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Abstract

For a class C of graphs G equipped with functions fg defined on
subsets of E(G) or V(G), we say that C is k-scattered with respect
to fg if there exists a constant ¢ such that for every graph G € C,
the domain of fg can be partitioned into subsets of size at most k so
that the union of every collection of the subsets has fg value at most
£. We present structural characterizations of graph classes that are
k-scattered with respect to several graph connectivity functions.

In particular, our theorem for cut-rank functions provides a rough
structural characterization of graphs having no mK, ,, vertex-minors,
which allows us to prove that such graphs have bounded linear rank-
width.

1 Introduction

All graphs in this paper are undirected and simple. For a graph G, we write
V(G) and E(G) to denote vertex set and edge set of G, respectively.
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In the theory of split decompositions, Cunningham [5] introduced the
concept of a brittle graph that is a connected graph whose every non-trivial
vertex bipartition is a split, which is a partition (A, B) of the vertex set such
that |A|,|B| > 2, and there exist A’ € A, B’ € B such that the set of edges
incident with both A and B is exactly {vw : v € A’,w € B’}. In undirected
graphs, only complete graphs and stars are such graphs. Brittle graphs form
basic classes of graphs in canonical split decompositions.

Motivated by brittle graphs, we introduce general concept of a partition
(X1,X2,...,X;) of the vertex set or the edge set of a graph such that
each X; has at most k elements, and for every I < {1,2,...,m}, some
complexity measurement between | J;.; X; and the rest is at most ¢, for
given integers k and ¢. Brittle graphs then can be seen as graphs that
admit a partition (X1, Xo, ..., X, ), where X7, Xo, ..., X,, consist of distinct
individual vertices, and for every I < {1,2,...,m}, the cut-rank function
of |J,e; Xi is at most 1. This concept trades off between the allowed sizes
of parts in a partition and the allowed values for a selected complexity
measurement.

We formally define this concept and provide examples. Let X be a finite
set and f: 2% — Z. The f-width of a partition (X1, Xs,...,X,,) of X, for
some m, is

max{f(UXi) i e {1,2,...,m}}.
1€l
The k-brittleness of f is the minimum f-width of all partitions of X into
parts of size at most k.
We are mainly interested in the following four functions arising from
graphs naturally.

e For a subset F' of E(G), let kg(F') be the number of vertices incident
with both an edge in F' and an edge not in F'.

e For a subset S of V(G), let ng(S) be the number of edges incident
with both a vertex in S and a vertex not in S.

e For a subset S of V(G), let v5(S) be the size of a maximum matching
of a bipartite subgraph of G obtained by taking edges joining S and
V(G)\S.

e For a subset S of V(G), let pg(S) be the rank of the S x (V(G)\S) 0-1
matrix over the binary field whose (a, b)-entry for a € S, b ¢ S is 1 if
a, b are adjacent and 0 otherwise. This function is called the cut-rank
function of G.



Figure 1: The graph 4P;/A for a path P; = abcd with A = {a, d}.

The k-brittleness of kg, g, Vg, pg are called the vertex k-brittleness
Bi(G), the edge k-brittleness 8} (G), the matching k-brittleness 8y (G), the
rank k-brittleness B,’: (@) of G, respectively. We say that a class C of graphs
is vertex k-scattered if vertex k-brittleness of graphs in C are bounded, edge
k-scattered if edge k-brittleness of graphs in C are bounded, matching k-
scattered if matching k-brittleness of graphs in C are bounded, and rank
k-scattered if rank k-brittleness of graphs in C are bounded.

A class C of graphs is called a subgraph ideal if it contains every graph
isomorphic to a subgraph of a graph in C. We characterize subgraph ideals
which are vertex k-scattered, or edge k-scattered, or matching k-scattered.
Our first theorem characterizes a vertex k-scattered subgraph ideal. For a
graph H, we write mH to denote the disjoint union of m copies of H. For a
graph H and an independent set A & V(H), we write mH /A to the graph
obtained from mH by identifying all m copies of each vertex in A into one
vertex. Note that the number of vertices of mH /A is m(|V (H)| — |A]) + | 4|
and 1H/A = H. See Figure [l| for an illustration.

Theorem 1.1. Let k be a positive integer. A subgraph ideal C is vertex
k-scattered if and only if

(LH/A,2H/A,3H/AAH/A,.. .} € C

for every connected graph H with k + 1 edges and each of its independent
subset A< V(H).

Our second theorem characterizes an edge k-scattered subgraph ideal.

Theorem 1.2. Let k be a positive integer. A subgraph ideal C is edge k-
scattered if and only if

{K11,K12,K13,...} £C



and
{T,2T,3T,4T,...} £C

for every tree T on k + 1 vertices.
Our third theorem characterizes a matching k-scattered subgraph ideal.

Theorem 1.3. Let k be a positive integer. A subgraph ideal C is matching
k-scattered if and only if

{T,2T7,3T,...} £C
for every tree T on k + 1 vertices.

Finally we characterize rank k-scattered graph classes. As the cut-rank
function may increase when we take a subgraph, subgraph ideals are not
suitable for the study of rank k-scattered graph classes. For instance, com-
plete graphs are rank 1-scattered and yet an arbitrary graph is a subgraph
of a complete graph.

Instead of subgraphs, the containment relation called vertez-minors is
more suitable for the study of rank k-scattered graph classes. A vertex-
minor of a graph G is an induced subgraph of a graph that can be obtained
from G by a sequence of local complementations [1, 2, B 14], where local
complementation at a vertex v is an operation to flip the adjacency relations
between every pair of neighbors of v. The precise definition will be presented
in Section [2 The cut-rank function is preserved when applying local com-
plementations [2], [14] and therefore, the rank k-brittleness of a graph does
not increase when taking vertex-minors.

A class C of graphs is called a vertez-minor ideal if it contains every graph
isomorphic to a vertex-minor of a graph in C. Here is our last theorem on
the characterization of rank k-scattered vertex-minor ideals.

Theorem 1.4. Let k be a positive integer. A vertex-minor ideal C is rank
k-scattered if and only if

{H,2H,3H,4H,...} £ C
for every connected graph H on k + 1 vertices.

There are lots of interesting open problems on vertex-minors. In partic-
ular, the conjecture of Oum [15] implies that for every circle graph H, every
graph G with sufficiently large rank-width has a vertex-minor isomorphic
to H. This conjecture is known to be true when G is a bipartite graph, a
circle graph, or the line graph [14, [15]. Kanté and Kwon [11] proposed the
following analogous conjecture for linear rank-width.



Conjecture 1.5 (Kanté and Kwon [I1]). For every fized tree T, there is
an integer f(T) such that every graph of linear rank-width at least f(T')
contains a vertex-minor isomorphic to T.

By the Ramsey theorem, every sufficiently large connected graph con-
tains one of K ,, K,, or P, as an induced subgraph and if n is huge, then
each of these graphs contains a large star graph as a vertex-minor. Therefore
for each fixed n, each component of a graph having no K, vertex-minor
has bounded number of vertices and thus it has bounded linear rank-width.
Thus, Conjecture [L.5]is true when 7' is a star.

We can strengthen this observation by Theorem and verify Conjec-
ture [[.5| when 7' is the disjoint union of stars.

Theorem 1.6. For positive integers m and n, the class of graphs having no
vertex-minor isomorphic to mKy , has bounded linear rank-width.

By Theorem |1.6] we can recognize whether a graph contains a vertex-
minor isomorphic to the fixed disjoint union of stars and complete graphs in
polynomial time. This works as follows. By Theorem if the input graph
has large linear rank-width, then trivially it has a vertex-minor isomorphic
to mKy ,, for some large m and n where mKj ,, contains the disjoint union of
stars and complete graphs as a vertex-minor. Otherwise, the input graph has
bounded rank-width and so the theorem of Courcelle and Oum [4] provides
a polynomial-time algorithm.

