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Bridge number and bridge index (Schubert 1954)

Given a knot K and a unit vector v in R3, we define by(K) as the
number of connected components of the preimage of the set of
local maximum values of the orthogonal projection K — Rv.

The figure illustrates an example of by(K) = 3.
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The bridge number of K is defined by the formula

b(K) = min_ by(K).

The bridge index of a knot K is defined by the formula

b[K] = min b(K')= min_ min by(K’).
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Superbridge number and superbridge index (Kuiper 1987)

The superbridge number of K is defined by the formula

s(K) = max by(K).
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The superbridge index of a knot K is defined by the formula

Kl = min s(K') = mi #(K').
K Kelk] s(K) ek 721 balK)

Theorem (1)
For any nontrivial knot K, b[K] < s[K].

Theorem (2)

For any two coprime integers p and q, satisfying 2 < p < q, the
superbridge index of the torus knot of type (p, q) is min{2p, q}.



2-bridge knots and 3-superbridge knots

We know that nontrivial knots have bridge index at least 2 and
that there are infinitely many 2-bridge knots.

Theorem (1) implies that nontrivial knots have superbridge index
at least 3 and that all 3-superbridge knots are 2-bridge knots.

Theorem (2) implies that there are infinitely many 2p-superbridge
knots for p > 2.

Proposition

The trefoil knot and the figure eight knot have superbridge index 3.

Question
Are there infinitely many 3-superbridge knots?



Quadrisecant of a knot

Theorem (Pannwitz, Kuperberg, Morton-Mond)
Every nontrivial knot has a quadrisecent.

This figure shows a figure eight knot which has the z-axis as a
quadrisecant.




3-superbridge knots

Theorem (Jeon-J, JKTR 10(2001) no.2)
There are only finitely many 3-superbridge knots.

Proof. A 3-superbridge knot has a very simple projection in Q-+
where O is a quadrisecant. It consists of four simple loops with a
common base point as in the figure (a) and (b) with each box
containing half twists of up to 3 crossings. At the projection of Q,
there are 18 possible patterns as shown at the bottom. [J
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3-superbridge knots are 2-bridge knots up to 9 crossings

The projection of figure (a) gives diagrams of up to 9 crossings.

The projection of figure (b) can be deformed as shown below to
have no more than 10 crossings without changing the knot type.

The result gives nonalternating diagrams.

As 2-bridge knots are alternating knots, the diagrams are not of
minimal crossings.




3-superbridge knot candidates

Theorem (Jeon-J, JKTR 11(2002) no.3)

No knots other than 31, 41, 55, 61, 62, 63, 72, 73, 74, 84, 87 and 89
have superbridge index 3.

Theorem (Adams 2011)

5[87] =4

Proof. In the proof of (Jeon-J, 2002), each possibility of 87 shows

that the quadrisecant used is not alternating. Therefore s[87] > 3.
On the other hand s[87] < 2b[87] = 4. O



Proof of (Jeon-J, 2002)

C Arc levels

[0

XYZW, XYWz, XZWY, XWZy, YXZW, YXWZ, YZWX, yWZX,
ZXYW, ZYXW, ZWXY, ZWYX, WXYZ, WyXZ, WZXy, WZyX

XZYW, YWXZ, WXZY O |*4
XWYZ *31 * Do
VZXW, ZXWY, WYZX O 31
ZyWX 31 O
TaBLE C
D Arc levels 1] 13]

XYZW, XYWz, XZWY, XWZy, yXZW, YXWZ, YZWX, yWZX,
ZXYW, ZyXW, ZWXY, ZWYX, WXYZ, WYXz, WzXy, WZyX

O

XZYW, YWXZ, WXZY 31 =
XWYZ 44 =
VZXW, ZXWY, ZYWX, WYZX O =

TABLE D




Proof of (Jeon-J, 2002) — continued

Arc levels 0,1 | [0,3] | [2,1] | [2,—1] | [2,3] | [2,—3]
Xy O | 3 O 31 @) i
yx O 31 4q O * 69 59
TABLE E
F Arc levels [1,1] | [1,=1] | [1,£3] | [3,£3]
Xy O O = =
yX 34 O = =

TABLE F




Proof of (Jeon-J, 2002) — continued

Arc levels [0,0] | [0,2] | [2,2] | [2,—2]

