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Twisted torus knots T'(p,q,r,s)

p,q . coprime integers with 1 <g<p
r . an integer with 1 <r <p

S . a nonzero integer

T(p,q) : the torus knot of type (p,q)

T(p,q,r,s) is a knot obtained from T(p,q) by twisting r adjacent
strands fully s times.
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Question. Can we determine the parameters p, g, r, s for which T'(p, q,, s)
is a torus knot?



Known

Easy to see: T'(p,q,p,s) = T(p,q + ps)
Theorem 1.T(p,q, kq, s) is the (q,p+k2qs)-cable knot on T'(k, ks+1).

Theorem 2. Assume r = p and r is not a multiple of q.
If T(p,q,r,8) is a torus knot, then s = —2,—1, or 1.

s=—-2: T(p,q,7,s) =T2Cn+e,n,n+¢,—-2) =T(2n + ¢, —2¢),
n>1le==1,(ne)#(1,-1)

s=1: T(p,q,r,s) =T(mn+1,n,n—-1,1) =T(mn+n—1,n),
m>1n>3



s = —1: T(p7Q77n7 8) =7

What if r = p — kg for some integer k7



Main Results

p—kg=r1r<q Theorem 3
g<r=p—kq| Theorem 4(2) | Theorem 4(1)
k=1 k> 2

Theorem 3. Let p,q,k be positive integers such that p and q are co-
prime, 1 <g<p and 2 <p—kqg. Suppose that p — kq < q. Then

T(p,q,p — kq,—1) is a torus knot
< (p,¢,p—kqg) =(mn+n—-1,nn~—1)

for some integers m > 1 and n > 3. In this case,

T(p,q,p — kq,—1) =T(mn+ 1,n).



Theorem 4. Let p,q,k be positive integers such that p and q are co-
prime, 1 <g<p and 2 <p—kqg. Suppose that q < p— kq. Then

T(p,q,p — kq,—1) is a torus knot <= one of the following holds:

(1) if k> 2, then either

(i) (p,g,p—kqg) = (mn+n-+1,n,n+ 1) for some integers m > 2
and n > 2; or

(ii) (p,q,p — kq) = (4n + 3e,n+,2n + ) for some integers n > 1
and e = x1 such that (n,e) # (1,—1) and (n,e) # (2,—1).

In the former, T'(p,q,p — kq,—1) =T (mn — 1,n), and in the latter,
T(p7 q,P — kga _1) — T(2’I’L _|_ €, 25)



(2) if k=1, then either

(i) (p,a,p—q) = (nfp43 — frnt2:nfmt1 — fmsnfpgo — fing1) for some
integers m > 1 and n > 2 such that (m,n) #= (1,2), or

(i) (p,q,p —q) = (nfipt1 + fintosnfm—1 + fm,nfm + fr41) for some
integers m > 2 and n > 2,

where fnm, is the mth Fibonacci number defined by the recurrence
relation f,,4+1 = fm—1 + fm with seed values f1 =1 and f, = 1.
In this case, T'(p,q,7,—1) =T (n+1,(—=1)"n).



H{,H> : genus two handlebodies such that 0Hy = 0H, contains
T(p,q,7,5)
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T(p,q,r,s) defines two elements wp 4rs € 71 H1 and wz’%q,r,s c w1 Ho
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Lemma (John Dean).
(1) wp,q,rs iS primitive in 71 Hy; <= r =+1 or £q mod p.
(2) wp 4 rs iS primitive in myHy <= r =41 or &p mod ¢ and |s| = 1.
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Dehn surgery along surface slope

Lemma (John Dean).
The surface slope of T'(p,q,r,s) with respect to dHy is pq + r2s.

K(pq + r%s) = H1[K] Uy Ha[K]

4 ‘
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Lemma (Franks-Williams).

Let B be a positive braid on n strands with 8 = aA?2, where A2
is the full twist word. Then n is the braid index of 3.
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Lemma 1. Suppose that p > q+r and q > r. Then
br(T(p7 q,T, _1)) — q,

29(T(prq,r,—1)) =(p—1)(¢—1) —r(r —1).

Proof. Dean: T(p,q,7,—1) ~T(q,p,r,—1).

T(q,p,r,—1) is isotopic to the closure of the positive g-braid.

(q7 p_r)_
torus braid

%

[ ——

r strands
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The case where (p,q,r) = (8,5,3) is shown below. Since p —r > g,
the resulting positive braid knot contains a full twist and it follows
from a result of Franks-Williams that the knot has braid index q.

(Q7 p—’l“)-
(q, p)- torus braid _

torus braid

(Q7T)_
torus braid
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Known: K = a positive b-braid knot with ¢ crossings

T(q,p,7,—1): q strands, #crossing =(¢g—1)(p—7r)+r(qg—1), SO

29(T(gq,p,m,—1)) = (p—1)(¢—1) —r(r —1).

(q7 p_r)_
torus braid

s

N —

r strands
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Lemma l. p>qg+4+randr<qg = br(T(p,q,r,—1)) =gq, and
29(T'(p,q,r,—1)) =(p—1)(g—1) —r(r—1).

Lemma 2. Suppose T'(p,q,p—q,—1) is a torus knot and 1 <p—q < q.
Thenp=q+1 orp=2q—1.