This paper is organized as follows. In Section [2| we present necessary
definitions and notations. Section [3| proves Theorem [1.1]for vertex k-scatted
subgraph ideals, Section [4] proves Theorem for edge k-scatted subgraph
ideals, Section [f] proves Theorem [1.3|for matching k-scatted subgraph ideals,
and Section [6] proves Theorem for rank k-scatted vertex-minor ideals.
Section [7] discusses the application of Theorem [T.4]for linear rank-width and
proves Theorem

2 Preliminaries

For a graph G and a vertex set S of G, we write G[S] to denote the subgraph
of G induced by S. Forv e V(G) and S < V(G), G—wv is the graph obtained
from G by removing v and all edges incident with v, and G — S is the graph
obtained by removing all vertices in S. For F' € E(G), G—F is the subgraph
of G with the vertex set V(G) and the edge set E(G)\F. For a vertex v
of a graph G, Ng(v) is the set of neighbors of v in G, and the degree of
v is the number of edges incident with v. For two disjoint vertex subsets



G G A vw

Figure 2: An example of pivoting.

A and B of G, we write G[A, B] to denote the bipartite subgraph on the
bipartition (A, B) consisting of all edges of G having one end in A and
the other end in B. For two graphs G and H, let G U H be the graph
(V(G)uV(H),E(G)u E(H)).

A matching of a graph is a set of edges of which no two edges share an
end. For a matching M, we write V(M) to denote the set of all vertices
incident with an edge in M. A clique in a graph is a set of pairwise adjacent
vertices, and an independent set in a graph is a set of pairwise non-adjacent
vertices.

The adjacency matriz of a graph G = (V, E), denoted by A(G), is a
V x V 0-1 matrix whose (v, w) entry is 1 if and only if v and w are adjacent.

We write P, and K, to denote a path on n vertices and a complete graph
on n vertices respectively. We write K,,, to denote a complete bipartite
graph with bipartition (A, B) where |A] = m and |B| = n. For a graph G,
we denote by G the complement of G.

We write R(n;k) to denote the minimum number N such that every
coloring of the edges of Ky into k colors induces a monochromatic com-
plete subgraph on n vertices. The classical theorem of Ramsey implies that
R(n; k) exists.

Vertex-minors For a vertex v in a graph G, performing a local comple-
mentation at v is to replace the subgraph of G induced on Ng(v) by its
complement graph. We write G = v to denote the graph obtained from G
by applying a local complementation at v. Two graphs G and H are locally
equivalent if G can be obtained from H by a sequence of local complementa-
tions. A graph H is a vertez-minor of a graph G if H is an induced subgraph
of a graph locally equivalent to G.

For an edge uv of a graph G, pivoting the edge uv in G is to take a series
of three local complementations at u, v, and u. We write G A uv to denote
the graph obtained by pivoting wv. In other words, G A uv = G # u * v * u.
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Figure 3: K5 & K5, K5 X K5, and K5 [] K.

Note that G A uv is identical to the graph obtained from G by flipping the
adjacency relation between every pair of vertices z and y where x and y are
contained in distinct sets of Ng(u)\(Ng(v)u{v}), Ng(v)\(Ng(u)u{v}), and
Ng(u) n Ng(v), and finally swapping the labels of v and v [14]. To flip the
adjacency relation between two vertices, we delete the edge if it exists and
add it otherwise. See Figure [2 for an example. For more details, see [14].

Graph operations For two graphs G and H on the disjoint vertex sets,
each having n vertices, we would like to introduce operations to construct
graphs on 2n vertices by making the disjoint union of them and adding some
edges between two graphs. Roughly speaking, G H H will add a perfect
matching, GX1H will add the complement of a perfect matching, and GI1H
will add a bipartite chain graph. Formally, for two n-vertex graphs G and H
with fixed ordering on the vertex sets {v1,va,...,v,} and {wy,ws,...,wy,}
respectively, let GEH , GIXIH , GI/1H be graphs on the vertex set V(G)uV (H)
whose subgraph induced by V(G) or V(H) is G or H, respectively such that
for all 4,5 € {1,2,...,n},

(i) viw; e E(GEH) if and only if i = j,
(ii) vyw; € E(GX H) if and only if ¢ # j,
(ili) viw; € E(GIAH) if and only if i > j

See Figure [3| for illustrations of K5H K5, K5X K5, and K51 Ks. In each of
constructed graphs, we say that v; is matched with w; when i = j.

3 Vertex k-scattered subgraph ideals

In this section, we characterize vertex k-scattered subgraph ideals.



Theorem Let k be a positive integer. A subgraph ideal C is vertex
k-scattered if and only if

(LH/A,2H/A,3H/A,AH/A,.. .} € C

for every connected graph H with k + 1 edges and each of its independent
subset A< V(H).

For the forward part, we show the following.

Lemma 3.1. Let k, £ be positive integers. Let H be a connected graph with
k + 1 edges and let A be an independent subset of vertices of H. Then the
vertex k-brittleness of (20 + 1)H/A is at least £ + 1.

Proof. Suppose not. Let G = (20 + 1)H/A. Let (X1, Xs,...,X:) be a
partition of E(G) such that its kg-width is at most ¢ and |X;| < k for all
1< <t

For each component C of G — A, there are at least two ¢ # j such
that vertices in C' are incident with an edge in X; and an edge X, because
| X1, | X2l ..., |X:| < k, vertices in C' are incident with more than k edges
in total and C' is connected.

Let us pick a random subset I of {1,2,...,t}. The probability that a
fixed component C of G— A has a vertex incident with both an edge in X; for
some i € I and an edge in X for some j € {1,2,...,t}\I is at least 1/2. By
the linearity of the expectation, there exists a subset I’ of {1,2,...,t} such
that at least half of the components of G — A has a vertex incident with both
an edge in X; for some i € I and an edge in X; for some j € {1,2,...,t}\I.
This means that kg (|J;c; Xi) = £ + 1, contradicting our assumption. O

For the converse direction of Theorem [I.I} we prove that for positive
integers k and n, every graph with sufficiently large vertex k-brittleness
must contain a subgraph isomorphic to nH/A for some connected graph
H with k + 1 edges and some independent subset A & V(H). We prove
this statement by induction on k. The following lemma will be used in the
induction step.

Lemma 3.2. Let H be a graph with k edges and let A < V(H) be an
independent set. Let m, n be integers such that m > k(k+1)(n—1)(4n+1).
Let G be a graph containing mH/A as a subgraph. If for each component
C of (mH/A) — A, G has an edge not in mH /A but incident with vertices
in C, then G contains a subgraph isomorphic to nH'/A’ for some connected
graph H' with k + 1 edges and an independent subset A’ < V(H').



Proof. 1t is trivial if n = 1. Thus we may assume that n > 1. Let us choose a
minimal subgraph G’ of G such that V(G) = V(G'), E(G')nE(mH/A) = &
and each component C of (mH/A) — A has an edge in G’ incident with a
vertex of C. Then G’ is a forest and (V(G)\V(mH/A))u A is independent in
G’ by the minimality. Moreover, between two components of (mH/A) — A,
G’ has at most one edge and for each component C' of (mH/A) — A, the
graph G'[A U V(C)] has at most one edge. As one edge of G’ is incident
with at most two components, G’ has at least m/2 edges.

If there are more than (k;rl) (n—1) components C of (mH/A)— A having
an edge in G’'[ AUV (C)], then by the pigeon-hole principle, there are at least
n components C of (mH /A)— A such that the (unique) edge in G'[ AUV (C)]
is incident with the corresponding vertices by the isomorphism. Then let
H'’ be the graph obtained from H by adding that edge incident with the
corresponding vertices. Then G has nH’'/A as a subgraph. So, we may
assume that at most (kgl) (n — 1) components C of (mH/A) — A have an
edge in G'[A U V(C)]. Let G” be the subgraph of G’ obtained by deleting
edges in G'[AuV (C)] for all components C of (mH/A)—A. Then |[E(G")| =
m/2 — ("3 (n - 1).

If G” has a vertex v of degree more than (k + 1)(n — 1), then more than
(k + 1)(n — 1) components of (mH/A) — A have vertices adjacent to v in
G”. Then, for at least n components of (mH/A)— A, their vertices adjacent
to v in G” are the copies of the same vertex w of H. Let H' be the graph
obtained from H by adding a new vertex v of degree 1 adjacent to w. Let
A" = A v {v}. Then G has nH'/A’ as a subgraph and H' is connected. So
we may assume that the maximum degree of G” is at most (k + 1)(n — 1).

