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We introduce a local change for links called an S!Y-crossing change and show
that there exists an infinite family of links with the coefficient polynomials from
O-th to s-th for any s of the HOMFLYPT and Kauffman polynomlals of any

link in each case. ( \ N /(\/ \
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Background of the S -crossing change: We focus on 12a1249.
['(12a1249; z) = 1, p1(12a1249;v) = f1(12a1249;a) = 0, T3V (12¢1249; ) = 1.

[Reference] Hideo Takioka, Infinitely many knots with the trivial (2, 1)-cable T-polynomial, J.
Knot Theory Ramifications 27 (2018), no. 2, 1850013, 18 pp.

Here, p,(L;v) € Z[v*Y], f.(L;a) € Z[a™!] are the n-th coefficient polynomials
(n > 0) of the HOMFLYPT and Kauffman polynomials, respectively.

In particular, we have po(L;a~tv/—=1) = fo(L;a).

Moreover, since it is known that pg is a Laurent polynomial of the variable v=2, we put
v~2 = r and call it the T-polynomial I'(L;z) € Z[z*!]. Namely, we have

T(L;v™?) = po(L;v), T(L; —a®) = fo(L;a).
Let 1(P9) be the (p, q)-cabling of a knot invariant I for coprime integers p(> 0) and q.
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We consider a symmetric union of 12a1249.
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We generalize the symmetric union and discover a tangle ().

T(K2 2) =1, pi(K2 50) = fi(K?) 50) =0 (i=1,2,3, j=1,2),
TPO(K?) ) =1 (p=2,3,4).
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We develop the generalized symmetric union.

We see that the coefficient polynomials from 0-th to s-th for any s are trivial.
(We conjecture that cablings of the I'-polynomial are also trivial.)
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We reach the S)Y-crossing change.
We see that there exists an infinite family of links with the coefficient polynomials from
0-th to s-th for any s of the HOMFLYPT and Kauffman polynomials of any link in
each case. (We conjecture that cablings of the I'-polynomial also coincide.)
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1. HOMFLYPT and Kauffman polynomials



HOMFLYPT polynomial

The HOMFLYPT polynomial P(L;v, z) € Z[v!, 2*!] is an invariant for oriented links,
which is computed by the following skein relation.

For the unknot U, we have P(U;v, z) = 1.
For a skein triple (L4, L_, Ly), the following holds.

Skein relation

v IP(Ly;v,2) —vP(L_;v,2) = zP(Ly; v, 2).

Here, a skein triple (L4, L_, Lg) is a triple of oriented links L, L_, Ly which are
identical except near one point as in the figure below.

P



Kanenobu knot

S o

n full twists -n full twists

[Reference] Taizo Kanenobu, Infinitely many knots with the same polynomial
invariant, Proc. Amer. Math. Soc. 97 (1986), no. 1, 158-162.



Kauffman polynomial

The Kauffman polynomial F(L;a, z) € Z[a™!, z*'] is an invariant for oriented links,
which is defined by F(L;a,z) = a *P)A(D;a, 2).

Here, w(D) is the writhe of a diagram D of an oriented link L and
A(D;a, z) € Z[a*!, %] is a regular isotopy invariant for unoriented link diagrams
defined by the following.

For the unknot diagram () without crossings, we have A(O;a, z) = 1.
For a skein quadruple (D, D_, Dy, D), the following holds.

Skein relation

A(Dy;a,2) + A(D_;a,z) = 2(A(Do; a, z) + A(Doo; a, 2)).

For a Reidemeister move of type | as in the figure below, we have

A(Cq;a,2) = al( Co,az AC_;a,2) = a 'A(Co; a, 2).
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Kanenobu’s question

In Kirby's list, we have Kanenobu's question.

[Are there infinitely many different knots with the same Kauffman polynomial? }

As a recent Kanenobu's result, it is shown that there exist infinitely many different
knots with the same HOMFLYPT and Q-polynomials.

Here, the Q-polynomial is an invariant for unoriented links, which is obtained from the
Kauffman polynomial:
Q(L;x) = F(L; 1, z).



2. Coefficient polynomials of the HOMFLYPT and Kauffman polynomials



Coefficient polynomials of the HOMFLYPT polynomial
The HOMFLYPT polynomial of an r-component link L is presented by the following:

P(L;v,z) = (—v lz)7 ! an(L; v) 22",

n>0

Here, p,,(L;v) € Z[vF'] and po(L;v) # 0.
We call p,(L;v) the n-th coefficient polynomial of the HOMFLYPT polynomial.