XyZ, YXZ O O O 52

xzy O |3 | O O

yZX O 44 62 i

ZXYy, ZyX O O 41 31

TABLE G

Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,%3]
XYz, yXz O O O 44 =
Xzy O 44 O O =
VZX 31 59 52 O =
ZXYy, ZyX O O 34 O =

TABLE H



Proof of (Jeon-J, 2002) — continued

1 Arc levels [1,1] | [1,=1] | [1,3] | [1,-3] | [3,£3]
XYZ, yXZ O 31 O # =
XZY, ZXY, ZyX O O 31 31 =
yzx 44 O 62 5o =2
TABLE 1
J Arc levels [0,0] | [0,2] | [2,2] | [2,—2]
Xyz, ZyX O O 3 41
xzy Ol 4 | O ®)
yXz O] O | O |x*6
yzx @) 3 52 61
Xy O] O | 5> ®)

TABLE J



Proof of (Jeon-J, 2002) — continued

K Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,%3]
XYz, ZyX O O O 3 =
xzy 31 59 O O =
VX7 O O 31 52 =
yzx @) 4 3 % 2
7y olo|lu] o=

TaBLE K
L Arc levels [0,0] | [0,2] | [2,2] | [2,—2]

XyzZW, Xywz, Xwyz, yxzw, yxwz, | O O 31 4
ZYWX, ZWXY, ZWYX, WZXY, WZYX

XZYW, XZWY, XWZY O 44 O O
yZXW 31 Bo | *T4 O
VZWX, YWZX, WYZX O 31 52 61
YWXZ, WXYZ, WYXZ O O O 61
ZXYW, ZXWY, ZYXW O O 5o O
WXZY 31 O | O O

TABLE L




Proof of (Jeon-J, 2002) — continued

M Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,%3]

XyZW, Xywz, xwyz, yxzw, | O O O 31 =
YXWZ, ZYWX, ZWXY, ZWYX,

WZXY, WZYX

XZYW, XZWY, XWZY 31 5o O O =2
yZXW 4y 64 62 3 =
YZWX, YWZX, WyZX O 41 31 7 =
YWXZ, WXYZ, WyXZ O O 31 59 =2
ZXYW, ZXWY, ZYXW O O 44 O =2
WXZY O 31 O O =

TABLE M




Proof of (Jeon-J, 2002) — continued

Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,3] | [2,—3]
xyzw, yxzw, yzxw | O O O 52 41 * 73
XWZYy O 52 O O 3 31
YZWX 44 6o 61 O *84 *To

WXZY, WZXY, WZyX | 31 # O O 31 31

Reducible to “xy” in Table E : xywz, Xzyw, Xzwy, XWyz, YXWZ, ZXyW, ZXWY, ZYXW
Reducible to “yx” in Table E : ywxz, ywzX, zywX, zwXy, ZWyX, WXyZ, WYXZ, WyzZX

TABLE N
Arc levels [1,1] | [1,—1] | [1,3] | [3,£3]
xyzw, yxzw, yzxw | O 44 =2 =
XWZY O 31 = =
YZWX 52 O = =
WXZY,WZXY,WZYX O O = =

Reducible to “xy” in Table F : xywz, Xz2yw, Xz2wy, XWyz, YXWZ, ZXyW, ZXWY, ZYXW
Reducible to “yx” in Table F : ywxz, ywzx, zywx, zwXy, ZWyX, WXyZz, WyXZ, WyzZX
TABLE O



Proof of (Jeon-J, 2002) — continued

Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,3] | [2,—3]
XyZW, XZyW, Xzwy | 31 7 O O B} 31
yXzZW 34 % 62 4 B O
ywzx, wyzx, wzyx | O O O 52 44 )
WzXy OO | 3 2l O >

Reducible to “xy” in Table E : xywz, xwyz, Xwzy, zXyw, ZXWy, ZWXY, WXYZ, WXZY
Reducible to “yx” in Table E : yxwz, yzxw, yzwX, YWXz, ZyXwW, ZyWX, ZWYX, WyXZ

TABLE P
Q Arc levels [0,0] | [0,2] | [2,2] | [2,—2]