As G" is a forest, G” is bipartite. By the theorem of Konig, G” is
(k + 1)(n — 1)-edge-colorable. So G” has a matching M with

M| > [EGM] _ m—k(k+1)(n—1)
T (k+Dn—-1)" 2k+1)(n—-1)

Let C1, Cs, ..., Cy, be the components of (mH/A) — A. Let I be a ran-
dom subset of {1,2,...,m}and X = e, V(Ci) and Y = ey s V().
The probability that e € M has one end in X and the other end in Y is 1/2.
Thus, there exist I and M’ = M such that |[M’'| > |M|/2 > kn and every
edge of M’ has one end in X and the other end in Y.

By the pigeon-hole principle, there exists a vertex w of H such that at
least n edges e of M’ have the property that the end in X is a copy of w.
Then let H' be the graph obtained from H by adding a new vertex v and
an edge from v to w and let A" = A. Then G has nH'/A" as a subgraph and
H' is connected. O

> 2kn.




Lemma 3.3. Every graph with vertex 1-brittleness more than 64n(n — 1)
contains nP3/A as a subgraph for some independent set A < V (Ps).

Proof. Let G be a graph with vertex 1-brittleness more than 64n3(n — 1).
We may assume that G has no components with at most 2 vertices. If G
has at least n components, then each component has P; as a subgraph and
therefore nP3/f is a subgraph of G. So we may assume that G has less
than n components.

Let G’ be the induced subgraph of G obtained by deleting all degree-1
vertices. Then if a vertex of G’ has degree less than 2, then it has its private
neighbor in V(G')\V(G) of degree 1 in G.

If G’ has a vertex v of degree more than 2(n — 1)(4n + 1), then by
Lemma G contains nP3/A for some independent set A < V(Ps). So we
may assume that every vertex of G’ has degree at most 2(n — 1)(4n + 1).

If G’ has a matching M of size more than 2(n — 1)(4n + 1), then by
Lemma G contains nP3/A for some independent set A & V(P3). So we
may assume that every matching of G’ has at most 2(n — 1)(4n + 1) edges.

Then by the theorem of Vizing, |E(G")| < (2(n — 1)(4n+ 1) + 1)(2(n —
1)(4n+1)). As G’ has at most n — 1 components, |V (G’)| < (2(n —1)(4n +
1)4+1)(2(n—1)(4n+1))+n—1. Then the vertex 1-brittleness of G is at most
(2(n—1)(4n+1)+1)(2(n—1)(4n+1))+n—1 = 64n* —96n3+12n2 +19n+1 <
64n(n — 1), which is a contradiction. O

For a set A of vertices of a graph G, a Tutte bridge of A in G is either
an edge joining two vertices in A or a subgraph of G consisting of one
component C of G — A and all edges joining C' and A and all vertices of A
incident with those edges. For a Tutte bridge B of A in G, deleting B from
G is to remove all edges in B and remove all vertices in V(B)\A. (For an
edge e of G, V(e) denotes the set of ends of e.)

Lemma 3.4. Let G be a graph and A be a set of vertices of G. If G' is the
subgraph of G obtained by deleting all edges in each Tutte bridge of A with
at most k edges, then G5 (G') = Br(G) — |Al.

Proof. Let P’ = (X1, Xa,...,X;) be a partition of E(G’) whose rg-width
is equal to f7(G’). We extend P’ to a partition P of E(G) by adding
E(B) as one part for each Tutte bridge B of A in G with at most k edges.
Then the kg-width of P is at most 8 (G’) + |A| and therefore f;(G) <
BE(E) + |A] 0

Lemma 3.5. Let m, n, k be positive integers. Let H be a connected graph
with k edges and let A < V(H) be a non-empty independent subset. Let G

10



be a graph having mH/A as a subgraph and let X be a set of vertices of G.
If no subgraph of G is isomorphic to nH'/A’ for some connected graph with
k41 edges and an independent set A’ < V(H') and

m > 4n’k(k + 1) + | X,
then G has two distinct Tutte bridges By, By of A, satisfying the following.
(i) Fach B; has ezactly k edges.
(ii)) V(B1) n A=V(B) n A.
(iii) neither By — A nor By — A has a vertex in X.

Proof. By Lemma[3.2 we may assume that no more than k(k+1)(n—1)(4n+
1) components C' of mH /A are incident with an edge in E(G)\E(mH/A).
As k(k +1)(n —1)(4n + 1) + 1 < 4n2k(k + 1), there are at least |X| 4 2
components of mH /A that form Tutte bridges of A in G with exactly k
edges. Among them, at least two will not intersect X. O

We need the sunflower lemma. Let F be a family of sets. A subset
{My,M>,..., My} of Fis a sunflower with core A (possibly an empty set)
and p petals if for all distinct 7,5 € {1,2,...p}, M; n M; = A.

Theorem 3.6 (Sunflower Lemma [8, Erdés and Radol). Let k and p be
positive integers, and F be a family of sets each of cardinality k. If |F| >
E!(p — 1)* then F contains a sunflower with p petals.

Lemma 3.7. Let m, n, k, t be positive integers. Let G be a graph. Let
Py, Fy, ..., F, be a connected subgraph with t edges and for each i €
{1,2,...,m}, let S; be an independent subset of V(F;) such that |S;| < k
and F; — X is connected for all X < S;, and V(F;) n'V(Fj) < S; n'S; for
adll <i<j<m. Ifm>k- k!((H?t/Q)k(n — 1)k, then G has a sub-
graph isomorphic to nH /A for some connected graph H with t edges and an
independent set A< V(H).

Proof. Let p = ((H?tﬂ) (n — 1) + 1. We may assume that S; is non-empty
because every connected graph H with at least two vertices has a vertex v
such that H —wv is connected. By Theorem [3.6} there exist i3 < ig < --- <y
such that {S;,,Si,,...,S;,} is a sunflower with p petals. Let A be the core,
that is ();_; Si;. Since V(F;) nV(Fj) € Sin S; forall 1 <i < j <m, we
deduce that F;, — A, Fi, — A, ..., F;, — A are vertex-disjoint. There are at
most ((Hi)t/Q) graphs having ¢ edges and so at least n of F;, — A, F;, — A,

11



.., I, — A are pairwise isomorphic with isomorphisms fixing A, because
D> ((HPW) (n — 1). This proves the lemma. O

Proposition 3.8. For positive integers k and n, there exists an integer { =
0(k,n) such that every graph with vertex k-brittleness more than ¢ contains
nH /A for some connected graph H with k+ 1 edges and an independent set
AcC V(H).

Proof. We define that
{(1,n) := 64n3(n — 1),

and for k = 2,

Uk,n):=/¢ <k‘ —1,4n%k(k + 1) + k - k! <(2k N 1)k>k(n - 1)k)

2%
2%k + 1)k\*
+k:2-k:!<< k;k V"’) (n— 1),

We prove the statement by induction on k. If k£ = 1, then it is true by
Lemma Now, we prove for k > 2. Suppose G has vertex k-brittleness
more than ¢ = ¢(k,n) and no subgraph of G is isomorphic to nH'/A’ for a
connected graph H' with k + 1 edges and an independent set A" ¢ V(H').
Let m = 4n?k(k+1) + k- k:!((%;%l)k)k(n —1)*. Let G1 be the subgraph of G
obtained by deleting all components with at most k£ edges. By Lemma |3.4]
Br(G1) = Bi(G). By the induction hypothesis, G has mH;/A; as a sub-
graph for some connected graph H; with k edges and an independent subset
Ay € V(H;). By Lemma G1 has two Tutte bridges Bi; and Bjg of
Ay, each having exactly k edges such that V(B11) n A1 = V(Bi2) n A
Note that A; is non-empty because every component of (G; has at least k+1
edges. Let F1 = B1jg u Bz and S; = V(F1) n A;. Then for all X < 5y,
F1 — X is connected.

Fori={2,...,k- k!((%;;l)k)k(n — 1)*}, we define G; as the subgraph of
G;_1 obtained by deleting all Tutte bridges of A;_; having at most k edges.
By Lemma Bi(Gi) = Br(Giz1) — |Ai—1| = B (Gi—1) — k. By induction,

2k + 1)k

BI(Gy) > Lk —1,m) + k*- kg<( M

>2n—Uk—@—Dk>ak—Lm)

and so G; has a subgraph isomorphic to mH;/A; for some connected graph
H; with k edges and an independent subset A; & V(H;). Again by Lemmal3.5]

12



G; has two Tutte bridges B;1 and B; 2 of A;, each having exactly k edges
such that V(BZJ) N Az = V(BLQ) N Az and neither Bi71 —Ai nor Bi,2 —Al' has
a vertex in A1 U AQ U-ees U Ai—l- Let F1Z = B@l U BZ‘,Q and Sz = V(FZ> M Az
Then for all X ¢ S;, F; — X is connected.

