CONVERGENCE OF MULTIGRID METHODS FOR NONCONFORMING FINITE ELEMENTS WITHOUT REGULARITY ASSUMPTIONS

Zhangxin Chen and Do Y. Kwak

Abstract. In this paper we consider multigrid methods for discretizations of secondorder elliptic problems using nonconforming finite elements. These multigrid methods are based on the “Galerkin approach” where the quadratic forms over coarse grids are constructed from the quadratic form on the finest grid and the iterated coarseto-fine grid operators. In terms of this approach we show that the nonconforming multigrid operator can be written in a product form, which, together with an appropriate approximation hypothesis, implies convergence estimates for both the V-cycle and W-cycle multigrid methods for partial differential problems without regularity assumptions. These estimates can thus be applied to problems with rough coefficients and local grid refinement. Numerical results are also presented to illustrate the present theory.

1. Introduction

Recently, there has been some attempt to prove convergence estimates for nonconforming multigrid methods for partial differential problems with less than full elliptic regularity [16, 42]. Since nonconforming finite element spaces may not be subspaces of fractional order Sobolev spaces, the idea of using conforming “relatives” in the analysis of the nonconforming multigrid methods has been exploited. Namely, for a given nonconforming finite element space, the idea is to find a conforming finite element space which contains it as a subspace, and then to obtain multigrid convergence results for the nonconforming element by applying its connection with the conforming element. In terms of this approach, only the W-cycle nonconforming multigrid method has been shown to converge under the assumption that the number of smoothing iterations on all levels is sufficiently large, which follows the methodology developed for the conforming multigrid method in [4].

In this paper we shall prove new convergence results for both V-cycle and Wcycle nonconforming multigrid methods under regularity-free assumptions. The convergence analysis adopted here generalizes that in [11] for multigrid methods for conforming finite element methods, but does not use any conforming relatives.

1991 Mathematics Subject Classification. Primary 65N30, 65N22, 65F10. Key words and phrases. convergence, nonconforming finite elements, mixed method, secondorder problems, regularity-free.

This research was accomplished in part during the second author’s stay at the Southern Methodist University. 1

In [11] it was required that the approximate multilevel subspaces be nested and the discretization operators over these spaces be inherited. This is true for the conforming finite elements. However, it is known that the usual multigrid method for the nonconforming finite elements does not satisfy these two requirements. Here we shall follow the approach introduced in [20] where multigrid methods for nonconforming finite element methods for partial differential problems with full elliptic regularity have been developed and analyzed. In this new approach the quadratic forms (i.e., the bilinear forms) over coarse grids are constructed from the quadratic form on the finest grid and the iterated coarse-to-fine grid operators (i.e., the socalled “Galerkin approach” is exploited in the context of finite difference methods [27]), while the usual multigrid method uses discrete equations on all levels which are defined by the same discretization. Exploiting this new approach, we shall prove that the nonconforming multigrid operator can be written in a product form, which, together with an appropriate approximation hypothesis, implies convergence estimates without regularity assumptions. Hence the theory here can be applied to problems with just bounded measurable coefficients, to nonconforming finite element methods with local grid refinement, and even to problems with large jump coefficients. As example, the theory here shows that the convergence estimates for the V-cycle method with any number of smoothing iterations is no worse than 1 − /(CK), where K is the number of levels in the multigrid method, for secondorder elliptic problems with bounded measurable coefficients, which may have large jumps. In contrast, there is no such theory for the usual nonconforming multigrid method.

The remainder of the paper is presented as follows. In the next section we derive fundamental recurrence relations for the multigrid operator and give a general convergence theory. A key ingredient for the development of the fundamental recurrence relations is the introduction of both iterated coarse-to-fine and fine-to-coarse grid operators. Then we analyze the P_1 and rotated Q_1-nonconforming finite elements for second-order elliptic problems without regularity assumptions as examples of the application of the present theory in §3 and §4, respectively. In §5 we analyze the application to problems with large jump coefficients. Finally, numerical results for illustrating the theory are given in §6. A comparison between the present and usual methods is presented there.