Let 7,7’ be the numbers of components of links L, L', respectively.
We see easily that if r # ' then P(L;v,z) # P(L;v, 2).

It is shown that there exists an infinite family of links with the coefficient polynomials
from O-th to s-th for any s of the HOMFLYPT polynomial of any link by Kawauchi
and Miyazawa independently.

[References] Akio Kawauchi, Almost identical link imitations and the skein
polynomial, Knots 90 (Osaka, 1990), 465-476, de Gruyter, Berlin, 1992.

Yasuyuki Miyazawa, A fake HOMFLY polynomial of a knot, Osaka J. Math. 50
(2013), no. 4, 1073-1096.



Coefficient polynomials of the Kauffman polynomial

The Kauffman polynomial of an r-component link L is presented by the following:

F(L;a,2) = (a2) "> fu(L;a)z".

n>0

Here, f.(L;a) € Z[a™'] and fo(L;a) # 0.
We call f,,(L;a) the n-th coefficient polynomial of the Kauffman polynomial.

Let r,7" be the numbers of components of links L, L', respectively.
We see easily that if r # 1/ then F(L;a,z2) # F(L';a, 2).

In this talk, we show that there exists an infinite family of links with the coefficient
polynomials from O-th to s-th for any s of the HOMFLYPT and Kauffman polynomials
of any link in each case by using the SY-crossing change.



Connected sum for the HOMFLYPT polynomial

Let L#L’ be a connected sum of links L and L’. Then we have

P(L#L';v,2) = P(L;v,2)P(L;v, 2).

Let K be a knot with po(K;v) =1, p;(K;v) =0 (1 <14 <s) and psy1(K;v) # 0.
For any link L and the knot K, we have
P(L;v,2) = (—v~tz)7 "t an(L;v)zZ”, P(K;v,z) =1+ Z pi(K;v)2%.

n>0 i>s+1

Therefore, we have P(L#K;v,z) = P(L;v,2)P(K;v, z)

= P(L;v, 2) + (—v=1z)~r*! Z ( Z pn(L;v)pi(K;v))z%.

k>s+1  ni=k
Therefore, we have p;(L#K;v) = p;(L;v) (0 <i < s) and psy1(L#K;v) # psy1(L;v).
[ | !_I_,_\
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Connected sum for the Kauffman polynomial

Let L#L’ be a connected sum of links L and L’. Then we have

F(L#L';a,z) = F(L;a,2)F(L;a,z).

Let K be a knot with fo(K;a) =1, fi(K;a) =0 (1 <i<s)and fs;1(K;a)#0.
For any link L and the knot K, we have

F(L;a,z) = (az)"" Z fu(L;a)z", F(K;a,z) =1+ Z fi(K;a)zt
n>0 i>s+1

Therefore, we have F(L#K;a,z) = F(L;a,2)F(K;a, z)

=F(L;a,2) + (az) "1 Y ( > fn(L;a)fi(K;a))Z’“-
k>s+1  nti=k

Therefore, we have f;(L#K;a) = fi(L;a) (0 <i<s)and fop1(L#K;a) # fst1(L;a).
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3. SN-crossing change

From here, we always consider a link diagram and a tangle diagram.

Therefore, we call them just a link and a tangle for simplicity.
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The tangle Q is equivalent to its mirror image.

(508) ~ (U559 (®)
~ (@@~ (W)




The tangle SV is

equivalent to S ' for N > 1.
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The tangle SY is prime for m # 1, N > 1.




N .
S, -crossing change

We define an S -crossing change as a local change for links which changes a single
crossing S¥ to the tangle SN or vice versa as in the figure below.

= - sy

In particular, an SY,-crossing change is the so-called crossing change.



4. Link LY(T) and main result



Link LN(T)
Let L be a link. We can deform the link L into a link with a single crossing and a
tangle T denoted by L{(T) as in the figure below.

The tangle T consists of two arcs and link components.

We consider connection types of the two arcs, which are called Type-0, Type-oo,
Type-X, Type-(—X).

We denote a link obtained by an SN-crossing change at the single crossing by L (T).

srersssssssy sessssssssss,  sessssssssams sssssssssssss

e e,

Type-0  Type-co  Type-X Type-(—X)



Example




Cases (I)—(VIII)
We consider all the pairs of the parity of an integer m and the type of a tangle T as in
the table below.