We claim that for ¢ < j, V(F;) n V(F;) < S; nSj. Suppose not. Let
z e V(F) nV(F;). If ¢ 5;, then z ¢ A; and so z ¢ V(G,) because
when we construct G;11 from G;, we remove all Tutte bridges of A; with
at most k edges. Since Fj is a subgraph of G, we deduce that = ¢ V(F}),
contradicting the assumption. Thus x € S;. If x ¢ S, then ¢ A; and so
by the construction, x ¢ S; U Sy U --- U S;j_1, contradicting the assumption
that x € S;. Thus, x € §; 0 S;. This proves the claim.

By applying Lemma to F; and A; for all 4, we deduce that G has a
subgraph isomorphic to mH /A for some connected graph H with 2k edges
and an independent set A & V' (H). This contradicts our assumption because
H contains a connected subgraph H' with k+1 edges and G contains mH'/A’
as a subgraph where A" = A n V(H'). O

Lemma [3.1] and Proposition [3.8) imply Theorem

4 Edge k-scattered subgraph ideals

In this section, we characterize edge k-scattered subgraph ideals.

Theorem Let k be a positive integer. A subgraph ideal C is edge k-
scattered if and only if

{K11,K12,K13,...} £C

and
{T,2T,3T,4T,...} £C

for every tree T on k + 1 vertices.

We prove that for some connected graph H on k + 1 vertices, the disjoint
union of sufficiently many copies of H should have large edge k-brittleness.
In fact, this is same for matching k-brittleness and rank k-brittleness, we
prove at the same time.

Lemma 4.1. Let m, n, k be positive integers with n > 2m and H be a
connected graph on k + 1 vertices. Then the following hold.

(i) nH has edge k-brittleness at least m + 1.
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(ii) nH has matching k-brittleness at least m + 1.
(i4i) nH has rank k-brittleness at least m + 1.

Proof. Let G := nH. Let (X1,Xs,...,X;) be a partition of V(G) such
that |X;| < k. Let C1,C4,...,C), be the components of G. Note that each
C; intersects at least two of X7, Xo, ..., Xy. Let I be a random subset
of {1,2,...,t}. For each ¢, the probability that Cy contains both a vertex
in U;er Xi and a vertex in ;eq 0, 4/ X; is at least 1/2. Thus, by the
linearity of expectation, more than m components of G have both a vertex in
User Xi and a vertexin {J;eqy o 4 Xj- This implies that ne(U,e; Xi) > m,
VG(UieI Xl) > m, and pG(UieI XZ) > m. O

For edge k-brittleness, a large star is also an obstruction.

Lemma 4.2. For positive integers k and m, K1 1m has edge k-brittleness
at least m + 1.

Proof. Let (X1, X, ..., X;) be a partition of V(K j4m) such that | X;| < k.
We may assume that X; contains the center of Ky gy,. Then ng, . (X1) =
(k+m)—(k—1). O

Now, we show the converse direction of Theorem

Proposition 4.3. For every positive integers k and n, there exists an integer
¢ = ((k,n) such that every graph with edge k-brittleness more than £ contains
a subgraph isomorphic to either K1, or nT' for some tree T' on k+1 vertices.

Proof. Let £(1,n) = n(n—1) and £(k,n) = £(k—1,4k(n—1)2+1) for k > 2.

We proceed by induction on k. We may assume that every vertex has
degree at most n — 1. If £k = 1, then by the theorem of Vizing, G has a
matching of size at least |E(G)|/n. Since the edge 1-brittleness is less than
or equal to |E(G)|, we have a matching of size more than ¢(1,n)/n =n—1.
Thus, we may assume that k£ > 1.

We may assume that every component of G has more than k vertices,
because otherwise removing them does not decrease the edge k-brittleness.
By the induction hypothesis, G has a subgraph isomorphic to mT for a tree
T on k vertices where m = 4k(n—1)2+1. Let C1, Ca, ..., Cp, be the disjoint
copies of T in G.

Let G’ be a minimal subgraph of G such that for all 1 < i < m, G’ has
at least one edge joining C; with a vertex not in C;. Since each edge of G’
is incident with at most two of Cy, Cs, ..., Cp,, we have |E(G")| = [m/2] >
2k(n — 1)%. Note that G’ is a forest. So by the theorem of Koénig, G’ is
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(n — 1)-edge-colorable and so it has a matching M with |M| > 2k(n — 1).
Each edge of M is incident with a copy of some vertex of T in mT.

Let I be a random subset of {1,2,...,m}. Let X = |J,.; V(C;) and
Y = Uje{1,2,...,m}\1 V(Cj). The probability that an edge in M has one end
in X and the other end in Y is 1/2 and therefore there exist I and M’ < M
such that |[M’'| = |[M|/2 > k(n — 1) and each edge of M’ has one end in X
and the other end in Y.

Now M’ has a subset M” with |[M”] > n — 1 such that there exists a
vertex w of T with the property that for every edge of M”, its end in X is
a copy of w in mT. Let T” be the tree obtained from T by adding a new
vertex adjacent to w only. Then G has nT as a subgraph. O

Proposition 4.3 and Lemmas [£.1] and [£.2] imply Theorem

5 Matching k-scattered subgraph ideals

In this section, we characterize matching k-scattered subgraph ideals. We
already proved in Lemma that for a connected graph H on k + 1 ver-
tices, the disjoint union of sufficiently many copies of H has large matching
k-brittleness. Such obstructions exactly characterize matching k-scattered
subgraph ideals.

Theorem Let k be a positive integer. A subgraph ideal C is matching
k-scattered if and only if

{T,2T,3T,...} £ C
for every tree T on k + 1 vertices.

First let us prove that deleting a vertex does not decrease the matching
k-brittleness a lot.

Lemma 5.1. Let k be a positive integer. For a vertex v of a graph G,
Br(G) < (G —v) + 1.

Proof. Let P! = (X1,X9,...,X;) be a partition of V(G — v) such that
| X;| < k and the vg_,-width of P’ is minimum, that is (G —v). Let P =
(X1, Xo,..., X, {v}). Then the vg-width of P is at most 8}/ (G —v)+1. [

The following proposition with Lemma [4.1| proves Theorem
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Proposition 5.2. For every positive integers k and n, there exists £ =
l(k,n) such that every graph with matching k-brittleness more than £ con-
tains a subgraph isomorphic to nT for some tree T on k + 1 vertices.

Proof. Let ¢(k,n) = (k + 1)*(n —1). Let G be a graph with matching
k-brittleness more than ¢(k,n). Let Gop = G and Sy = . We claim
that there exist disjoint subsets S1, S2, ..., Shi1)k~1(n—1)s Sht1)k—1(n—1)+1
such that each S; induces a connected subgraph of G with k + 1 vertices.
For i =1,2,...,(k+ 1) (n—1) 4+ 1, let G; be the induced subgraph of
Gi—1 — S;—1 obtained by deleting all components with at most k vertices.
Notice that by Lemma ﬂ]Z(Gz) = ﬁ,’;(Glfl) — |SZ;1| = ,BZ(szl) - (k?-i- 1).
By induction, we deduce that §/(G;) = B} (G) — (k4 1)(i — 1) > 0. Thus
(; contains a component with more than k vertices and therefore it has a
vertex set 5; of size k 4+ 1 inducing a connected subgraph. This proves the
claim.

Let T; be a spanning tree of G[S;] for each i. Since the number of labeled
trees on k + 1 vertices is (k + 1)*~1, there exist more than n — 1 of these
spanning trees that are pairwise isomorphic. O

6 Rank k-scattered vertex-minor ideals

We characterize rank k-scattered vertex-minor ideals. As we mentioned, the
rank k-brittleness of a graph may increase when taking a subgraph. Instead
we use vertex-minors because of the following lemma.

Lemma 6.1 (See Oum [I4], Proposition 2.6]). If G is locally equivalent to
G', then for every subset X of vertices of G, pa(X) = pa(X).