XYZW, XyWZ O O 44 34
XZYyW 31 52 @) O
ZXYyW O O 61 O
ZWYX, WZYX O O O 5o
WYXz O O 31 To
WyzX 3y O 31 T3

Reducible to “xyz” in Table G : xwyz, yXzw, yXwz, YWXz, WXyzZ

Reducible to “xzy” in Table G : xzwy, xwzy, wxzy

Reducible to “yzx” in Table G : yzxw, yzwx, ywzx

Reducible to “zxy” in Table G : zxwy, zyxw, ZzywX, ZwXy, WzXy

TABLE Q




Proof of (Jeon-J, 2002) — continued

R Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,£3]
XyZW, Xywz O O 31 O =
XZyW 4y 61 O O =
ZXYW O O 52 31 =
ZWYX, WZyX O O O 41 =
WYXZ O O 4y 61 =
wyzx O 31 O 61 =

Reducible to “xyz” in Table H : xwyz, yxzw, yXwz, ywXz, WXyz

Reducible to “xzy” in Table H : xzwy, xwzy, wxzy

Reducible to “yzx” in Table H : yzxw, yzwx, ywzx

Reducible to “zxy” in Table H : zxwy, zyxw, zywX, ZzwXy, WzXy
TABLE R



Proof of (Jeon-J, 2002) — continued

S Arc levels [L,1] | [1,=1] | [1,3] | [1,-3] | [3,£3]
XyzZW, Xywz O O 31 31 =
XZYW, ZXyW 31 O 7 O =
ZWYX, WZYX O 31 O % =2
WYXz 31 % O 71 =
WYZX O 5o 41 73 =

Reducible to “xyz” in Table I : xwyz, yxzw, yxwz, ywxz, wxyz
Reducible to “xzy” in Table I : xzwy, xwzy, WXzy, ZXWY, ZYXW, ZYWX, ZWXY, WZXY
Reducible to “yzx” in Table I : yzxw, yzwx, ywzx

TABLE S



Proof of (Jeon-J, 2002) — continued

T Arc levels [0,1] | [0,3] | [2,1] | [2,—1] | [2,3] | [2,—3]
XYZW, XZyW @) O O O B) 31
XyWZz, ZXYyW O 31 O 44 > 62
XZWY 49 62 O O > 31
YXZW O O 31 * 63 B} * 87
ywazx O | 5 | & 62 > | %8
ZWYX, WYXZ O 31 59 39 E) 63
WYZX, WZYX 31 % % 31 B} O
WZXy 31 7 59 O E) 4

® or () : XWyz, XWZY, YXWZ, YZXW, YZWX, YWXZ, ZXWY, ZyXW, ZYWX, ZWXY, WXYZ, WXZY
TABLE T



Proof of (Jeon-J, 2002) — continued

18) Arc levels [0,0] | [0,2] | [2,2] | [2.—2]
XyzZW O O E) O
Xywz O 31 B 44
XZYyW 31 O O 31
XZWYy @) 44 O 31
_— olo]a] e
YWZX O 52 B} 62
ZXYW OO | O 62
ZWYX O O 52 63
WYXZ O 31 B} 31
WyzX 31 % B} 31
WZXY O 31 59 44
WZyX O 31 % O

® or O : XWyz, XWZy, YXWZ, YZXW, YZWX, YWXZ, ZXWY, ZyXW, ZYWX, ZWXY, WXYZ, WXZY
TABLE U



Proof of (Jeon-J, 2002) — continued

v Arc levels [L,1] | [1,=1] | [1,3] | [1,-3] | [3,3] | [3,—3]
XyzZw O O E) 3 E) O
XyWZ O O B} 31 B} 63
XZYW O 31 O % E) 31
XZWY O O 31 31 E) 62
YXZW O 44 E) 62 E) 89
YWZX 5 31 E) 63 B) 87
ZXYW O 3y O i B 87
ZWYX O 44 59 6o E) 89
WyXz 52 O E) 4 E) 62
WyzZX % 31 5) O 5) 31
WZXY O O 31 31 B} 63
WZYX 3 O % O E) O

® or () : XWyz, XWZY, YXWZ, YZXW, YZWX, YWXZ, ZXWY, ZyXW, ZYWX, ZWXY, WXYZ, WXZY
TABLE V
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