20143698 Junho, Choe

One may say the following: f e g means that f and g go together, but f * g does
that f goes twice faster and then rests but g rests and then goes twice faster. This
yields the following homotopy.

Let S' C C be a pointed space (S!,1). Define H : S x I — G by
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Since the right-hand side in the definition of H is obviously continuous at (6,t) for
every (0,t) € [0,27] x I, together with s1(0) = 0, s1(5t2m) = 27, sa(2m(15E)) =
and so(HL2r + 2m(15t)) = 27, H is continuos on S' x I with H(1,t) = e,t €
Then,

1.

H(exp(60),0) = Flexp(su(50))g(exp(sa(50 + 7))
= f(exp(0i))g(exp(0i))

= (f e g)(exp(0i))

and

H(exp(0i),1) = f(exp(s1(0)i))g(exp(s2(0)i))

_ f(exp(26i))e 0<f<m
eg(exp(2(0 — m)i)) = <6027
= (f * g)(exp(6i)).

By the homotopy, we find that fg ~ f % g rell.

Modifying the above homotopy, we may obtain a homotopy between g e f and
f *g. With the above setting, put
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G(exp(#i),t) = g(exp(sz(t i 19 + 2m(



In other words, G is given by interchanging the f(---) term and the g(---) term.
Similarly to H, G is a homotopy with G(1,t) = e,t € I. Thus, we have ge f ~ fx g
rell. Then, by the result of problem 1, we also have g e f ~ g x f rell. Finally, it
follows that fxg >~ ge f ~ g x f rell, which means that the fundamental group

71 (G, e) is abelian.

Write K2 = p(R?), where p is a quotient map induced by (z+27,y) ~ (z,v), (z, y+
2m) ~ (—z,y). For each z = exp(fi) € S! C C, let a(z) = p(0,0) and let
b(z) = p(#,0). Since the maps ¢t — p(0,t) and t — p(¢,0) are continuous, and
since p(0,t + 27) = p(—0,t) and p(t + 27,0) = p(¢,0) for every t € R, a and b are
well-defined and continuous with a(1) = p(0,0) = b(1).

Then, we claim that 1 (K?2) is generated by [a] and [b]. Let [f] € 71 (K2, p(0,0)).
It is well known that K2 is a 2-dimensional manifold. By Theorem 11.8 in Chapter
2, there exists a smooth map f with f ~ f rell, where 1 € (S',1) with S! c C.
Also, Since each smooth loop must miss a point, the smooth loop f must do a point
q € K2. Moreover, obviously we can choose such a point ¢ so that ¢ is not in images
of a and b. Deleting the point ¢ yields a ‘hole’. We ‘expand’ the ‘hole’ leaving a and
b fixed, and obtain a space homeomorphic to K2\ {¢} with a loop f* corresponding
to f. This space is given by the following diagram:

Focus on the straps A and B in the preceding diagram. If the first part of the
loop f* turns a lap around strap A as the loop a (a™!), then it is indeed homotopic
to a (a!) relatively to 1. On the other hand, if the first part does so around strap
B as the loop b (b~ 1), the it is so to b (b~!) relatively to 1. Consider the second
part starting from the end of first part. We may do a similar thing. Continue this

process. Since f is smooth and S! is compact, the process ends with finite steps,



which means that [f] is a finite product of copies of [a],[a]™!,[b] and [b]~!. [a] and
[b] generate 7 (K2, p(0,0)).

Now, by taking a homotopy, we will show [a][b][a] ™! = [b] 7}. Let S! C C. Define
H:S'"xI—K?by

2
p(0, ((30))) 0<0<3
H(exp(0i),t) = { p(—3(0 — &), 2nt) Zp< 2
p(2m, 2t —t(3(0 —2- &))) 2 & <0 < 2m.
Here, the mapping (0,t) — (27, 27wt —¢(3(60 —2- 2”))) on R? is continuous everywhere

with value (27,0) at (2w,t),t € I, and p(2m,0) = p(0,0). Thus, H is continuous.

And we have

27
p(0,0) 0<o<
H(exp(0i),0) = ¢ p(—3(0 — Z)),0) Z<h<2. &
p(0,0) 2.2 < g <2m,
2
p(0,36) 0<o<
H (exp(6i),1) = { p(3(0 — 2°),0) F<o<2-%F

p(0,-3(0—2-2)) 2. & <p<orn

and H(1,t) = p(0,0). Hence, we find that [C} o) * b1« Cp0,0)] = [a*bx a~1], that
[a] =t = [o]7".