We mention that, due to the equivalence between nonconforming and mixed finite element methods for the problems under consideration [2, 3, 17, 19], all the results derived here carry over directly to the mixed methods. We also mention that there has been an extensive literature on the convergence proof of the W-cycle method with a sufficiently large number of smoothing steps for partial differential problems with full elliptic regularity; see [2, 6, 8, 13, 16, 18, 21, 23, 29, 32, 42, 43] for second-order differential problems, [14, 26, 28, 34, 35, 37, 38, 41, 44] for biharmonic and plate bending problems, and [15, 39] for Stokes problems, for example. For the convergence theory for conforming multigrid methods, see the references in the books [7, 27, 30].

2. Multigrid Methods

In this section we describe multigrid methods, derive fundamental recurrence relations, and present a convergence theory.

Let us assume that we are given a sequence of nonconforming finite element spaces V_0, V_1, . . . , V_K , along with the nonsingular coarse-to-fine grid operators I_k : V_{k−1} → V_k for k = 1, . . . , K. In addition, assume that we are given symmetric positive definite quadratic forms a_K (·, ·) on V_K × V_K over the finest grid and (·, ·)_k on V_k × V_k for k = 0, . . . , K. We define the iterates of I_k by

H^K_k = I_K · · · I_{k+1} : V_k → V_K ,

and the symmetric positive definite quadratic forms b_k(·, ·) on V_k × V_k by (2.1) b_k(v, w) = a_K (H^K_k v, H^K_k w), ∀v, w ∈ V_k, k = 0, . . . , K, where H^K_K = I is the identity operator on V_K . The norms corresponding to (·, ·)_k and b_k(·, ·) will be denoted by || · ||_k and || · ||_{1,k}, respectively. Examples of spaces, operators, and quadratic forms will be given in §3–§5 later.

Given f ∈ V_K , we are interested in the solution of the problem: Find u_K ∈ V_K such that

(2.2) a_K (u_K , v) = (f, v)_K , ∀v ∈ V_K .

To introduce multigrid methods for solving (2.2), we define the discretization operator A_k : V_k → V_k on level k given by (2.3) (A_kv, w)_k = b_k(v, w), ∀ w ∈ V_k, k = 0, . . . , K. Note that the operator A_k is clearly symmetric (in both the b_k(·, ·) and (·, ·)_k inner products) and positive definite. Also, we define the operators P_{k−1} : V_k → V_{k−1} and P^0_{k−1} : V_k → V_{k−1} by (2.4) b_{k−1}(P_{k−1}v, w) = b_k(v, I_kw), ∀ w ∈ V_{k−1}, k = 1, . . . , K, and ( P^0_{k−1}v, w ) k−1 = (v, I_kw)_k, ∀ w ∈ V_{k−1}, k = 1, . . . , K. It is obvious that I_kP_{k−1} is a symmetric operator wtih respect to the b_k form. Finally, let R_k : V_k → V_k for k = 1, . . . , K be linear operators. On V_0, let R_0 = A^{−1}_0 ; i.e., we solve exactly on the coarsest level. We assume that R_k is a symmetric and positive semi-definite operator in the (·, ·)_k form and define J_k = I − R_kA_k on V_k. Note that J_k is symmetric in the b_k(·, ·) form. For the analysis below we assume that J_k is nonnegative in the sense that b_k(J_kv, v) ≥ 0 for all v ∈ V_k. These hypotheses yield that the spectrum of J_k is in [0, 1].

Following [12], we now define the following symmetric and nonsymmetric multigrid methods:

Multigrid Method 2.1. Let 1 ≤ k ≤ K and p be a positive integer. Set B^s_0 = A^{−1}_0 . Assume that B^s_{k−1} has been defined and define B^s_kg for g ∈ V_k by

(1) Set x^0 = 0 and q^0 = 0.