In particular, we can check the numbers of components of the links L(T)(~ L),
LY(T), LE(T), Liy(T).

(m, T) #LY(T)(~ L) | #LY(T) | #L8(T) | #Ly(T)
0 (odd 0) r r r+1 r
(1) (odd, c0) r r+1 r r
(1) (odd, X) r r—1 r—1 T
(IV) (odd, - X) T r—1 r—1 r
(V) (even,0) r r r+1 r
(V1) (even, o) T r+1 r r
(VII) (even, X) r r—1 r—1 r
(V) (even, —X) r r—1 r—1 r




The HOMFLYPT polynomial of LY (T)

Let ¢ = z4(2 + 2%)2.

(1, my P(LY) :P(L)+(1_v—m+l)CN( z

P(LY,) — P(L)).

v=1—w

(m, w) P(LY) = P(L) +

S (1—p ™Vt (((—v_?’ +0)2* + (v +0)2°)P(L) +
((—v_2 +1+0° =M+ 2+ 21}2)24)P(L8)).
(V. vll) P(L) = P(L) + ¢V (P(LL) — (v —v)2z ' P(L)) (qrm((v*1 e A (R

0)2°%) + o v(l —v ™) (W + v)2z4).

[(VI, VIIl) N = 1]

P(L%) = P(L) + ((—v7" + v+ s = (22 + %) (1= o™ ™) (207 = v +0%)2 +
(07t = 4v)zt = 02%) P(L) + ((1 - 20° + v¥)z + (1 — 30%)2% — vzzs)P(Lg)).

[(V1, VIII) N > 2]

P(LR) = P(L) + ¢V 72 (((—07 4 0)2% + 07 +0)2°) P(L) + ((—0™2 + 1+ 0% = v*)2 + (2 +
21)2),24)P(L3)) (v*m((ml — o)+ (07 +0)?) + (- + v)224>.

—1 _




Main result: Coefficient polynomials of the HOMFLYPT
polynomial of LY (T)

Let L be a link. Let N be a positive integer. There exists an infinite family of links
{LN(T)}mez such that p;(LY(T);v) = pi(L;v) for 0 < i < s,

(1 2N —1,
() 2N -2,
Iy 2N -1,
where s = (V) 2N =1, In particular, LY (T) is equivalent to L.
(V) 2N — 2,
(VI) 2N —3 (N #1),
(VI) 2N -2,
(il 2N —2.

Moreover, we have psy1 (LY (T);v) # ps1 (LY, (T);v) for m # m' except in the
following case.

A link LY(T) with a tangle T of Type-0 satisfies
Po(LY(T);v) = po(L24(T);v). -+ (¥)



Remark
We consider a link LY(T) with a tangle T’ of Type-0 which satisfies
P(LY(T);v,2) = P(LY(T);v, 2). -+ (%)
Then, we see that the link L{(T) satisfies the condition () and we have
P(LY(T);v,2) = P(L;v,z) forany m € Z and N € Z~y.

A link LY(T) with a nugatory crossing and a tangle T of Type-0 as in the figure below
satisfies the condition (*). However, in this case, we see that the link LY (T) is
equivalent to the link L.

Question: Is there a link LY(T') with a non-nugatory crossing and a tangle T' of
Type-0 which satisfies the condition (kx)?

(We can find such a link LY(T) for the condition (*) easily.)

g g g g
A B A Bl X |A B A B
L] - - -
LY(T) LY(T) Ly(T) L3 (T)



The Kauffman polynomial of LY (T)

We calculate the Kauffman polynomial of the link LY (T') by using the A-polynomial.
We denote LY(T) by LY for simplicity.

P(Ly) = a " WA(LY).

By Proposition 2.2 [Kanenobu 1989],

ALy = omA(LY) = om-1 AMLE) + T ALY,

Here, 0., € Z[z], 00 =0, 01 = 1, Opp—1 + Opt1 = 20m,

m

Tm € Z[ailvz]v T0=T1=0, Tm—1+ Tim41 = 2Tm +a” "z.

[Reference] Taizo Kanenobu, Examples on polynomial invariants of knots and links.
[I, Osaka J. Math. 26 (1989), no. 3, 465-482.