Here is our main theorem for rank k-scattered vertex-minor ideals.

Theorem Let k be a positive integer. A vertez-minor ideal C is rank
k-scattered if and only if for every connected graph H on k + 1 vertices,

{H,2H,3H,4H,...} £ C.
First, it is easy to observe the following.

Proposition 6.2. If H is a vertex-minor of G, then

B(G) < BL(H) + V(G)] = [V(H)|.
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Proof. Let G’ be a graph locally equivalent to G such that H is an induced
subgraph of GG. Note that applying local complementation does not change
the rank k-brittleness of a graph by Lemma Therefore, we have 3¢ (G') =
BL(G). Tt is easy to observe that removing a vertex may decrease the rank
k-brittleness by at most 1 by a proof analogous to the proof of Lemma [5.1
Therefore, 87(H) > A2(G") — (I(V(G')| - [V(H)) = BLG) — ((V(G)] -
|[V(H)|), as required. O

Lemma states that for a connected graph H on k + 1 vertices, the
disjoint union of sufficiently many copies of H has large rank k-brittleness.
It means that if {H,2H,3H,4H,...} < C for some connected graph H on
k + 1 vertices, then C is not rank k-scattered. So we focus on the other
direction of Theorem We need the following Ramsey-type theorem for
bipartite graphs without twins.

Theorem 6.3 (Ding, Oporowski, Oxley, Vertigan [7]). For every positive
integer m, there exists an integer f(n) such that for every bipartite graph
G with a bipartition (S,T'), if no two vertices in S have the same set of
neighbors and |S| = f(n), then S and T have n-element subsets S’ and T",
respectively, such that G[S',T'] is isomorphic to K, 3 K,, K, 1 K,, or
Kn KK,

In the several places of the proof, when we obtain H; H He or Hy [xX] Hy
where Hy, Hy € {K,, K,}, we want to make each part an independent set.
The following lemma describes how to reduce each of them to K, H K, for

/
some n'.

Lemma 6.4. Let n be an integer.

(1) If n = 2, then K,EK, has a vertex-minor isomorphic to K, 1E K, 1.
(2) If n = 3, then K,,HK,, has a vertex-minor isomorphic to K, 2sBK,_».
(3) Ifn
(4) Ifn
(5) If n = 2, then K, XK, has a vertex-minor isomorphic to K, 1E K, 1.

3, then K, X K,, has a vertex-minor isomorphic to K,_oEK,_o.

\Y

\Y

3, then K, X K,, has a vertex-minor isomorphic to K,_o = K,_o.

Proof. (1) Let V(K,) = {v; : 1 <i < n}and V(K,) = {w; : 1 <i < n}.
The graph (K, 5 K, —w1) * v; — v; is isomorphic to K,,_1 H K,_1.

(2) Let {v; : 1 < i < n} and {w; : 1 < ¢ < n} be the vertex sets of
two copies of K,,. The graph ((K, B K, — {vi,wa}) * vy * wy) — {ve, w1} is
isomorphic to K, o H K,,_2.
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(3) Let {v; : 1 < i < n} and {w; : 1 < ¢ < n} be the vertex sets of
two copies of K,. The graph (K, X K, — {v1,w2}) A vow1) — {ve, w1} is
isomorphic to K, _oH K,,_o.

(4) Let V(K,) = {v; : 1 <i<n}and V(K,) = {w; : 1 <i<n}. The
graph (K, X K, —wi) #* v1 — v1 is isomorphic to K, 1 & K,_1. Thus, by
(1), it contains a vertex-minor isomorphic to K,,_o H K;,—a.

(5) Let {v; : 1 < i < n} and {w; : 1 < i < n} be the vertex sets of
two copies of K,. The graph (K, X K,, — w1) * v; — v; is isomorphic to
anl = anl- O

From Hi [ Hy with Hy, Hy € {K,, K,}, we can obtain a long induced
path as a vertex-minor. So, if n is sufficiently large, then this directly gives
us mPy1 for some large m.

Lemma 6.5 (Kwon and Oum [12]). Let n be a positive integer.

(1) K, MK, is locally equivalent to Py,,.

(2) K, [ K, is locally equivalent to P, .

(8) If n = 2, then K,, (1K, has a vertex-minor isomorphic to Pa,_s.

Proof. (1) and (2) are proved in [12]. To prove (3), let {v; : 1 <i < n} and
{w; : 1 <7< n} be the vertex sets of two copies of K,,, where v; is adjacent
to w; if and only if ¢ > j. Then (K, [1 K, — wi) * v; — vy is isomorphic to
K, 1 Ky,—1. Thus, the result follows from (2). d

We will prove the converse direction of Theorem by induction on k.
In the procedure, we find a vertex-minor containing a vertex set .S which
induces a subgraph isomorphic to mH for some connected graph H on k
vertices. Generally, we meet two situations: the cut-rank of S is large or
small. In the next lemma, we prove that if the cut-rank of S is large, then
we can directly find a vertex-minor isomorphic to the disjoint union of many
copies of some connected graph on k + 1 vertices. If the cut-rank is small,
then we will recursively find another such set after excluding S.

Lemma 6.6. For positive integers k and n, there exists a positive integer
m = fi(k,n) such that if a graph G admits a set W = {wy, ..., wy} that is
a clique or an independent set satisfying the following two properties, then
G has a vertex-minor isomorphic to nH' for some connected graph H' on
k + 1 wertices.

(i) G —W =mH for some connected graph H on k vertices.
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(i) For some vertex v of H and its copies vy, va, ..., Uy in mH, v; is
adjacent to w; if and only if i = j.

Proof. Let H; be the i-th copy of H in G —W. We fix an isomorphism from
H to H; and isomorphisms between copies of H so that these isomorphisms
are compatible.

Assume that m > 2¥7'(m; — 1). For each wj;, there are at most
possible sets of neighbors in H;. So there exists a subset W; of W with
|W1| = m; the set of all neighbors of each w; € Wi in H; are identical up to
isomorphisms between copies of H.

Assume that m1 > R(ma; (2871)2). For a vertex w; and j # i, there are
2k=1 possible ways of having edges between the j-th copy of H — v and w;.
By applying the theorem of Ramsey, we deduce that there exists a subset
Wo < W of size mgo such that for all 7 < j with w;, w; € W, the set of all
neighbors of w; in H; are identical up to isomorphisms between copies of
H and the set of all neighbors of w; in H; are identical up to isomorphisms
between copies of H.

Assume that mg = ((k + 2)n +1)/2 + 1. Suppose that there exist i; <
i2 < i3 such that w;, , w;,, w;, € Wa and there exists a vertex u of H so that
exactly one of the copies of v in H;, and H;, is adjacent to w;,. Then G
contains K,,—1 W Kmy—1 or Kpy—1 1 Kpy,—1 as an induced subgraph. By
Lemma G has a vertex-minor isomorphic to P 2),—1 and therefore G
has nP;.q as a vertex-minor.

Thus, we may assume that for all ¢ # j with w;, w; € Wa, the set of all
neighbors of w; in H; are identical up to isomorphisms between copies of H.

Assume that my > n + 3. Suppose that w; € W» has no neighbors in H;
when j # ¢ and w; € Wa. If W5 is an independent set, then clearly G has
an induced subgraph isomorphic to moH’ for some connected graph H' on
k + 1 vertices. If W5 is a clique, then for some w; € Ws, G % w; contains an
induced subgraph isomorphic to (mg — 1)H’ for some connected graph H’
on k + 1 vertices.

Thus, we may assume that w; € W5 has at least one neighbor u; in H;
for some j # @ with w; € Wa. Let G' = G A wju; — V (H;) =V (Hj) — w; —wj.
If W5 is an independent set, then G’ has an induced subgraph isomorphic
to (mg — 2)H’ for some connected graph H' on k + 1 vertices. If W3 is a
clique, then let w;, € Wo\{w;, w;} and G” = G’ » w;; — V(H;,). Then G”
contains an induced subgraph isomorphic to (mgy —3)H’ for some connected
graph H' on k + 1 vertices.

