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Abstract

The injective chromatic number of a graph G is the minimum number
of colors needed in order to color vertices of G so that two vertices
with a common neighbor receive distinct colors. We prove that the
injective chromatic number of G is at least the half of the chromatic
number of G?, the square of G. This inequality is tight.

An injective k-coloring of a graph G is an assignment of at most £k colors
to the vertices of GG such that two vertices sharing a common neighbor must
have distinct colors. The injective chromatic number x;(G) of a graph G
is the minimum k such that G has an injective k-coloring. This notion was
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first introduced by Hahn, Kratochvil, Sirani and Sotteau [1]. We note that an
injective coloring need not be a proper coloring; adjacent vertices can have
the same color.

The square G? of a graph G = (V, E) is the graph on the vertex set V
in which two vertices are joined by an edge if their distance in G is at most
two. The problem of coloring the square of a graph was started by Wegner
[5] in 1977, and has been studied actively. Since a proper injective k-coloring
of G is a proper k-coloring of G?, we have x;(G) < x(G?).

Montassier [4] conjectured that x(G?) < 2y;(G). In this paper, we prove
his conjecture. Consequently

xi(G) < x(G?) < 2x:(G).
Hence x(G?) and x;(G) are within factor of 2.
Theorem 1. For a graph G, we have x(G?) < 2x;(G).

Proof. Let k = x;(G). Then there exists a partition Sy, Sy, ..., Sk of the ver-
tex set V(G) of G such that no two vertices in S; have a common neighbor in
G. Then the set of edges with both ends in .S; induces a matching. Therefore
we can partition S; into two sets A; and B;, both stable in G. Then A; and
B, are stable in G? too, because no two vertices in A; or B; have a common
neighbor in G. Then Ay, Ay, ..., Ay, By, Ba, ..., By, is a partition of V(G?)
into stable sets in G?. Therefore x(G?) < 2k. O

Let us explain why Theorem 1 is tight. For an even integer n > 1, let
G, = (V, E) be a circulant graph on V' = {0,1,2,...,3n — 1} such that two
vertices z,y are adjacent if and only if x —y = £1 (mod 3n) or z = y
(mod 3).

We claim that

X(G) = 2xi(Gh).

First of all, it is easy to see that G2 = K3, and therefore x(G2) = 3n.
By Theorem 1, x;(G,) > 3n/2. Observe that if two vertices z,y satisfy
x—y =21 (mod 3n), then x and y have no common neighbors. Therefore
in an injective coloring, we can color pairs of consecutive integers with the
same color and so x;(G,) < [3n/2]. We have assumed that n is even and
therefore x;(G,) = 3n/2.

Finally let us state an algorithmic consequence of Theorem 1. Hell, Ras-
paud and Stacho [2] proved that for chordal graphs, the injective chromatic
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number is a-approximable if and only if the chromatic number of the square
is a-approximable. By Theorem 1, we do not have to restrict on chordal
graphs.

Corollary 2. The injective chromatic number is O(«)-approzimable if and
only if the chromatic number of the square is O(a)-approzimable.

For example, McCormick [3] constructed an O(y/n)-factor approximation
algorithm for computing x(G?) and therefore we conclude that there is an
O(y/n)-factor approximation algorithm for x;(G).
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