H N

The A-polynomial of L, (T)
A(LG)
= A(Lf]_l) (1—&-(—3(1’2—6—3a2)z2+(a’3—2a’1—a+2a3)23+(a’4+10a’2+16+1Oa2)z4+(a’3+10a*1+
7a—3a3)z5+(—a’4—8a’2—13—11a2)z6+(—2a*3—12a’1—11a+a3)z7+(—1+3a2)z8+(2a*1+3a)z9+z10)
+A(L(I)V_1) ((a‘4 +3a72+34+a®)z+(—a®+2a71 —a?)2? + (=5a"* —11a=2 — 12 — 6a?)23 + (a=5 —
4073 —9a71 —4a +2a3)2* + (4a=* +9a72 + 12+ 8a?)2% + (5a73 + 12a" 1 + 8a — )26 + (a2 — 3a2)2" +
(—2a71 — 3a)2® — zg)
+A(L£_1) ((fa_3 —2a7 ' —a)2? +(a ™+ a2+ 140?23 + (5a"3 +9a" +5a)zt + (=207 + a2+ 1~
2a2)25 + (=7a=3 —11la™ ' —7a)20 +(a=* —5a72 —54+0a?)2" + (3a=3 +3a~ 1 +3a) 28+ (3a=2 +3)2° +a_1z10)
A(LY)
= A(Lllv_l) ((a_1 +a)z7 =14 (—a=3—12a1 —9a+2a3)23 4+ (—4 +6a® —2a*)2* + (2a=3 +23a~ 1 4-20a —
8a3)z5+(3a_2+13713a2+a4)26+(7a_3712a_1718a+3a3)z7+(72a_2711+4a2)28+(a_1+4a)z9+2z10)
+A(Lév_1) ((3(1’3 +5a ' +a—a)2?2+(-2a7*+3a"2+1-3a%2 +a*)23 + (9073 — 1407 — 8a +
5a3)24 + (a7 — 10672 - 7+ 902 — a*)2% + (4a=3 +8a~1 +13a — 3a)2% + (5a=2 + 9 — 4a?)2" — daz® — 229)
+A(L£_1) ((73a_2 —2+a?)22+Ba"3+3a" 1 +3a—a3)z*+ (12472 +9—4a?)2% + (-3a72 + 227! —
6a+a3)2% + (=10a72 — 9+ 3a?)27 + (a73 —4a! +4a)28 + (3a=2 +4)2° + 2a_1z10)



2 X 2 matrix MA(LN(T))
m
A(LE) — aA(LY)
= (A(L(I)V_l) - aA(LiV_l)) ((a_4 +3a2434+a?)z+(—a®+2a ' —a%)22 +(=ba"* —1la=2 - 12—
6a2)23 4+ (a7% —4a3 - 9a7! —4a+2a3)2* + (4da"* +9a72 + 12+ 8a?)2% + (5a73 + 1241 + 8a — a3)2% +
(a=2 —3a%)2" + (—2a7! — 3a)28 — zg)
+<A(L£_1) — aA(Lll\I_l)((a,_1 +a)z71 — 1)) ((7a*3 —2a7 ' —a)2? 4+ (a*+a"2+1+a?)23 +
(5a73 +9a" 1t +5a)z* + (—2a 4+ a2 +1-2a%)2° + (=Ta™3 - 1la™! - 7a)2z% + (a=* —5a"2 — 5+
a®)2" 4+ (3a73 +3a7! +3a)28 + (3a=2 4+ 3)2° + a_lzw)
ALY) —aA(LY) (=t +a)z=t — 1)
= (A(L(I)V_l) — aA(LiV_l)) ((3a_3+5a_1+a—a3)22+(—2a_4+3a_2+1—3a2+a4)z3+(—9a_3—14a_1—
8a+5a%)z4 +(a=* —10a"2 —7+9a% —a*)2° + (4a=3 +8a~1 +13a—3a3)20 + (5a=24+9—4a?) 2" — 4a2® 72z9)
+<A(LLV°71) — aA(LiVil)((afl +a)z71 — 1)) ((—3(1’2 —2+a®)2%+ (Ba3 +3a"! +3a—a%)zt +
(12672 +9—4a2)2% + (=3a73 +2a7 ! — 6a + a3)28 + (=10a72 — 9+ 3a2)2" + (a3 —da~! + 4a)28 +
(3a=2 +4)2% + 2a’1z10>
ALY) —aA(LY) ALY Y —aA@Y Y
ALY ALY (-1 -1 =Mpwy (1)) N-1 N—1v//. —1 1
(L) —aA(LY) (a7t +a)z71 — 1) AL M) —aA(Ly " H((at+a)z7t = 1)
ALY) = aA(LY) ( ) A(L) — aA(LY)
ACLY) = aA(LN) (@ +a)z=t —1) ) AERENT A N(LY) — aA(LY) (a7 + @)zt — 1)



