logy(n) — 1)n/2 < eda(Alg,, 5) < n®/4+n/2 for all n =2" > 4. (1.2)

On the other hand, no upper bound for ed(Alg,, ,) was known for n > 16.
In the present paper, we find upper bounds for the essential dimension and 2-dimension of
Alg,, 5 over an arbitrary field as follows:

THEOREM 1.1. Let F' be an arbitrary field. Then, for any integers n = 2" > 8,
(i) ed(GLy / py) = ed(Alg,, 5) < (n—1)(n—2)/2 if char ' # 2,

n?/4 if char FF = 2
i) edy(GL, — edy(Alg, ) < )
(i) edz(GLn / p5) = ed2(Algy, 2) < {n2/16+n/2 if char F + 2.

We remark that our proof of the first inequality of (ii) in Theorem 1.1 holds for an arbitrary
field.

COROLLARY 1.2. Let F be a field of characteristic different from 2. Then
eda(GLig / py) = eda(Algyg ) = 24.
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Proof.  The lower bound 24 < edy(Algg 5) follows from (1.2). On the other hand, the upper
bound edz(Alg;g 5) < 24 follows from Theorem 1.1(ii). O

The paper is organized as follows. In Section 2, we introduce a general strategy to find
an upper bound for the essential dimension. In Section 3, we construct generically free
representations for normalizers of maximal tori in GL,, / pu, and SL,, / o, and a subgroup
of the normalizer in GL,, / 45 to prove Theorem 1.1(i) and the first part of (ii). The proof of
the second part of (ii) in the main theorem is divided into two parts. In the first part, we study
the structure of division algebras of exponent 2 using involutions and then construct a certain
surjective morphism ©. In the second part, we construct a generically free representation for
a subgroup of the normalizer of the maximal torus of GL,, / 5 to obtain the upper bound in
the main theorem. In the last section, we relate the essential dimensions of Alg,, ,, and of the
split simple groups of type A,_1.

To prove Theorem 1.1(i) we use Lemmas 6.1 and 3.1(ii). In fact, both Lemma 3.1(i) and (ii)
give upper bounds for the essential dimension of GL,, / 5, but the latter provides a better
bound combined with Lemma 6.1. Before we compute both (i) and (ii) in Lemma 3.1, it is not
clear which one gives a better bound. In particular, Lemma 3.1(ii) was obtained by N. Lemire
in [9] under the assumption that the base field F' is an algebraically closed of characteristic 0.
Here we provide a different proof without the assumption on the base field F.

The general strategy (see Section 2) was first used by A. Meyer and Z. Reichstein in [13] and
[14] to obtain an upper bound for the essential p-dimension of SLy,- / M, In a subsequent paper
[17] using a similar general method, A. Ruozzi obtained an improved upper bound. Based on
his result, the upper bound in (1.2) was obtained. Here, the general strategy is further refined
by methods of algebraic tori (Lemmas 5.1 and 5.2), combined with the structure of simple
algebras of exponent 2 (Corollary 4.4), and the results provide a sharper upper bound for the
essential dimension (Theorem 1.1(ii)).

2. Preliminaries

A morphism of functors § — T from Fields/F to Sets is called surjective if for any E €
Fields/F, S(E) — T (F) is surjective. Such a surjective morphism gives an upper bound for
the essential dimension of T,

ed(7) < ed(S); (2.1)
see [4, Lemma 1.9]. Similarly, a morphism & — 7 from Fields/F to Sets is called p-surjective

if for any F € Fields/F and any o € T (F), there is a finite field extension L/FE of degree prime
to p such that oy, € Im(S(L) — T(L)). Then

ed,(T) < edp(S); (2.2)

see [11, Proposition 1.3]. Obviously, any surjective morphism is p-surjective for any prime p.