So we can take f1(k,n) := 2871 (R(max(((k+2)n+1)/2+1,n+3); (2F1)2)—
1)+ 1. O

2k,’—1
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Figure 4: Obtaining G’ = (G A vywe) — V(Hy) — V(H2) — w1 — we from G
in the proof of Lemma

Lemma 6.7. For positive integers k and n, there exists a positive integer
m = fa(k,n) such that if a graph G admits a set W = {w1, ..., wy} that is
a clique or an independent set satisfying the following two properties, then
G has a vertex-minor isomorphic to nH' for some connected graph H' on
k + 1 wvertices.

(i) G —W =mH for some connected graph H on k vertices.
(i) For some vertex v of H and its copies vy, va, ..., Uy in mH, v; is
adjacent to w; if and only if i # j.

Proof. Let fo(k,n) := fi(k,n) + 2 for the function f; in Lemma [6.6] Let
G' = G A viwy — V(Hy) — V(Hz2) — wy — wy where Hy, Hy are the first and
second copies of H. Then G' — (W\{w;, wa}) is isomorphic to (m —2)H and
G’ satisfies the condition for Lemmal6.6] See Figure[d]for an illustration. [

Lemma 6.8. For positive integers k and n, there exists an integer N :=
N(k,n) with the following property. Let H be a connected graph on k ver-
tices, and G be a graph and S < V(G) such that G[S] is isomorphic to
qH for some integer q and pg(S) = N. Then G contains a vertex-minor
isomorphic to nH' for some connected graph H' on k + 1 vertices.

Proof. Let f be the function defined in Theorem Let fi, fo be the
functions defined in Lemmas [6.6] and [6.71 We define that

ns(k,n) := max(fi1(k,n), fa(k,n)),

{(k—l)ng(k,n)—i-l if k> 1,
na(k,n) := .

max(n +2,(3n+1)/2) if k=1,
ni(k,n) := R (na2(k,n);2),

N(k,n) := f(ni(k,n)).
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We shortly denote nq(k,n), na(k,n), ng(k,n) as ni, na, ns respectively.

Let v1,vo,...,vr be the vertices of H, and for each component C' of
G[S], let vf be the copy of v; in C. For each i € {1,2,...,k}, let R; be the
union of all copies of v; in the components of G[S]. Choose B < V(G)\S
such that |B| = N and rank (A(G)[S, B]) = N.

Observe that two distinct vertices in B have distinct sets of neighbors
in S. Since N = f(n1), by Theorem there exist A1 € S and By € B
with |A1| = |B1] = n; such that G[Ay, B;] is isomorphic to K,, H Ky, ,
K, WK, ,or K, XIK,,.

Since n; = R(n9;2), by Ramsey’s theorem, there exists By € Bj such
that |Bg| = ng and Bj is a clique or an independent set. Let Ay € A; be
the set of vertices matched with vertices in Bs in the subgraph G[A;, By].
Thus, G[A2, Bz] is isomorphic to Ky, 5 Kp,, Kn, 1 Ky,, or Ky, X Kp,.

If £ =1, then by Lemma or G[Az2 U Bs] contains a vertex-minor
isomorphic to K, =K, because ng = n+2, ny > (3n+1)/2, and Ps,_; has
K, 5K, as an induced subgraph. So, we may assume that k > 2.

Observe that H has a vertex v’ such that Ay has at least [ng/k] = n3
copies of v/. Let A3 be a set of n3 copies of v/ in Ay, and B3 € By be the
set of vertices matched with vertices in Az in the subgraph G[Ag, Bs]. Let
C be the set of components of G[S] containing a vertex in As. Clearly, we
have

i ‘C‘ =n3,

e (A3, Bs] is isomorphic to K, & Ky,, Kn, 1 Kp,, or Ky, X K,
e A3 is an independent set,
e Bj is a clique or an independent set.

If G[As3, B3] is isomorphic to K, [1K,,, then G[A3 U Bs] is isomorphic
to Ky, MKy, or Ky, [1K,,, and thus by Lemma it is locally equivalent
to Pan,. As 2n3 = (k + 2)n, Py, contains an induced subgraph isomorphic
to nPyy1. Therefore, we may assume G[As, B3] is isomorphic to K, B K,
or K, K,,. By Lemmas [6.6/and we deduce that G has a vertex-minor
isomorphic to nH’ for some connected graph H' on k + 1 vertices. O

Lemma 6.9. Let k and n be positive integers and let ¢ = k2FWN(kn)=1) 4 1
for the function N in Lemma[6.8 Let F be a connected graph on k vertices.
If G has an induced subgraph isomorphic to {F, then at least one of the
following holds.
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(i) G has a vertex-minor isomorphic to nH for some connected graph H
on k + 1 vertices.

(i) There exists A < V(G) such that G[A] is isomorphic to (k + 1)F and
for each vertex of F, its copies in G[A] have the same set of neighbors
not in A.

Proof. Let S € V(G) be a vertex set such that G[S] is isomorphic to (F'.
If pa(S) = N(k,n), then by Lemma G contains a vertex-minor
isomorphic to nH for some connected graph H on k + 1 vertices. Therefore,
we may assume that pg(S) < N(k,n).
Let C := {C1,C4,...,Cy} be the set of components of G[S], and let
V(F) = {z1,22,...,2k}. For each i € {1,2,...,k}, let Z; be the set of all
copies of z; in | Joee V(C). Since pa(S) < N(k,n),

rank A(G)[Z;,V(G)\S] < N(k,n) — 1

for each i € {1,2,...,k} and so A(G)[Z;,V(G)\S] has at most 2N(*kn)=1

distinct rows because it is a 0-1 matrix. In other words,
HNg(v) n (V(G)\S) :ve Z}| < 9N (k;n)—1

for each 1 < i < k.
Thus, by the pigeon-hole principle, there exists I < {1,2,...,¢} with

|I| = [W] > k + 1 such that for each ¢ € {1,2,...,k}, vertices in
Zi 0 (Ujer V(Cj)) have the same set of neighbors in V/(G)\S. It implies
(i) O

Lemma 6.10. Let k, n be positive integers. If a graph has more than
k+1
2("3 )(n — 1) components having k + 1 vertices, then it contains an induced

subgraph isomorphic to nH for some connected graph H on k + 1 vertices.

Proof. The number of non-isomorphic graphs on k + 1 vertices is at most

k+1
2( ) By the pigeon-hole principle, at least n components are pairwise
isomorphic. O

Lemma 6.11. Let k, t be integers such that 1 <t < k. Let ' be a connected
graph on k wvertices. Let G be a graph such that every component has more
than k wvertices and it contains (t + 1)F as an induced subgraph. If

e for each vertex of F, their copies in (t + 1)F have the same set of
neighbors in V(G)\V ((t + 1)F) and
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e cach component of (t + 1)F has at most t vertices having a neighbor
in V(G\V((t+ 1)F),

then there exist a graph G’ locally equivalent to G, disjoint subsets S, T of
V(G") and a vertex v in S such that

(i) G'[S] is a connected graph on k + 1 vertices,
(i) |T| <t(k+1), and
(11i) G'[S\{v}] is a component of G' — (T v {v}).

Proof. Let A < V(G) such that G[A] is isomorphic to (¢ + 1)F. Let
C :={C1,Cy,...,Ci11} be the set of components of G[A], and let V(F) =
{z1,29,...,2;}. Foreach i€ {1,2,...,k}, let Z; be the set of all copies of
zi in A. Let U; be the set of neighbors of vertices of Z; on V(G)\A in G,
that is, U; = Ng(r) n (V(G)\A) for r € Z;. Let X < {1,2,...,k} be the set
of integers i such that U; is non-empty. By the assumption |X| < ¢. Since
each component of G' has more than k vertices, we have | X| > 0. Without
loss of generality, we may assume X = {1,...,|X]|}.

We proceed by induction on ¢.

If t =1, then let x € Z3 n V(Cy) and y € U;. We obtain a new graph
from G by removing vertices of V(Ci)\{z} and pivoting zy. Note that
the set of neighbors of z in G — (V(C1)\{z}) is exactly U;. Thus, after
pivoting zy, all edges between a vertex z in Z; n V(C2) and U;\{y} are
removed and z has exactly one neighbor z on V(G)\V(C2). Therefore,
(G',S,T,v) = (G A 2y, V(Co) u {z}, (V(C1)\{z}) U {y},x) is a required
tuple.

Now we may assume that ¢ > 2. We may assume that |X| = ¢ by the
induction hypothesis.