. . N
The 1st and 2nd minimum terms on z of (M}~ ry))
(1, 1)-entry: [(14 a®)3Na N2V 4 An2N T 4
(1,2)-entry: [—(1 4 a?)3N"1qm4NFLNFL 4 B NT2 4
(2, )-entry: [(3 — a®)(1 + a?)?N71g ™ NTI N 4 On VT2 4
(2,2)-entry: [—(3 — a®)(1 + a?)3N 72 NF2N+2 L D 2NV+3 4

Ail=—-a"+2a ' —ad®> Bi=a*+a?+1+a% Ci=—-2a"*+3a"2+1-3a°>+a*,
D1 =3a"%+4+3a" '+ 3a—d’.

N> 2.
Av=(—a""+2a""—-a )(a ‘( +a2)3)N_1
1—(a*(14a®))"

)

—4N-1 4N\2 2\3N-3
i (o )

By = (a " +a? +1+a2)(a )]\L1

1— (a1 +a® 3)N1
1—a*(1+a?)?

( —4N(1 CL4)2(1+(I2)3N_4),

Cn=0Ba?+5a"+a—a®)Ayv_ 14+ (-2a" " +3a > +1—3a” + a4)(a74N+4(1 + a2)3N73),

4N+5(

Dy =(3a?+5a""+a—a*)Bn_1+(—2a " +3a" > +1—-3d" + a4)( —a” 1+a®



The 1st and 2nd maximum terms on z of (MA(LN(T)))N

-entry: [, Anz'0N—2 _ 2N71G7N+1210N71]

-entry: [, Bnz10N-1 4 2N71a7N210N]
[k, Oy zlON=2 _ 9N g=N+1,10N—1)
-entry: [, Dn2'ON "1 4 2N g N 210N

A1 =—-2a"'=3a, Bi=3a"%2+43, C, = —4a, D1 =3a" %2+ 4.

Anv =a "Cn_1 + (6a_2 + 5)(—2N_2G_N+2):
By =a 'Dn_1+ (6a2+5)2" 2a™ VT,

1—2a1
1—2a-!

Oy = —4a(2a™" )N " + (6% +6)(—2""%a™"?),

Dy = (3a~2 +4)(2a )N + (6a™% +6)(2" 2a” ).



The 1st and 2nd minimum terms on a of (MA(LN(T)))N

(1, D-entry: [(=1)V (1 — 22V 22Va 5N 4 (— )N TN — AN22)(1 — 22)N 22N 715Ny
(1,2)- ntry
[(—)NFI(1 = 22)NF12NH1 =N+ | (L1)N (N — (AN — 1)22) (1 — 22)N+152N g5 +2
(2,1)- entry
()N (2=22) (1 =22V 712N =N L (VL QN 1 - 9N 22 +4N2Y) (1 - 22) V122N g 75V 2 4]
(2, 2)-entry:

[(32% —32% 4 2%)a ™ + (=323 4+ 122° — 1027 +32°)a ™2, 4] (N=1)
{[ CNHL(2 - 22)(1 = g2 N 2NH2, N2

2N +1— (9N —2)2° + (4N — 1)2*) (1 — 22)V 22N a5V F3 4] (N > 2)



The 1st and 2nd maximum terms on a of (MA(LN(T)))N

(1, 1)-entry:
[*7( )N+1(N 5NZ +(4N—1) )(1—22)N22N71a3N71+(—1)N(1—22)N+1Z2NG,BN]

,2)-entry: [, ()N (N — (4N — 1)2%) (1 — 22)NF122 N3N =2 4 ()N (1 — 22) V2N 3N 1]

(1

(2,1)- entry

[*7( DN (N = 5N2% 4 (AN — 1)2%) (1 — 22)N 122N 3N 4 (—1)NF1(1 — 22)N 2N +13N+1)
2

(2,2)-entry: [x, (—=1)VF! (N — (4N — 1)22)(1 — 2N ANFLGSN =L L ()N (1 — 22N 22N 23N



By the 1st and 2nd minimum terms on z of (MA(L%(T)))N, we have
[Y(a)z™ =7 4] (I V),

ALY) = aA(LY) = § [V(@)2N 77, #] (v(a) £0) (11, V),
[v(a)zN="F2 %] (y(a) #0) (I, IV, VII, VIII),

5(a)2N 42,4 (I v)

§(a)zN=m %] (8(a) £0) (11, VI),

[6(a)=N =743 4] (8(a) £ 0) (111, IV, VI, VIII).