(2) Define x^l for l = 1, . . . , m(k) by

x^l = x^{l−1} + R_k(g − A_kx^{l−1}).

(3) Define y^{m(k)} = x^{m(k)} + I_kq^p, where q^i for i = 1, . . . , p is given by

q^i = q^{i−1} + B^s_{k−1} [ P^0_{k−1} ( g − A_kx^{m(k)} ) − A_{k−1}q^{i−1} ] . (4) Define y^l for l = m(k) + 1, . . . , 2m(k) by

y^l = y^{l−1} + R_k ( g − A_ky^{l−1} ) . (5) Set B^s_kg = y^{2m(k)}.

Multigrid Method 2.2. Let 1 ≤ k ≤ K and p be a positive integer. Set B^n_0 = A^{−1}_0 . Assume that B^n_{k−1} has been defined and define B^n_k g for g ∈ V_k by (1) Set x^0 = 0 and q^0 = 0.

(2) Define x^l for l = 1, . . . , m(k) by

x^l = x^{l−1} + R_k(g − A_kx^{l−1}).

(3) Define B^n_k g = x^{m(k)} + I_kq^p, where q^i for i = 1, . . . , p is given by

q^i = q^{i−1} + B^n_{k−1} [ P^0_{k−1} ( g − A_kx^{m(k)} ) − A_{k−1}q^{i−1} ] . The definition of the nonsymmetric multigrid method 2.2 differs from the symmetric multigrid method 2.1 in that the smoothing step after the coarse correction is excluded. In these two multigrid methods, m(k) gives the number of pre-smoothing (respectively, post-smoothing) iterations and can vary as a function of k. p = 1 and p = 2 correspond to V and W-cycle methods, respectively.

We now write I − B^n_k A_k and I − B^s_kA_k in a product form. For these, we need the following preliminary results. For simplicity, we focus on the V-cycle method since the analysis below does not give an improved rate of convergence for p > 1 under regularity-free assumptions. The analysis can be extended to the W-cycle method as in the conforming case [11], though. In contrast, the analysis in [20] with the regularity and approximation assumption does improve the convergence rate.

Lemma 2.1. It holds that P^0_{k−1}A_k = A_{k−1}P_{k−1},

(2.5) P_{k−1}I_k = I on V_{k−1}.

(2.6)

This lemma can be easily seen from the definitions of these operators. Let g = A_kx. It is clear from method 2.2 that q^1 = B^n_{k−1}P^0_{k−1}A_k(x − x^{m(k)}), so that, by (2.5), we see that (2.7) q^1 = B^n_{k−1}A_{k−1}P_{k−1}(x − x^{m(k)}). Also, we have J^{m(k)}_k x = x − x^{m(k)}, which combines with (2.7) to yield that (2.8) I − B^n_k A_k = (I − I_kB^n_{k−1}A_{k−1}P_{k−1})J^{m(k)}_k . A similar argument for method 2.1 implies that (2.9) I − B^s_kA_k = J^{m(k)}_k (I − I_kB^s_{k−1}A_{k−1}P_{k−1})J^{m(k)}_k . By Lemma 2.1 and an induction argument we see that (2.10) I − B^s_kA_k = (I − B^n_k A_k)^∗(I − B^n_k A_k), where (I − B^n_k A_k)^∗ denotes the adjoint with respect to the inner product b_k(·, ·).

To see that I −B^n_k A_k and thus I −B^s_kA_k can be written as a product of operators, we introduce the following operator Π^k_K : V_K → V_k, which plays a key role in the product formulation: b_k(Π^k_K v, w) = b_K (v, H^K_k w), v ∈ V_K , w ∈ V_k, for k = 0, . . . , K − 1, and set Π^K = I; i.e., Π^k_K is the adjoint operator of H^K_k with respect to b_k(·, ·).