Let x € Zy nV(C1) and y € U;. We obtain Gy from G by removing
vertices of V(C1)\{z} and pivoting xy. Let A; = A\V(C}). Note that in G,
the set of neighbors of z in V(G)\V(C1) is exactly Uy. Thus,

e the adjacency relations between two vertices in A; do not change by
pivoting zy,

o all edges between Z;\{z} and U;\{y} are removed by pivoting zy.

Furthermore, as vertices in each Z; have the same set of neighbors on
V(G)\A in G, G has the following properties.

e For all ' € {2,...,t}, two vertices in Z; n A; have the same set of
neighbors in V(G1)\A1.
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o If t < k, then for i/ € {t + 1,...,k}, vertices in Zy n A; have no
neighbors in V(G1)\A1.

If vertices in Z; n A; have no neighbors on V(G1)\A; for all 2 < j <k
in Gy, then (G, S,T,v) = (G A zy,V(C2) u {x}, (V(Ci)\{z}) U {y},z) is a
required tuple. Thus, we may assume that there is j € {2,...,k} such that
vertices in Z; n Ay have a neighbor on V(G1)\A4; in G;.

Note that G1 — {x, y} contains an induced subgraph isomorphic to tF' on
the vertex set A; such that

e for each vertex of F', their copies in tF' have the same set of neighbors
in V(Gl - {m7y})\A1>

e each component of tF' has at least one and less than ¢ vertices having
a neighbor in V(G — {z,y})\A1.

By the induction hypothesis, G; — x — y has the tuple (G', S, T,v). Let G”
be the graph locally equivalent to G such that G” — V(Cy) —y = G'. Then
(G",S, T uV(C1) u{y},v) is a required tuple for G. O

We prove the main proposition.

Proposition 6.12. For positive integers k and n, there exists an integer
¢ = l(k,n) such that every graph with rank k-brittleness more than £ contains
a vertex-minor isomorphic to nH for some connected graph H on k + 1
vertices.

Proof. Let f,N be the functions defined in Theorem [6.3| and Lemma
respectively. We define

e (3(1,n) := max(n + 2,[(3n + 1)/2]),
e (1(1,n) := R(l5(1,n);4),
e ((1,n):= f(l1(1,n)) — 1,
and for k > 2, let
o U3(k,n) = k2N (kn)=1) 4 1
o to(k,n) =203 (n—1) 42,
o (1(k,n) := R(lz(k,n); 28*1),
o ((k,n) =Lk —1,03(k,n)) + (k + 1)2(¢1(k,n) — 1).
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We will prove the statement by induction on k. We shortly denote ¢ (k, n),
lo(k,n), l3(k,n) as {1, la, U3, respectively.

Let us first consider the case that & = 1. Suppose G has rank 1-
brittleness more than . Then, there exists a vertex set A such that pg(A) >
¢. Choose A1 € A and B; € V(G)\A such that |A;] = |B1| = £+ 1 and
rank (A(G)[A1,B1]) = £+ 1. Note that two vertices in B; have distinct
neighbors on A;. Since ¢ + 1 = f(¢1), by Theorem and there exist
Ay € Ay and By © By with |Ay| = |Bg| = 1 such that G[Ag, Bs] is isomor-
phic to Ky, H Ky,, K¢, WKy, , or Ky XKy, .

As ¢; = R({9;4), by the theorem of Ramsey, there exist A3 & Ay and
B3 € Bs such that

e G[As, Bs] is isomorphic to Ky, B Ky,, Ky, 1 Ky,, or Ky, X Ky,, and
e cach of A3 and Bs is a clique or an independent set.

If G[As, B3] is isomorphic to Ky, 1 Ky,, then by Lemma G[As v Bs]
contains a vertex-minor isomorphic to Pag,_9. As 20y —2 > 2(3"2—*1) —-2>
3n — 1, Pyy,_o contains an induced subgraph isomorphic to nKs. Therefore
we may assume that G[As, B3] is isomorphic to Ky, B Ky, or Ky, X Ky,.
Because {2 = n + 2, by Lemma G contains a vertex-minor isomorphic
to K,, @ K,,, which is isomorphic to nK», as required.

Now, we prove for k > 2. Suppose G has rank k-brittleness more than £.
Among all graphs G’ locally equivalent to G, choose G’ admitting a sequence
of m + 1 tuples with the maximum m

(507T0)7 (SI7T17 Ul)a (527T27U2)a sy (SmaTma Um)

such that
e So="Tp =0,
e 51,89, ...,8n,T1, T, ..., T, are pairwise disjoint vertex subsets of G’,
e for each i€ {1,2,...,m},

— |Si| = k + 1 and G’[S;] is connected,

— Tl < k(k +1),

- v; €5,

— no vertex in S;\{v;} has a neighbor in V/(G')\(Up<;<:(S; v T})).
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Such a graph G’ exists trivially because (Sp,Tp) is a valid sequence for
G and so m = 0.

Suppose that m < £1. Let G1 := G' — (Up<j<m (55 Y Tj)). Since G” is
locally equivalent to G, BL(G’) = (G), and therefore,

BE(G) = BE(G) > L(k — 1,03) + (k + 1)%(¢1 — 1).

As [Uogjem (S50 Tj)| < (k+ 1)2m < (k+1)2(¢1 —1), by Proposition we
have that 37(G1) > (k — 1,{3). Let Ga be the graph obtained from G by
removing all components of G2 having at most k vertices. It is not difficult
to observe that S1(G2) = BL(G1).

As B7_,(G2) = BY(G2), by the induction hypothesis, G2 contains a
vertex-minor isomorphic to ¢3F for some connected graph F on k vertices.
Thus, there exist a graph G3 locally equivalent to Gy and a vertex subset A
of G5 such that G3[A] is isomorphic to ¢3F.

Note that £3 = k2FN(EM=1D 4 1. So, by Lemma

(1) G3 contains a vertex-minor isomorphic to nH for some connected graph
H on k + 1 vertices or

(2) there exists A" € V(G3) such that G3[A'] is isomorphic to (k+ 1)F and
for each vertex of F, its copies in G3[A’] have the same set of neighbors
not in A’.

We may assume that (2) holds. Since every component of G5 has more than
k vertices, there is at least one edge between A’ and V(G3)\A" in G3. By
Lemma (with t := k), there exist a graph G4 locally equivalent to Gf,
disjoint subsets S, T" of V(G4) and a vertex v in S such that

(i) G4[S] is a connected graph on k + 1 vertices,
(ii) |T| < k(k+1), and
(iii) G4[S\{v}] is a component of G4 — (T U {v}).

In G', no vertex in S;\{v;} has a neighbor in V(G")\(Uy<j<m (S5 v T))-
Let G” be the graph obtained from G’ by applying the same sequence of
local complementations needed to obtain G4 from G5. Since G5 has no
vertex in (Jygic,, (S5 U Tj), G'[Si] = G'[S;]. Therefore, G" admits the
sequence (So, 7o), (S1,T1,v1), -y (Sms T, vm), (S, T,v), contradicting the
assumption on the choice of G’ with the maximum m. Thus we may assume
that m > 61.
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In &, for i,j € {1,2,...,41} with i < j, v; may have neighbors on S,
but v; has no neighbors on S;\{v;}. Let S; = {v;, 55,1, 5i,2, ..., i1} for each i.

We construct a complete graph on the vertex set {wy,ws, ..., wy, }, and
for 4,5 € {1,2,...,£1} with i < j, we color the edge w;w; by one of 2¥+!
colors, depending on the adjacency relation between v; and s; j» for all 1 <
§' < k. As £1 = R(f9; 2" 1), there exists a subset I < {1,2,...,¢;} such that
|I| = ¢2 and edges between two vertices in {w; : ¢ € I} are monochromatic.
This also implies that {v; : i € I'} is a clique or an independent set.

For some 4,5 € I with i < j, if v; is adjacent to s; ;» for some j’, then
for all ¢,j7 € I with ¢ # j, v; is adjacent to s;; if and only if i < j.
By taking vertices vi, vs, ..., Uggy/oj—1 and Sojr, Sajr, -..s Sgjey)2),j1, We

obtain an induced subgraph of G’ isomorphic to either K 12/2] D K4y /2] OF
K\4,21 A K|g,2)- By Lemma G’ contains a vertex-minor isomorphic
to Pp,—1. As lo —1 = (k+ 2)n — 1, Py, contains an induced subgraph
isomorphic to nPy, 1. Thus, G contains a vertex-minor isomorphic to n Py 1.
Therefore we may assume that for i, j € I with ¢ < j, v; has no neighbors in
S;\{vs).