A field extension K/F is called p-closed (or p-special) if every finite extension of K is
separable of degree a power of p. For a limit-preserving functor 7 (e.g. the Galois cohomology
functor H'(—,G) for an algebraic group G over F), by [10, Lemma 3.3], we have

edp(T) = edp(Tk), (2.3)

where K/F is a p-closed field and T is the restriction of 7 to Fields/K.
By (2.3), a surjective morphism & — 7 of limit-preserving functors over a p-closed field gives
an upper bound for the essential p-dimension of 7,

ed,(T) < edy(S).
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In particular, if 7 = H'(—,G) for an algebraic group G over F, then any generically free
representation, i.e., a finite dimensional vector space V' with G-action such that there exist a
nonempty G-invariant open subset of V' on which G acts freely, gives an upper bound for T,

ed,(G) < ed(G) < dim(V) — dim(G); (2.4)

see [15, Theorem 3.4] and [11, Corollary 4.2]. Moreover, if G’ is a closed subgroup of G such
that ([G : G’],p) = 1, then by [13, Lemma 4.1],

ed,(G) = ed,(G"). (2.5)

Let T be a split torus over F' and X be a finite set. Suppose that a finite group H acts on
the character group T™* and X, and there is a H-equivariant homomorphism v : Z[X] — T*.
Then one can construct a generically free representation Vy for T' x H as follows: let

VX = H F-x
reX
be a vector space over F' generated by X. The action of H on X induces a natural H-action
on Vx. The split torus T acts on Vyx by t -z = v(z)(t) - « for t € T. Therefore, the semidirect
product T x H acts linearly on Vy.

LEMMA 2.1 [13, Lemma 3.3]. The vector space Vx gives a generically free representation
for T'x H if and only if
(i) v is surjective and
(ii) H acts faithfully on Ker(v).
Moreover, if these conditions are satisfied, then ed(T x H) < | X| — rank(T™).

The last statement in Lemma 2.1 follows from (2.4).

3. Proofs of (i) and the first part of (ii) in Theorem 1.1

Let G be a smooth reductive algebraic group over F. Let T be a maximal torus of G and N
the normalizer of T' in G. Then the canonical map

HY(K,N) » HY(K,G)

is surjective for any field extension K/F by [7, Corollary 5.3], i.e., the morphism H!(—, N) —
H'(—, @) is surjective and p-surjective for any prime p. Therefore, by (2.1) and (2.2), we have

ed(G) < ed(N) and ed,(G) < ed,(N). (3.1)

For any integer n with 2|n, consider the reductive group GL,, / u, and the maximal torus
Th2 := Gy, / 1o in the group. Similarly, we let T}, , be the maximal torus in SLy, / p,, i.e.,
T, 9 =Th2N (SLy / py). In the following lemma we compute upper bounds for the essential
dimension of normalizers of maximal tori in GL,, / py and SL,, / 5. We note that a different
proof of Lemma 3.1(ii) is given in [9, Proposition 5.6] under the assumption that the base field
F is an algebraically closed of characteristic 0.

LEMMA 3.1. Let F be an arbitrary field and S,, the symmetric group on n elements. Then
we have
(i) ed(Th,2 x Sp) < (n? —n)/2 forn > 3,
(i) ed(T}, 5 x Sn) < (n® —3n+2)/2 for n > 6.
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Proof. (i) Note that the character group (T,2)* is isomorphic to
{(t1,-+ tn) €Z" ty + -+ t, =0in Z/2Z}.

Lete; ; = (0,---,1,---,—1,0) be an element of (T}, 2)*, where 1 and —1 are placed in the ith
and jth positions respectively for 1 < i # j < n and 0’s are placed in other positions. Similarly,
let f; ; =(0,---,1,---,1,0), where 1’s are placed in the ith and jth positions for 1 <i# j <n
and 0’s are placed in other positions and let g, = (0,---,—2,---,0) as an element of (T}, 2)*,
where —2 is placed in the kth position for 1 < k < n and 0’s are placed in other positions.

Let X be a set consisting of f; ; and g for all 1 <i < j <nandall 1 <k <n. Then X is
a Sp-invariant subset of (T}, 2)* and | X| = |fi ;| + |gk| = (n® —n)/2 + n.

It is clear that e; ; and f; ; generate (T, 2)* as an abelian group, as the indices ¢ and j run
over 1 to n. Since f; ; + g; = e; j, X generates (T, 2)* as an abelian group and hence we have a
surjective Sy,-equivariant homomorphism v : Z[X] — (T, 2)* taking f; ; and g to themselves.