Here, v(a) and 6(a) are defined by the following:

{a“NT“(l + a2V (14 a2)a®(E0) fo (1Y) — a®(E%) fo(L9,)) (1, V),
v(a) =

s

ALY) = aALY) (@™t +a)z7t = 1) =

a=4N=T(1 4 ¢2)3N qw(LD) £, (LY) (1, vy,
aTANTTH2(1 4 o2)3N (1 + a2)a“’(L8)f0(L8) - 3aw<L?>+1f0(Lg)) (m, v, vIi, Vi,

d(a) =
AN =TH2(3 — 2)(1 4+ a2)3N 2 ((1 4 a2)a®(E8) fo (L9) — a®(P%) fo(L9,)) (1, V),
a_4N_r+1(3 a )(1+a2)3N—1aw(L8)fO(L8) (1, v,
a™""2(1+a?)((3 — a?)(1 + a2)a® O+ fo (L) — (1 + 11a% — 2a%)a® () fo(L9)) (1, IV, VI, VIII) N =1,
a=AN=TH3(3 — a2)(1 4 a2)PN2((1 4 a2)a® (ED) fo (L) — 3a(ED+1 £ (LY)) (L, IV, VI, VII) N > 2.

In the cases (I, V),
Y(a)=0 <= §(a) =0 <= (1+ a2)aw(Lg)f0(L8;a) = aw(Lgo)fo(Lgo;a).



—m — N +w(T) (1, 11, V, VI,

, we have
—-m—N+2+w(T) (I, IV, VI, VIII)

By w(Ly(T)) = {

F(LY) = a="m) A(LY)

B a™ N =) (g A(LY) = 0 ACLY) + 7 A(LY)) (1, 11, v, VI,
@t N2 (0, ACLY) — 0t ACLY) + T ACLY)) (11, 1V, VI, VI

amHN=w(T) (amA(L{V ) = om-1(aA(LY) + [y(a) 2N 7 H 4])

+Tm (aA(L{V)((cr1 +a)z7t = 1) + [0(a)zN 2, *D) (1, V),

a7 N0 (G ALE) = o (GALY) + Do) 42,4)

T (aA(L{V)((a—1 +a)z7t = 1) + [6(a)N T3, ﬂ)) (111, Vi),
qmtN=2-w(l) <amA(L{V ) = Om—1(aA(LY) + [y(a)2N 7T, «])

T (aA(L{V) (@™ + )z~ —1) + [6(a) 2N 7+, *])) (I, V1),

amtN=2=w) (6 ALN) — 01 (aA(LY) + [y(a) 2N~ F2, «])

+Tm (aA(L{V)((a*1 +a)z7t = 1) + [0(a)zV 3, ﬂ)) (v, V)



By A(LY) = a~VA(LY),

N =w(T) (amaNA(L(f) — o1 (A NFIALY) + [y(a) 2N 4]
+Tm (a—NHA(LgJ)((a—l +a)z"t —1) + [5(a) 2N T2, 4] ) (1, V),
N0 (g VALY = oo (4N IA(LY + D@ T )

( “NFA(LO) (¢t + @)zt — 1) + [6(a)2N "3, 5] ) (111, VI,

) amN=2-w(T) (Uma_NA (LY) = om—1(aNFTEA(LY) + [y(a)zN 7", %])

( “NHALY) (@ + a)z! — 1) +[5(a)zN’"+1,*])) (11, V1),
@ N=2=0) (g =N A(LY) — oy (aNFIA(LY) + [y(a) 2N 72, 4])
7 (0N (@7t + @)z = 1) —|—[5(a)zN_T+3,*]>) (IV, VIl




alTUDALY) (1, 1,0V, VI,

By F(L) = {alwmA(Lg) (AR

F(L) (amamfl — Om_1a™ + T, am(( 1))

—Umflam+N7w(T>[’}/(G/)ZN7T+1 } + T am+N w T)[é(a) N—r+42 *] (l, V)7

F(L) (omam_1 — Om_1a™ + T, am(( 1))
B —om_1a N () [Y(a) 2V 72 %] + T, am+N w T>[5(a) N=r+3 4 (m, v,