Proof. Suppose T(p,q,p — q,—1) = T'(a,b), where a < b.
Since br(T'(a,b)) = a and 29(T(a,b)) = (a—1)(b—1),
by Lemma 1 we obtain

a=gq
and
(a—1)b-1)=@(@-1)@-1)-(p-—q9)@—-qg—-1).
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p—qg=—q mModp
and

p—q=p mod g,
so Dean’s Lemmas show that Dehn surgery on T(p,q,p — q,—1) with
slope pg — (p — q)? gives a lens space with order pg — (p — ¢)2(> 2).

Lemma (John Dean).
(1) wp,q,rs is primitive in m{Hy <= r =+1 or =¢ mod p.
(2) wp 4 s IS Primitive in myHy <= r =41 or £p mod q and |s| = 1.

K (pq+r°s) = H1[K] Uy Ho[K]
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By the classification of the manifolds obtained by Dehn surgery on a
torus knot, we must have an integer e = +1 such that
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Thus we have
b= —(a—1)(b—-1)—a—e+1
—[p-D@-1)-(@-9)p—qg—1)]—-qg—e+1

q— €.
Sincea<b wehavee=—-1and b=qg+ 1. Puttinga=4q9,b=q+ 1,
and e = —1 in the equation ab+ ¢ = pg — (p — ¢)?, we get
¢(¢+1)—1=pg— (p— >

Solving the resulting quadratic equation, we obtain p = g+ 1 or
p = 2q — 1 as desired. []
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Theorem 4. Suppose T'(p,q,p—q,—1) isa torus knot and 2 < g < p—q.
Then T'(p,q,p—q,—1) =T(n+1,(—1)"n) and either

(I) (p;qu_Q) — (nfm—|—3_fm—|—27nfm—|—1 _fm7nfm—|—2 —fm_|_]_) for some
integers m > 1 and n > 2 such that (m,n) # (1,2); or

(i) (p,g,p —q) = (nfpt1 + frnro:nfm—1 + fm.nfm + frne1) for some
integers m > 2 and n > 2,

where f,, is the mth Fibonacci number defined by the recurrence
relation f,,41 = fim—1 + fm With seed values f; =1 and j, = 1.
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Lemma 3. ¢<p—q=T®,q,p—q,—1)=T(p—q,p— 2q,q,—1)".

JTP—QJ%—Q%QrJJﬁ
T(q,3¢ —p,p —2q,—1)

g<p—q = T(p,q,p—q,—1)
p—2¢<q = Tmp-q¢p—2q94q—1)
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As long as gm < rm = Pm — gm,

T(p+ q p+1lg, p—1q,—1)

T( p—1q,1p—2q, p+ 1q,—1)’

= T( p+1q,—1p+3q,1p—2q,—1)

— T(lp—2q,2p—5q,—1p—|-3q,—1)!

= T(-1p+3q,—3p+8¢,2p — 5¢,—1)
= T(2p — 5¢,5p — 13q, —3p + 8¢, —1)’
T(—3p+ 8q,—8p+ 21q,5p — 13¢q, —1)

— T(pm) Qm, Tm7 _1)
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We can prove: pm — gm = rm < gm for some m

Lemma 2. T(p,q,p—q,—1) is a torus knot and 1 <p—¢ < q.
= p=q+1orp=2qg—1
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Suppose pm =qgm + 1 and let ¢, = n. Then

T(pm7 dm, Tm, _1) — T(n + 17”7 17 _1) — T(n _I_ 17”)

T(pm7 dm, Tm, _1) — T(’I’L _I_ 17”)
T(pm—17 Adm—1>Tm—1, _1) — T(TL + 17 —’TL)
T(Pm—2,9m—2,Tm-2,—1) =T(n+ 1,n)

T(p7 q,T, _1) — T(p07 d0, 70> _1) — T(TL + 17 (_1)mn)
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T(p+ gq, p+1q, p—1q,—1)
|
T( p—1q,1p—2q, p+ 1q,—1)

= T( p+1lq,—1p+3q,1p—2q,—1)
= T(1p — 2¢,2p — 5¢, —1p + 3¢, —1)’

T(2p — 5¢,5p — 13¢, —3p + 8¢, —1)’
T(Pm, gm,Tm,—1) =T(n+1,n,1,-1)

P =DP0o = fm—|—1n+fm-|-2
= q=q0 = fm—1n+ fm
r =19 = fmn+ frn+1-
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Suppose pm = 2qm — 1.

By a similar argument as in the case that p,, = gm + 1, we can show

P =Dp0 = fm4+3" — fm42
q =490 = fm+1n — fm
r—=—7mro— fm—I—Qn - fm—l—l'

T(p7 q,T, _1) — T(TL _I_ 1) (_1)mn)
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Theorem 5. Let m are n be positive integers. Then we have the
following:

(1) Tlmn+m+1,mn+1,mn, —-1)=T(mn+n+1,m-+1);

(2) T(mn+m—4+1, mn+1, mn+m+2,—-1) =T(mn+m+n+2,—-m—1);
(3) T(mn+m+1,mn+1,mn+m,—-1)=T(mn+m—n,—m-+1);
(4) Tmn+m+1,mn+1,mn+2,-1)=T(mn—-—n+1,m-—1);

(5) T(mn+m—1,mn—1,mn+m—-2,—-1) =T(mn+m-n—2,—m-+1),
(6) Tlmn+m—-—1,mn—1,mn,—-1)=T(mn—-—n—1,m—1);

(7)) TCn+1,n,2n—1,-1)=T2n—-3,—n+ 1), and

(8) Tln+1,n,2n—-1,-1)=T@Bn—-2,—n+1).
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Question. Are there any other examples?

29



THANK YOU