We show that S, acts faithfully on Ker(v). Let o be a nontrivial element of S,,. Then there
exists 1 < 49 < n such that o(ig) # ip. Choose a 1 < jy < n which is different from o (ip) and 4.
Then o does not fix 2f;, j, + gi, + 95, € Ker(v). Hence, by Lemma 2.1, there exists a generically
free representation for 7;, o x S,,, therefore,

ed(Th2 % Sp) < (n? —n)/2+n —rank((T),2)*) = (n? —n)/2.
(ii) Note that the exact sequence
0—SL,/py — GL, /s = Gm — 0

implies that
0— T,’L,2 —Th2—>Gm—0

is exact. By taking character lattices, we have
0= Z— (Tn2)" = (T),5)" =0

and hence (7T}, 5)* >~ (T 2)" /2.
Let €; ; and f denote the classes of ¢; ; and f; ; in Z"/Z Let X’ be a set consisting of f
foralll <i=#j § n. Then X' is a S,,-invariant subset of (T}, ,)* and |X'| = [f, ;| = (n® — n)/2

Note that
€j=fir+ Z Ipa

P,q#J:k

*

for any i # j and any k # i, j. Therefore, X’ generates (7}, ,)* as an abelian group as €; ; and
f..; generate (T7, 5)*. Hence we have a surjective Sp-equivariant homomorphism v/ : Z[X'] —
(T}, 5)* taking f, ; to itself.

Suppose that Ker( ") is not a faithful S,-lattice. Then the kernel of the action of S, on
Ker(v'), denoted by N, is a non-trivial normal subgroup of S,. As n>6, N = A, or S,,
where A, is the alternating group on n letters. As the S,-lattice X’ restricted to N is still
transitive, (X’)" has rank 1. On the other hand, the rank of Ker(v/) is (n? —3n +2)/2 > 1.
This contradicts Ker(v') = Ker(v')V C (X”). Therefore, S, acts faithfully on Ker(v'). Hence,

by Lemma 2.1, there exists a generically free representation for 7}, , x S, therefore,

ed(T), 5 % Sp) < (n* —n)/2 — rank((T), 5)*) = (n® — 3n +2)/2.

Proof of Theorem 1.1(i). By (3.1), Lemma 3.1(ii) and Lemma 6.1, we have
ed(Alg, ,) < ed(SLy, / py) < ed(T}, 5 x Sp) < (n® — 3n +2)/2.
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Let P, be a Sylow 2-subgroup of the symmetric group S,, on n elements. In the following
lemma, we compute an upper bound for the essential dimension of Tor o X Por.

LEMMA 3.2. Let F be an arbitrary field. Then for any r > 2, we have
ed(TQT’Q X PQT) S 227‘—27

where Pyr is a Sylow 2-subgroup of Sar.

Proof. Note that a Sylow 2-subgroup Par of Sy is isomorphic to (Pyr—1)? x Z/27Z. Consider
the e, ;, fi; and g as in the proof of Lemma 3.1. We divide the set of integers {1,2,---,2"}
into two subsets Aj := {1,2,---,2" "1} and Ay := {2771 + 1,271 +2,... |27}, Let X be a set
consisting of f; j, where ¢ € A;, j € Ay and gi, 1 <k <2". Then X is a Ps--invariant subset
of (Tyr 2)* and |X| = 22772 4 27,

It is clear that e; ; and f; ; generate (Thr2)* as an abelian group, as the indices ¢ and j run
over 1 to 2". Note that f; ; = fix + fjx + gx for all ¢ and j which are in the same A;’s, where
l is either 1 or 2. As

fij+9; if 7 and j are in different A;’s,
€ =
m fik + fix + 95 +gr otherwise,
X generates (Th-2)* as an abelian group and hence we have a surjective Psr-equivariant
homomorphism v : Z[X] — (T5- 2)* taking f; ; and gi to themselves.
We show that Psr acts faithfully on Ker(r). Note that the center of Pyr is generated by
o:=(1,2)(3,4)--- (2" —1,2"). It is enough to show that o acts faithfully on Ker(v). In fact,

