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Vector Bundles over o Cuxve /¢
4Smooth pwjective cuve of 9enuns 9

| Vector bundle on C of vauk ¢ & dearee d = deg NE

. Indroduction

€ i (sami) stalde z(L > élope M(E)
. ¥ non3ero
V? cE: mmdlj‘e ) -A—:E% (é,‘.
Cauivaleatly, B 15 (semt) slalile £F

_proper nonzero  deqg Q =
VEQ: guotient bundle ) vk@ ) %—E—

RmK . € statde & E: stable

. C.ctalde & EOL: svaldle for L. Line bundle

(Hartshorne’s ASAV) \eY € be sballe. Thea
- &' semistalile Yk
. g*e 15 stoude Yk7z for cufficiently general €
when g7 2.
The prook uses the orrespondeace
(Skadslity ok E) o (iveducbtlrty of g - T.(C) UL
introduced by Navasimhan 2 Sesnadai ('65) .

Clossidy stalde € w/ SAvitiy sewistable S*E 1
b comistable vt ot Skalle
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Tvom ow on, let € e a vector bumdle of ramk v =2

% deoyee d=0. Plrera vorwolization.
deAlBol) = (tEla L,
sk(goL) = seal”,

det €= @

\w ¥his case,

YWSE: ki & duk FE=(det E) =0,

o "seif - danliies”
T -COWHE)' =E 8 (SFE)= S“E’- ¢E.

&)

Rk | S¥E 16 aot stable © 3 destabilizing sudbundle V— SFE

oxmk k-H
(7)) Deskabilining \ 2 4FE yields ‘u\& exact seg-
O —\V— SFE - \4/-—) (o)
of vector bundles w/ V4 vkW=ket & degV=degwW=0.
= 3 deskabdigimg W'—(SFE)'=<FE.
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Destabdigation of SKE by Ramk 1

e ruled surkace T IPc(E)— C

& wwisecamt dwisor on ‘/\ w/ T« @x(t. )= E
2 611' = AO% € = 0

khe set o dwisors on X ! = toum. eguiv.)

={p=zkG+bfl . beT) vealized as a wue
\3 K-secant dwisor, K-section & efbeckive 2

2 NX)o @ - 2-dim'd vector space .

the cene of cunves on X

={ PeNWa | D: Q-efbectve’

W € s somickalde, thea NEO) = B0 &+ €0 .
C, C

E : sewistalle
— =

- 7 - g
W powticular, X has vo awve O of D°<0 i( E s 45
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NE (R 75 aot necessmaly olaseal
= b Jf\‘ué.(34—t(—f’f1 1b

A winumal section 15 a section (1-section) Co with
Mme wiwimal self;-interection & of min. num. class .

“Then

Cistale & (570
eskobidished by the correspondence
( Line subbundle L"-=>SE of degL=b)
& ( k-section P=kC +bf on X)

Whenm E is semistalile, TFAE .

- SKE 15 destobilized by a Jone subbdl

. Jk-section Don X of 'z 0

« NE(X) 15 closed

- Clogsify stalle € wl NEUH = NE(X)?
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%able E wl 45 QZE
Retall Mok

Lirk 3
( Choi, Cak 1)

on Yo Og 5)5 0.

S'C: aot stalde @ 3 lme subbundle L'~ SE of deg L=0
& 3 92-section B on K= (E) o} B7=0

et Eo: Oc@M for some M€ J2(C)\1Oc), ie. M= 06 bt M0,
amd Yo = B (Bo). Then I an wredwcdde & veduced 1-section B

et X =R (E) be the uled surface obtuned by +aking elementany
Leronsforms oX powcts ok B fow K. Then E 1 statle but
St is aol stalde (for Seﬂ&rt‘. chois of the pts),

.(.
— e b/%
%S =2

o

V’:o , -0
( elementony tramsform ot 2 >

V=0, 6°=-

D
{ 9’21, 8-0

aes o desived examgle ofter
onecking P s 0 waanumoll seck o
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Dn e other havd.,
SE: notstable & I guotient Lne wundte SE—L of deg L=0
@t ar+hogona.¢ (2 reguires the stability of E )

€ 15 orthogoval W/ its values in M if
3 a nondeenerate symmetric bilumear form ESE - M.

s ( Mumbord’s classification '#1) € 15 orthogonal nc‘f

(i) V % A@R™ ( = upo normalization) for awy e bundle A on C
G V = R for an étale 2-covering T. B> C
& alm bundle Ron %)

Note that B:<vr. % ved. 2-section on X of B0
2> =Tl B>C 15 wowifred.

Let X=(elewm. bramet. at 2.y eB fom Xo).

g g VGt bf
Z MeOx(0) = MeOu(CI®L
‘/\_‘-;[‘PILE) ° 3 for |- Gc(ib)
C 7 TxOGxO) * E
O = Ox(D-8) > Ox(V) — B¢(V)— 0
] W«

O — TMxQx(V) > Tk Gg(l+W)> 0

Twus €2 TR, Thot 16, tue ebm dvausk. ok pt.s of B genorates
all the ovihcapaal bundées .



Lidea of

)
|§®@®e ‘?ﬂt

556 SE wi stalde SX'E
(K SXE 15 statde Yk72 unless one of e following cases
' doy, the stalrlih
. . wndey, the stalril
C: deutolidimed by rk { - WHEL syij_
$E: “ rk2 ~> S6C: distalikised by rk (
cte: " rk 2 ~s S8E: "
st: " rk 2 ~» S’ZEI /”

Let € be a stalle veckor bundle of YK E =2 w/ det € = Oc
(1) S¥E 15 ctolle Vk72 for aeneral €.
(2) S¥E is ot stalle for some k7| 8 NELR(T)) is closed

k) The proot uses
0O - S""E®SM'E - S"E@S"E —» S™M"E > 0.
For example, n=z1, m=3 % dualizing & @ L gives
0- St@L » E®SEQL —» S’E’L » O
2 Hom (L $%E) ¢ Hom(EBL™, S’E) .
%0, 5°E cannot be destab. by vk 1 } SE 15 skatde .




(A)

What are the camdidakes for @ ~® ?

M"e";{“’d dee‘ i WE’ (99@ 90 -€DV some,
brale K- covermg 1. D> C.

By te ovespondence

CSwection TFE - R on V) e (C-morphisw ¢: D — X:=F.(E))

Runk

With R=2*0x(C), N adwits am m-section D't 00
for come mlk .

(K.) Assume that E is as before & S'E is stalle . “Then.
&¥E: adt stalde for ome kx3 & T : btale-trwial.

(Nor: '1b) defnes o vector bundle V +o be finite if
3 Finte collection S of vector bundles si. vk 2,
\/\;@*QV = WKO---Gka. for some WkiéS_
- fumes
When the boae foded ia alg. closed of char 0,
V is bine & V is etate-brwial