F(L) (amam_l — Om—1a™ + Tmam(( )

7O_m_1am+N—2—w(T) [’Y(G)ZN *] T am+N 2— w(T)[(;( ) N—r+1 *] (“ Vl)

F(L) (Umamfl —om—1a™ + Tmam((afl +a)z” )

—O'm_1(1m+N_2_w(T)[ ( )ZN r+2 ]+Tmam+N 2— w(T)[d( )ZN r+37*] (lV, Vl”)
oma™ = om_1a™ + Tma ((a 1+a)z7171) =140,

F(L) — Umfla””N*“’(T) a)ZN T _’_Tmaerwa(T) §5(a)ZN T2« I, V

(L) Y ) ; :

F(L) — 0m_1a™ N 7Dy (a) 2V 772 4] + 1pa™ N D [5(a) 2N 773 4] (m, vy,
a F(L) — 0m_1a™ N 27D () 2V 77 4] + 7na™ TN 270D [§(a) 2N 7T 4] (n, v,

F(L) — 0m_1a™ N 27D [5(a) 2V 742 4] + 1,a™ N 270D [5(a) 2N 773 5] (IV, VI
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Main result: Coefficient polynomials of the Kauffman polynomial

of LY (T)

Let L be a link. Let N be a positive integer. There exists an infinite family of links
{LN(T)}mez such that fi(LY(T);a) = fi(L;a) for 0 < i < s,

where s =

N,

N -1,

N +1,

N+, In particular, LY (T) is equivalent to L.
N—1,

N -2 (N #1),

N,

Moreover, we have fsi1(L)(T);a) # fsr1(LY,(T);a) for m # m' except in the

following case.

A link LY(T) with a tangle T of Type-0 satisfies

fo(Lao(T)sa) = (1 +a®)a™ fo(Ly(T)s a). - (1)



Remark
We consider a link LY(T') with a tangle T' of Type-0 which satisfies

{F(LS(T); 0,2) = A F(I§(T);0,2), D

F(LY(T);a,2) = ((a™ ' +a)z~' = 1) F(LY(T); a, 2).
Then, we see that the link L{(T) satisfies (1) and we have F(LY(T);a,z) = F(L°,(T);a, z)
and F(LN(T);a,z) = F(L;a,z) forany m € Z and N € Z+.

A link LY(T') with a nugatory crossing and a tangle 7" of Type-0 as in the figure below satisfies
the condition (1). In this case, we see that the link LY (T) is equivalent to the link L.

Question: Is there a link L{(T) with a non-nugatory crossing and a tangle T of Type-0 which
satisfies the condition (f1)?

(We can find such a link LY(T) for the condition () easily.)

] ] ] ]
A B A B| X |A B A B
. . L] L]

LY(T) LY, (T) Lg(T) L3



5. Knot Kﬁ,e



Tangle T}

We consider a tangle T, with ¢ half twists for £ € Z as in the figure below.

We see that a knot L0 (T}) is the unknot.

- Tz st =)= Tz~ O
Q :wfv% NN XN £ 0

= =0

::—\JL_F;L#NE# - VAL S <0

LI
&




Knot KV,
We obtain a knot Kn]\{z as in the figure below, which is equivalent to a knot LY (7).

By a property of the tangle SN, we see that K{,Vz and KT],\LC_I are the unknot.
By a property of the tangle (), we see that (Kf,\l’g)* is equivalent to — ]_VZ -

Therefore, K,]x’_m is a negative amphicheiral knot for any m € Z.
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The HOMFLYPT polynomial of K,

P(KTIT\L],E;U72) =
1— (N1 — v Y (1 — ot (1 - (vj_ U)2> (m, £) = (odd, odd),
1-22¢" w24+ 1)1 - v””“)(v*é(v*l —v)?
F(1+ 0% = 2079)2?) (1 - (vj_ v)2> (m, £) = (odd, even),
12211 +0%)(1 - 1}471)(117’"(1)71 —)?
+ P+ 1—207")2%) (1 — (qu_ U)Q) (m, £) = (even,odd),

1-— (222 +2 4o (v —0)? = (3 —0?)2% — z4))