If {v; : i € I} is independent in G’, then G'[|J,c; V(S;)] is the disjoint
union of /o connected graphs, each having exactly k + 1 vertices. Since
by > Q(kgl)(n — 1), by Lemma [6.10, G contains a vertex-minor isomorphic
to nH for some connected graph H on k + 1 vertices.

If {v; : i € I} is a clique in G’, then let i € I and let G” = G = vy.
Then G"[{U;cz i V(Si)] is the disjoint union of 5 connected graphs, each

k+1
having exactly k + 1 vertices. Since o — 1 > 2("3 )(n — 1), by Lemma
G contains a vertex-minor isomorphic to nH for some connected graph H
on k + 1 vertices. O

Here is the proof of Theorem|[I.3] Let C be a vertex-minor ideal. Suppose
C is rank k-scattered, that is, there exists an integer ¢ such that every graph
G € C has rank k-brittleness at most £. Then by (3) of Lemma[4.1] for every
connected graph H on k + 1 vertices, C does not contain (k+ 1)(¢ + 1)H.

For the converse, suppose that for every connected graph H on k + 1
vertices, there exists ng such that ngH ¢ C. Since there are only finitely
many non-isomorphic graphs on k + 1 vertices, there exists the maximum n
among all ny. Then nH ¢ C for all connected graphs H on k + 1 vertices.
By Proposition all graphs in C have rank k-brittleness at most ¢(k,n).
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7 An application

As an application of Theorem we prove that for fixed positive integers
m and n, mKj ,-vertex-minor free graphs have bounded linear rank-width.

First let us present the definition of linear rank-width [9] (10} [16]. For a
graph G, an ordering (z1,...,x,) of the vertex set V(G) is called a linear
layout of G. If |V(G)| = 2, then the width of a linear layout (z1,...,x,) of
G is defined as | Jnax pc({x1,...,z;}), and if |V(G)| = 1, then the width is
defined to be 0. The linear rank-width of G is defined as the minimum width
over all linear layouts of G. For two orderings (x1,...,2n), (Y1,--.,Ym), We
write (z1,...,2n) ® (Y1,---,Ym) = (T1,.. ., Tn,Y1,--.,Ym) to denote the
concatenation of two orderings.

We obtain a relation between rank k-brittleness and linear rank-width.
We use the submodularity of the matrix rank function.

Proposition 7.1 (See [13, Proposition 2.1.9]). Let M be a matriz over a
field F. Let C be the set of column indexes of M, and R be the set of row
indexes of M. Then for all X1,Xo € R and Y1,Y> <€ C,

rank(M[ X1, Y1]) + rank(M[ X2, Ya]) >
rank(M[X1 n Xo,Y1 U Ya]) + rank(M[X; u Xo,Y1 n Y3)).

Proposition 7.2. For an integer k > 0, the linear rank-width of a graph G
is at most BL(G) + |k/2).

Proof. Let x := ﬂ,’j (G). Suppose G has rank k-brittleness x. By the defini-
tion of rank k-brittleness, there exists a partition (Xi, Xo,...,X;) of V(G)
such that for each ¢ € {1,2,... ¢}, | X;| <k, and for every I < {1,2,...,t},
pG(U;es Xi) < @. For each i€ {1,2,...,t}, let L; be any ordering of Xj.

We claim that the ordering L = L1 @ Lo @ --- @ L; is a linear layout
of G having width at most = + |k/2|. It suffices to prove that for each
i€{l,2,...,t} and a partition (A4, B) of X, pc(A v U,; X;) <z + |k/2].
By symmetry, we may assume that |A] < |k/2]. Let X = (J;_; X; and
Y = V(G)\X. Let M be the adjacency matrix of G. By the submodularity
of the matrix rank function in Proposition we have

pc(Au X) =rank M[A U X, Y\A] + rank M [, Y]
<rank M[X,Y] +rank M[A, Y\A] <z + |k/2].

This proves the proposition. ]
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For the corollary, we will use the fact that every sufficiently large con-
nected graph contains either a vertex of large degree or a long induced path.

Theorem 7.3 (folklore; see Diestel [6]). For k = 1 and ¢ > 3, every con-
nected graph on at least k=2 + 1 vertices contains a vertex of degree at least
k or an induced path on ¢ vertices.

Here is a corollary of Theorem and Proposition

Theorem [1.6. For positive integers m and n, the class of graphs having no
vertex-minor isomorphic to mKy , has bounded linear rank-width.

Proof. We may assume that n > 3. Trivially K, is locally equivalent to
K,+1. By Lemma P,,, is locally equivalent to K, [ K, and a vertex
of degree n in K, [N K,, gives a vertex-minor isomorphic to K 1,n- Therefore,
by Theorem every connected graph on (2n)R(";2)*2 + 1 vertices has a
vertex-minor isomorphic to Ky .

Let k := (2n)E(2)=2_ Let C be the class of graphs having no mKj , as a
vertex-minor. Then for every connected graph H on k + 1 vertices, mH ¢ C.
Therefore by Theorem C is rank k-scattered. By Proposition C
has bounded linear rank-width. O

References

[1] A. Bouchet. Isotropic systems. European J. Combin., 8(3):231-244,
1987.

[2] A.Bouchet. Connectivity of isotropic systems. In Combinatorial Mathe-
matics: Proceedings of the Third International Conference (New York,
1985), volume 555 of Ann. New York Acad. Sci., pages 81-93, New
York, 1989. New York Acad. Sci.

[3] A. Bouchet. x-transformations, local complementations and switching.
In Cycles and rays (Montreal, PQ, 1987), volume 301 of NATO Adv.
Sci. Inst. Ser. C' Math. Phys. Sci., pages 41-50. Kluwer Acad. Publ.,
Dordrecht, 1990.

[4] B. Courcelle and S. Oum. Vertex-minors, monadic second-order logic,
and a conjecture by Seese. J. Combin. Theory Ser. B, 97(1):91-126,
2007.

[5] W. H. Cunningham. Decomposition of directed graphs. SIAM J. Alge-
braic Discrete Methods, 3(2):214-228, 1982.

29



[6]

7]

[10]

[11]

[12]

R. Diestel. Graph theory, volume 173 of Graduate Texts in Mathematics.
Springer, Heidelberg, fourth edition, 2010.

G. Ding, B. Oporowski, J. Oxley, and D. Vertigan. Unavoidable mi-
nors of large 3-connected binary matroids. J. Combin. Theory Ser. B,
66(2):334-360, 1996.

P. Erdés and R. Rado. Intersection theorems for systems of sets. J.
London Math. Soc., 35:85-90, 1960.

R. Ganian. Thread graphs, linear rank-width and their algorithmic ap-
plications. In Combinatorial algorithms, volume 6460 of Lecture Notes
i Comput. Sci., pages 38—42. Springer, Heidelberg, 2011.

J. Jeong, O. Kwon, and S. Oum. Excluded vertex-minors for graphs of
linear rank-width at most k. Furopean J. Combin., 41:242-257, 2014.

M. M. Kanté and O. Kwon. Linear rank-width of distance-hereditary
graphs II. Vertex-minor obstructions. arXiv:1508.04718, 2015.

O. Kwon and S. Oum. Unavoidable vertex-minors in large prime graphs.
FEuropean J. Combin., 41:100-127, 2014.

K. Murota. Matrices and matroids for systems analysis, volume 20 of
Algorithms and Combinatorics. Springer-Verlag, Berlin, 2000.

S. Oum. Rank-width and vertex-minors. J. Combin. Theory Ser. B,
95(1):79-100, 2005.

S. Oum. Excluding a bipartite circle graph from line graphs. J. Graph
Theory, 60(3):183-203, 20009.

S. Oum. Rank-width: algorithmic and structural results. Discrete Appl.
Math., 231:15-24, 2017.

30



	Introduction
	Preliminaries
	Vertex k-scattered subgraph ideals
	Edge k-scattered subgraph ideals
	Matching k-scattered subgraph ideals
	Rank k-scattered vertex-minor ideals
	An application