o does not fix the non-zero element 2f; or—141 + g1 + gor—141 € Z[X]. Hence, by Lemma 2.1,
there exists a generically free representation for Tor 5 ¥ Por, therefore,

ed(Tyr o x Pyr) < 22772 427 — rank((Tyr 2)*) = 22772
O
Proof of the first part in Theorem 1.1(i1). As (2,[Tar 2 X Sor : Tor o X Pyr]) = 1, we have
eda(Tor 2 X Sor) = eda(Tor 2 X Por) by (2.5). Therefore, by Lemma 3.2 and (3.1),
edg(AngT’Q) = edg(GLgr /[,LQ) < edg(Tgr’Q X Sgr) = edQ(TQrQ X Pgr) < ed(TQr’Q X Pgr) < 22T72.
O

4. Algebras with involutions

Let A be a central simple algebra over F. For any a € A*, we denote the inner automorphism
of A by Int(a): Int(a)(z) = axa™! for all x € A. For any subalgebra B of A, we write C4(B)
for the centralizer of B in A. The following lemma characterizes all involutions of the first kind
on A.

LEMMA 4.1 [6, Proposition 2.7]. Let F' be a field of char(F') # 2, A be a central simple
algebra over F' and o be an involution of the first kind on A. Then every involution ¢’ of the
first kind on A is of the form Int(a) o o for some a € A* uniquely determined up to a factor
in F*, such that o(a) = ta. Moreover, o and ¢’ are of the same type if and only if o(a) = a.

We use the following lemma for extension of involutions.
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LEMMA 4.2 [6, Theorem 4.14]. Let F be a field of char(F) # 2, A be a central simple
algebra over F' with an involution o of the first kind, and B be a simple subalgebra of A with
an involution T such that 7|p = o|p. Then A has involutions of both types whose restriction
to B is T, unless T is of the first kind and the degree deg(C4(B)) is odd.

From now on until the end of this section, we assume that the base field F is 2-closed (i.e.,
every finite extension of F' is separable of degree a power of 2) and is of characteristic different
from 2.

PROPOSITION 4.3. Let r > 3 be an integer, F' a 2-closed field such that char(F') # 2 and D
a division F-algebra of degree 2" and exponent 2. Then for any biquadratic field extension
K K,/F in D with quadratic field extensions Ki/F and Ky/F there exists a quadratic
extension K3/F in D such that K1 KsK3/F is a triquadratic extension in D.

Proof. By [6, Theorem 3.1(1)], D has an involution of the first kind ¢. Let 77 and 75 be two
distinct nontrivial automorphisms of the field K; K. As o|p = 7;|p for any ¢ = 1,2, there are
two distinct involutions o7 and o9 of the same type on D such that o;|k, x, = 7; by Lemma
4.2.

By Lemma 4.1, there exists d € D* such that o7 = Int(d) o 03 and 0;(d) = d for all ¢ = 1, 2.
In particular, d> commutes with K; and K and F(d?) N K1 Ky = F. If F(d?) # F, then F(d?)
contains a quadratic extension K3 over F' by [18, Proposition 1.1]. Hence we have a triquadratic
extension K1 KsK3 in D.

Suppose that d? € F. Then there exist quaternion subalgebras Q; := (K1,d?) and Qo :=
(K3,d?) of D. As the index ind(Cp(Q1 ® Q2)) is bigger than or equal to 2, Cp(Q; ® Q2)
contains a quadratic extension K3/F by [18, Proposition 1.1]. Therefore, we have

K KyK3 =K @ Ko ® K3 CQ1®Q2®Cp(Q1 ®Q2) =D.
O

COROLLARY 4.4. Let r > 3 be an integer and F be a 2-closed field such that char(F) # 2.
Then for any division F-algebra D of degree 2" and exponent 2 and an étale subalgebra
KKy := Ky ® Ky of D such that dimp(K;) =2 for i = 1,2, there exists a maximal étale
subalgebra K1 KoK = K1 @ Ky ® K of D with dimp(K) = 272,