(22'2 +2t o (v =)t 4+ (v = 3)2% — 24)) (1 - ( z )2> (m, £) = [(even,even) N = 1],

vl —w

L=V 2o +0)? (0w = 0)P + (0P + L - 207 )2
(v —v)P 4+ (140 —2079)2?) (1 - ( z ) ) (m, £) = [(even,even) N > 2].

vl —w




The Kauffman polynomial of Kﬁ,e

(1 _ (_1)m+2€—2 m—14+1 [(1 4 a2)3N+1a73N+m+£712N+1, *]

1-— (_1)%22_1 —1[(1 + 2)3N+1q=3N+mti=1,N

1 (_1)m+2€—1 HTI[(l + a2)3N+1g=3N+mH—1,N ]

1— (_1)’”7”[(1 )N AN mA L= N

(m, £) = (odd, odd),
(m, ¢) = (odd, even),
(m, ¢) = (even, odd),

(m, ¢) = (even,even).



The maximum term on z of F(K

E,a z)

| I m > 2 [m=1 ]
L21 (V=1 [¥,3(1 + a%)am TE—2,m TS 1
£>1 (N >2) [%,3 x 2V "1(1 4 a2)am T2, I0NFmFI=2) I
L=0(N=1 [x, (1 +a2)a™ 22" F8] 1
=0 (N>2) [x, 2N ~T(1 + a2)a™ 210N +m=2] 1
L= —1 1 1
< -2 [, 2V (1 + a2)am+l—1210N+m7,@73] 1
| ” m =0 | m < —1
21 (N=1) [x, (1 +a*)a""T2019 [*,4(1 + a®)am T T, —mTIF9
£>1(N2>2) [,3 x 2V =2(1 + a?)a’~ 1 1ONF-1] [%,9 x 2V =2(1 4 a?)gm T 1 10N —m+I-1)
L=0(N=1) [x, (a L + a)225) [ (Lt a)a™ 1,—mT9
£=0(N>2) [ 2V 2 (a" " +a)z "N 1] 3 x 2V 2(1 + a2)a™ 110N —m—T]
L= -1 1 I
£< -2 [+, 27 T 4 a®)af =10V 77 5,3 x 2N 1(1 + a®)am T ION —m 72




The minimum and maximum terms on a of F(KY ,;a, 2)

m =2

( i m >3
> (OG-0 - N 1.2NF3,—aNFT COMFTQ =32 1 200 - N1 2NFI,—ANFT
=0 (CONFIG — 251 = 2N 2ZNFI,—aNFT (CONG =322 4+ 25 (1 = 22)N 2N T, —4NFT__
7= —1 1 1
< —2 [(71)N+1U€+1(2 _ 22)(1 _ 22) —122N+1a—4 +e+l1 *] [(71)N0_2+1(1 _ 322 + 24)(1 _ 22) —122]\]—1a—élN-f—A(f-f—ly ]
[ [ Tm=1 ] m 0 ]
> n (—DN 1o, (- N 2NFI—aNFm—T
= 1 (CONom_1 (1 - ) NFI2N=T —INFm=T
7= —1 1 1
£< -2 1 (DN o100 (1 = 22NN T —aNFmFr-1
| I = [m=T1]
£>0 [, (—1)N0'm_10'[+1(1 — 22)N 2N =1 ANFm++1) 1
= — 1 1
— o (DN lo, (1= 322 1 201 - )N 12N -1, aNFm—T] 1
< _3 e ()N 0 12— 22)(1 = 2N "L 2NFI ANFm—T; 1
[ Il m=0 [ m < —1
750 e (CD) T op (1 )N FI 2N T ANFTrT] () Vo1 (1= )V 2N 1 ANTI]
L= -1 1 1
y—— o (—DN (1 = 322 4 2 (1 — 22)N 2N T AN T o (—DONFI(1 — 322 4 20 (1 — 22N 12N T AN —Tj
<3 o (—DNFI(2 — 22y(1 — 22N 2N F I AN T o (—DN (2 — 29 (1 = 22N 12N T3, AN -T]




Remark

Let (m,0) # (m/, ¢'), m,m/ #1, £,0' # —1.
P(EY jv,2) = P(KN, i0,2) <=

m, 0>

(N',m/, 0"y = (N,£+2,m—2), (m,{) = (odd,odd), (odd, even), [(even,even) N > 2].

By the above information of F(KY ,;a,z) and the 2nd minimum and maximum terms
on a, we see that all the knots K, (m # 1,¢ # —1) are mutually inequivalent.



Thank you for your attention.



