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CHAPTER II SECTION 7, PROJECTIVE MORPHISMS

7.9. Let r + 1 be the rank of £.

(a). There are several ways to prove it.

Proof 1

Proof 2

Proof 3

We assume the following result from Chow group theory: (See Appendix A section2
A11 and section 3. The group A(X) is here CH(X).)

CH" (B( < /Z E)¢' ) @z CH* (X)
as graded rings. If we look at the grade 1 part, as Z-modules,
CHY(P(E)) ~ (Z 2z CHY (X)) ® (Z @7 CH' (X))

and CH'(—) = Pic(—) so that Pic(P(£)) ~ Z @ Pic(X) as desired.
We can use the Grothendieck groups, i.e. K-theory to do so. Note that

K(P( ( €/ Z £)E ) ®7 K(X)

as rings. For the detail, see Yuri Manin Lectures on the K-functor in Algebraic
Geometry, Russian Mathematical Surveys, 24 (1969) 1-90, in particular, p. 44, from
Prop (10.2) to Cor. (10.5).
Here we give a direct proof. In fact, it adapts a way from Proof 1. It can also use
the method from Proof 2. Totally your choice.

Define a map ¢ : Z @ Pic(X) — Pic(P(€)) by (n,L) — (7*L)(n) = (7*L) ®
Op(g)(n).

Claim. This map is injective.

Assume that ¢(n, £) = Ope), i.e. 7°L®@ Op(gy(n) = Op(gy. Apply 7« to it. From
IT (7.11), recall thet

0 n <0
m((’)P(g)(n)): OX n=0 .
Sym"(€) n>0

So, by applying the projection formula (Ex. II (5.1)-(d)), we obtain, L&m.Opg)(n) =~
Ox, i.e.

W*Op(g) >~ ,C_l
Note that it is a line bundle and rk(Sym"(€)) > r+ 1 > 2 if n > 0 by the given

assumption, so that the only possible choice for n is n = 0. Then, it implies that
L ~ Ox. Hence ¢ is injective.

Claim. This map is surjective.

In case & is a trivial bundle, then P(£) ~ X x P" so that we already know the
result.
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In general, choose an open subset U C X over which £ is trivial and let Z =
X — U. Then, we have a closed immersion P(€|z) — P(£) and an open immersion
P(&y) — P(&|ly) ~ U x P". Let m = dim X. Then we have

CHpir1(P(E] 7)) — Pic(B(E)) — Pic(P(E]y)) —=0 .
T(}ﬁz T¢X T‘bU
Z ® C'Hm_l(Z) — 7 ® PicX ——7Z & PicU ——=0

By induction on the dimension, ¢z is surjective and we already know that ¢y is
an isomorphism. Hence, by a simple diagram chasing, we have the surjectivity of

Px.
(b). Let m: P(£) — X, ' : P(£’) — X be the structure morphisms and let ¢ : P(£) — P(£)

be the given isomorphism over X:
>
s

™

PE) ——X
¢*Op(g)(1) is an invertible sheaf on P(€) so that by part (a), we have

(1) : 9" Opey(1) > 7L @ Op(ery(n')

for some £’ € PicX and n’ € Z. Similarly, ¢~! being a morphism, we have
(2) : 7" Open (1) = 7*L ® Ope)(n)

for some £ € PicX and n € Z. By applying ¢* to (2), we have

Opery(1) = ¢* ¢~V Open (1) = ¢* 1L ® ¢* Op(ey (n) =~ 7" L @ (" Op(ey (1)) ™"
~71" L (7L ® (’)]p(g)(n'))®n ~ 7' (E ® £’®n) ® Op(gry(nn').
Recall that

0 m <0

7T:,< (Pp(g/)<n>) = OX m=20

Sym™&" m >0

so that if we apply 7, to the above, then by the projection formula, we will have

Ox =~ L& L @, (Opery(nn)) .

Since Ox, £ ® L'®™" are invertible sheaves, it makes sense only when nn’ = 1. Hence we
have either (n,n') = (=1,—1) or (n,n’) = (1,1).

If (n,n’) = (=1,-1), then, we have £ ~ £" and (2) becomes ¢~ Op(e)(1) ~ 7*L ®
Op(gy(—1). ¢ being an isomorphism, ¢~ = ¢, so that 7, = mp, = mp~ ' and the
projection formula gives &' ~ £ ® 0 ~ 0 which is not possible. Hence (n,n’) = (1,1).

Hence, we have (2): qﬁ*l*(’)]p(g/)(l) ~ 1" LROp(g)(1), and as above, noting that o1 = o,
applying 7, and using the projection formula, we will have £ ~ L ® £ as desired.