Proof. By Proposition 4.3, there exists a triquadratic field extension KiKsK3 over F.
Induction on r. If r =3, then K = K3 satisfies the conclusion of corollary. For r > 3, the
centralizer Cp(K3) is a division K3-algebra of degree 2"~1. By the induction hypothesis with
K1K3/K3 and K2K3/Ks, Cp(K3) contains a subfield K/K3 with [K : K3] = 2773, Hence D
contains a field extension K; K> K over F such that dimp(K) = 2773 2. O

5. Proof of the second part in Theorem 1.1(ii)

Let n > 2 be an integer, G a subgroup of S,, and X a G-set of n elements (G acts on X by
permutations). For any divisor m of n, we consider the surjective G-module homomorphism
€:Z[X] = Z/mZ, defined by &(x) = e(x) + mZ, where ¢:Z[X]| — Z is the augmentation
homomorphism given by e(z) =1 for all x € X. Set J = Ker(£). Then we have an exact
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sequence
0—J—Z[X] S Z/mZ — 0. (5.1)

We shall need the following lemma (see also the proof of [3, Theorem 8.1]):

LEMMA 5.1. Let F be a field of char(F') fn and T = Spec F[J] be the split torus with the
character group J. Then

H (F,TxG) = [ Brm(E/F),
Gal(E/F)=G

where the disjoint union is taken over all isomorphism classes of Galois G-algebras E/F.

Proof. Let T, (respectively, G.) be the twist of T' (respectively, G) by the 1-cocycle v €
ZY(F,G). Then by [6, Proposition 28.11], there is a natural bijection between the fiber of
HY(F,T x G) — H'(F,G) over [y] and the orbit set of the group G(F) in H*(F,T,), i.e.,

HY(F,T % G) = [[ H'(F,T,)/G, (F), (5.2)

where the coproduct is taken over all [y] € H!(F, G).
Let E be the Galois G-algebra over F' associated to . From (5.1), we have the corresponding
exact sequence of algebraic groups

1—=p, =G —T—1
and then the exact sequence
1— My, — RE/F(GWL,E) - T’y - ]-7 (53)

each term of which is twisted by ~. The exact sequence (5.3) induces an exact sequence of
Galois cohomology

1 — HY(F,T,) — H*(F, u,,) = Bry,(F) = H*(E,Gm,r) = Br(E) (5.4)

by Eckmann-Faddeev-Shapiro’s lemma and Hilbert’s 90. The G-action on Rg/p (G, ) restricts
to the trivial action on the subgroup u,,. Let o € G (F) act on Ty = Rg/p(Gm,E)/ Hy- The
action of o and (5.4) induce the following diagram

HY(F,T,)—— H*(F, p,,)

|-

HY(F,T,) = H*(F, p,,).

Therefore, G, (F) acts trivially on H'(F,T,), hence the result follows from (5.2). O

Let r > 3 be an integer. Let G, = Sa X Sg X Syr-2 be a subgroup of the symmetric group Sor
on 2" elements and let H, = Sy X S5 X Pyr—2 be a Sylow 2-subgroup of G,., where P-—2 is a
Sylow 2-subgroup of Sy-—2. Let X, be a G,-set of 2" elements (G, acts on X, by permutations).
The action of H, may be described as follows: we subdivide the integers 1,2,--- ,2" into four
blocks By, Bo, B3, By such that each block consists of 2”2 consecutive integers. The P,,—»
permutes the elements of B; for all 1 < i <4, Sy interchanges Bo; 1 and Bsy; for all i = 1,2,
and another Sy interchanges By U By and B3 U By.

We set J, = Ker(Z[X,] = Z/2Z), where & is the map with m =2 as in (5.1). Applying
Lemma 5.1 with n=2", m=2 G=G,, X =X,, J=J., and T =T, := Spec(F[J,]), we
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have a morphism
0:H' (=, T, x G,) = Algyr 5

defined by 6(N)([A]) = B for a field extension N over F, where [A] € Bra(L/N) for some field
extension L/N with Gal(L/N) = G, and B is the central simple N-algebra of degree 2" such
that [A] = [B] in Bra(L/N).

Consider the morphism

O:H' (=T, xG)[T( J] Algyis)— Algy s (5.5)

defined by N
[A] = O(N)([A]),  Ai = Myr—i(A;)

over a field extension N over F', where A; € Algyi 5(N) for 1 <i <r—1.

LEMMA 5.2. If the base field F' is 2-closed and is of characteristic different from 2, then ©
is surjective.

Proof. We show that O(N) is surjective for a field extension N/F. By the definition of ©,
we only need to check the surjectivity for a division N-algebra D of degree 2" and exponent
2. By [18, Theorem 1.2], there exists an étale subalgebra K7 K5 in D such that dimy(K;) = 2
for i = 1,2. By Corollary 4.4, there exists a maximal étale subalgebra K; KoK in D such that
dimy (K) = 2"2. Hence 0 is surjective and so is ©. U

EXAMPLE 1 (see [3, Remark 3.10]). Let r =3. Then G5 = Hz = Sy x Sy X S3 := (11) X
(19) X (73). As the action of H3 on X3 is simply transitive, X3 ~ H3 as Hs-sets, hence J3
is generated by 2 and 7; — 1 for i = 1,2,3. Set Az := Z[H3/(71)] ® Z[H3/{m2)] ® Z|H3/(13)] ®
Z[Hs/(m172)]. Define a map p: Ag — Js by

3
p(T1, 72,75, %1) = ) (T + Das + (m7a + Daa
i=1
As2=(nm+1)—7(2+1)+ (1 +1), p is surjective. For any 1 <i#j <3 and any 7 €
H3\ < 7,7 >, an element (7; + 1)e; — (7, + 1)e; of Ker(p) is not fixed by 7. Hence, H3 acts
on Ker(p) faithfully. Therefore, by Lemma 2.1, edg(Algg o) <44+4+4+4—23 =38,

For an x € X,, let H, , be the stabilizer of x in H, = So X S X Pyr—2 := (11) X (Ta) X Pyr—2.
We set Por—2 = (Pyr—3)? x (1;.).

LEMMA 5.3. For any r > 3 and any x € X,., we have
(i) Hyp >~ Hy—1,5 X Pyr-s.
i) The group H, is generated by 1, T2, 7, and H, ;.
) The Z[H,]-module J, is generated by 2z, 1x — x, 7ox — « and 7,x — .
) TwTr N Hra: = Hp 12 X Hrfl,a:-

(i
(iii

(iv

Proof. (i) By the action of H, (see page 8), the stabilizer of x in H, is the stabilizer
of x under the action of 1 X 1 X Pyr—2 >~ P5+—2 on the block B; containing = for some i. As
Pyr—2 = (Pyr—3)? x (7,.), the stabilizer of z in Pyr—2 is H,_1 . X Pyr—s.
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(ii) Induction on r. The case r = 3 comes from Example 1. By induction hypothesis we have
Pyr—3 = (1,_1,H,_1 ). By Lemma 5.3(i), we have

Por—2 =<1, Pyr—3 >C< 7, Hr 1 3 X Por—s >=<1,, H, ,, >.

Hence, the result follows immediately.

(iii) As H, acts on X, transitively, the result follows from Lemma 5.3(ii) and the sequence
(5.1).

(iv) As 7. H, » 7 = H, 7 (1), the result follows from Lemma 5.3(i). O

Proof of the second part in Theorem 1.1(ii). For r > 3 and = € X,., we set

Ay :=Z[H, /(1) x Hy 3| ®Z[H, [(12) x Hy 3] & Z[H,/{T1T2) X H, 4]
@ Z[H"'/(TTHT',.'L'TT n Hr,z) A <7'7->]-

Define the map p: A, — J, by taking a generator of the first component (respectively, the
second component) of A, to 7z + x (respectively, Tox + ), a generator of the third component
of A, to T1mox + x, and a generator of the last component of A, to 7.z + z. By construction, this
map is well defined. As 2z = (11722 + ) — 71 (122 + ) + (11 + ), p is surjective by Lemma
5.3(iii).

As H, acts faithfully on Ker(p) by Lemma 5.4, there exists a generically free representation
for T, x H, by Lemma 2.1. Therefore, by Lemma 2.1 and (2.3), we have

eda (T, x Hy) < rank(Z[H,/(m1) x Hy,|) + rank(Z[H,/{(m2) X H, ])
+rank(Z[H, /(n1m2) x Hy,]) + rank(Z[H, /(1. Hy 57 N Hy z) X (7,)])

— rank(J,)
==t por=t por=t  ort(r=1)=2-1 _ 9" (by Lemma 5.3(i),(iv))
— 2?”71 4 227‘74.

By (2.5), ed2(T}- x G,) = eda(T, x H,.). As the morphism © in (5.5) is surjective by Lemma
5.2, it follows from [4, Lemma 1.10] and (2.3) that

eda(Algyr o) < max{edy (T} x G),eda(Algy o), -+ ,eda(Algyr—1 5) }
By induction on r, we finally have edy(Algyr o) < edo(T7 x G,) < 271 42274, O

LEMMA 5.4. Let p: A, — J, be the morphism in the proof of the second part in Theorem
1.1(ii). Then, the action of H, on Ker(p) is faithful.

Proof. For r =3, it is shown in Example 1. We assume r > 4. It follows from the exact
sequence (5.1) that J. ® Q = Q[X,.]. Hence, by the exact sequence

0 — Ker(p) = A, & J, =0,
we have

QX @ (Ker(p))g = Q[H, /(1) x Hr,z] ® Q[H,/(12) % Hr,x] ®Q[H,/(r1m2) X Hr,x]
@ QH,/(1rHy zmr N Hy p) X (T7)]. (5.6)

By the actions of 71 and 7%, the natural map

i LX) = X /()] @ Z[X /()] © Z[X /(11 72)]
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is injective, hence we get the exact sequence
0= Z[X,] 5 Z[X,/(1)] ® Z[X,/(r2)] & Z[X, ] (r172)] — Coker(i) — 0
and
Q[X:] ® (Coker(i))q = Q[X; /()] ® Q[Xr/(72)] ® QX;/(T172)]. (5.7)
By (5.6) and (5.7), we have
(Ker(p))Q = (COker(i))Q S5 @[HT/(TrHr,wTr N Hr,af) X <T7">L

thus it is enough to show that H, = (71) X (13) X [(Pyr—3)? x {7,.)] acts faithfully on Y, :=
Q[H, /(7w Hy o7 N Hy. ) % (7)]. We prove this using case by case analysis.

Case 1:  Suppose that b & 1 x 1 x [(Pyr—3)? x (1,.)] C H,. B
(i) If h =7;h/ € H, for some W' € (Pyr—3)? x (1,) and i = 1,2, then h7 = h/ # 75 in V..
(ii) If h = 1ok € H, for some h" € (Pyr—s)% x (7,.), then h7im = h” # 773 in Y.

Case 2:  Suppose now that h € 1 x 1 x [(Pyr—3)? x (7,.)] C H,.. Recall from Lemma 5.3(iv)
that 7. Hy o7 N Hy y o~ Hy_q 5 X Hy—q 5. We view (7,.H, ;7 N H, ;) % (1) as a subgroup of
(Pors)? % (7).

(i) Suppose that h € (Pyr—3)? 3 (1,)\(77-Hy 27 N Hy. ) ¥ (7). Then h1 =h #1in Y,.

(ii) Suppose that h = hihot, € (Hy—1,0 X Hyr—14) X (1) =~ (74 Hy o7 N Hy ) % (7;.), where
hi1 and hy are elements in the first and the second H,_; ., respectively. We may
assume that = 1. Choose a transposition ¢ = (1,2) € H,.. Then 6hé = (1,2)h(1,2) =
(1,2)h1hetr(1,2) = (1,7(2))¢" ¢ (7w Hy o7 N Hyp) x (7,) for some disjoint cycle 4.
Hence, hé # § in Y.

(iii) Suppose that h = hihy € Hr_14 X Hr_1 ~ 7. Hy 7, N H, 5, where h; and hy are
elements in the first and the second H,_; ;, respectively. We may assume that h; # 1
and z = 1. For any integer y € {2,---,2" 73}, we claim that there exists &, € 1 x 1 x
[(Pyr—3)2 x (7,)] such that § moves 1 to y and § # 1 in Y,. We show the claim by
induction on r. If r = 5, then the claim is true as Py = (P2)? x (r4) = ((1,2), (3,4)) x
((1,3)(2,4)). By the induction hypothesis, 6, = d,_1 or 7,._10,_1 satisfies the claim.
Suppose that h; moves y to z, where y,z € {2,---,2"73} and y # 2. Then, by the
claim, 0,h1h2d, moves 1 to 0,(z) # 1, i.e., d,h1hed, ¢ (7. Hy o7 N Hyp) % (7). Hence,
hd, # 0, in Y.

This completes the proof of faithfulness. |

6. Essential dimension of split simple groups of type A, _1

Computing the essential dimension of split simple groups of type A,_1, especially of their
adjoint cases, is a long-standing open problem. It is wide open in general and the only
completely known cases are the following:

EXAMPLE 2. Let F be an arbitrary base field.
(i) (A7 and A2) By [16, Lemma 8.5.7] and [15, Lemma 9.4(c)],

edy(SLa2 / py) = ed(SLy / py) = eds(SLs / p3) = ed(SLs / p3) = 2.
(ii) (As) In [12, Corollary 1.2], the adjoint case was obtained as
ed3(SLy / 1) = ed(SLy / 11) = 5
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over a field F of char(F') # 2. As Az = D3, we have SLy / gty >~ SOg. Therefore, by [15,
Theorem 10.4 and Example 12.7],

edy(SLy / py) = ed(SLy / py) = 5.

over a field F of char(F') # 2. Alternatively, one may use [16, Theorem 8.13] and Lemma
6.1 for lower and upper bounds, respectively.

In this section we relate the essential dimensions of Alg,, ., and of the split simple groups
of type A,—1 (=~ SLy,, / p,,). As ed(SL,, / p,,) = ed(Alg,, ,,), the main purpose of the following
lemma is the case where m # n.

LEMMA 6.1. Let F be a field, n > 1 a integer not divisible by char(F) and m a divisor of
n. Then

Proof. Consider the exact sequence
1=,/ — SLy / p,,, = PGL,, — 1. (6.1)
For a field extension K/F, the sequence (6.1) induces an exact sequence
HY (K, i) = H'(K,SLy, [ p,,) — H (K, PGL,) % H*(K, i, /,,),

where d : H'(K,PGLy,) — H*(K, ft,,/,,) = Bry/m(K) takes the isomorphism class of a central
simple K-algebra A of degree n to the class m[A]. Therefore, we have the following sequence

HY(K, ) 255 HY(K, ST/ ) — Al (K. (6.2)
As HY(K,SL,) is trivial and the first vertical map of the following diagram
HY(K,p,) —— H'(K,SL,)

| i

HI(K7N’n/m) ;‘;Hl(K, SLy, / o)

is surjective, the image of . is trivial. Therefore, from (6.2), we get a fibration of functors (see
[4, Definition 1.12])

Hl(_a I"n/m) ~ Hl(_v SLn / Mm) - Algn,m .

Ased(p,,/,,) =1, we get edr(SLy, / p,,,) < edp(Alg,, ,,,) + 1 by [4, Proposition 1.13]. The lower
bound follows from (2.1). O

REMARK 1. Let F' be an arbitrary base field.
(i) As SL,, / i, is a subgroup of GL, / u,, of codimension 1, the second inequality of
Lemma 6.1 can be obtained by [4, Theorem 6.19].
(ii) Recently, V. Chernousov and A. Merkurjev proved that

ed,(SLyr / prys) = edp(Alg,r o) + 1 (6.3)

for any 0 # s <r over a field of char(F) # p in [8]. Therefore, the computation of
essential p-dimension of split simple group of type A,_1 is reduced to the computation
of edy(Alg,: ). In particular, [3, Corollary 8.3], we have eda(Algg o) = ed(Algg 5) = 8
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over a field F' of char(F) # 2. Hence, by (6.3) and Lemma 6.1, one can find

ed2(SLs / py) = ed(SLs / puy) =9

over a field F' of char(F') # 2. Moreover, by (6.3) and Corollary 1.2, one can conclude
that

edQ(SLlﬁ/IJJQ) =25
over a field F of char(F) # 2; see [8, Corollary 1.2].
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