Lemma 2.2. We have (2.11) Π^{k−1}_K = P_{k−1}Π^k_K .

This relation follows from the definitions of the operators Π^k_K and P_k. It follows from (2.11) that Π^k_K = P_kP_{k+1} . . . P_{K−1};

consequently, by (2.6), we have (2.12) Π^k_K H^K_k = I on V_k. We can also easily see that Π^{k−1}_K H^K_k = P_{k−1}, so that (2.13) Π^{k−1}_K (I − H^K_k Π^k_K ) = 0.

Lemma 2.3. H^K_k J_kΠ^k_K is symmetric with respect to the b_K (·, ·) form.

This can be easily checked by the definition of Π^k_K since J_k = I − R_kA_k is symmetric with respect to the b_k(·, ·) form.

We are now in a position to write I − B^n_k A_k as a product of operators. On V_K , by (2.8), (2.11), and (2.13) we see that

I − H^K_k B^n_k A_kΠ^k_K =I − H^K_k Π^k_K + H^K_k (I − B^n_k A_k)Π^k_K =I − H^K_k Π^k_K + H^K_k (I − I_kB^n_{k−1}A_{k−1}P_{k−1})J^{m(k)}_k Π^k_K =(I − H^K_k I_kB^n_{k−1}A_{k−1}Π^{k−1}_K )(I − H^K_k Π^k_K + H^K_k J^{m(k)}_k Π^k_K ).

Now, let S^k = H^K_k (I − J^{m(k)}_k )Π^k_K . Note that S^k maps V_K into V_K , but exploits the coarse space V_k. That is why we here use the superscript k to differ from the subscript used in other operators, which have a range in V_k. Then we have I − H^K_k B^n_k A_kΠ^k_K = (I − H^K_{k−1}B^n_{k−1}A_{k−1}Π^{k−1}_K )(I − S^k).

Therefore, from a straightforward induction we obtain (2.14) I − B^n_K A_K = (I − S^0) . . . (I − S^K ), and (2.15) (I − B^n_K A_K )^∗ = (I − S^K ) . . . (I − S^0), by Lemma 2.3. We note that each factor in (2.14) and (2.15) is defined on all of V_K . To estimate the bound for the convergence of methods 2.1 and 2.2, it suffices to consider the operator norm of the corresponding multigrid operators. Namely, we only need to prove inequalities of the form: (2.16) a_K ((I − B^s_K A_K )v, v) ≤ δ_K a_K (v, v), ∀v ∈ V_K , or (2.17) a_K ((I − B^n_K A_K )v, (I − B^n_K A_K )v) ≤ δ_K a_K (v, v), ∀v ∈ V_K . ¿From (2.10), it is sufficient to prove (2.17).

Let λ_k be the largest eigenvalue of A_k. As in the conforming case, our main assumption is the existence of linear operators Q^k_K : V_K → V_k, k = 0, . . . , K, with Q^K = I, such that there exist constants C_1 and C_2 independent of k satisfying ‖(Q^k_K − I_kQ^{k−1}_K )v‖^2_k ≤ C_1λ^{−1}_k b_K (v, v), k = 1, · · · , K, (2.18) b_k(Q^k_K v, Q^k_K v) ≤ C_2b_K (v, v), k = 0, · · · , K − 1. (2.19)

We also assume a standard condition for the symmetric smoothing oprator R_k; i.e., there exists a constant C_R independent of k such that

(2.20) ‖v‖^2_k λ_k ≤ C_R(R_kv, v)_k, v ∈ V_k. The simplest example for R_k to satisfy (2.20) is R_k = λ^{−1}_k I with C_R = 1.

We are now ready to estimate δ_K in (2.16) and (2.17). The following theorem follows the argument of the corresponding result for conforming finite elements [11]. The difference between the conforming elements treated in [11] and nonconforming elements considered here is that the multilevel spaces are nested in the former case but not in the latter case. Thus we need to bring each function defined on a coarse level to the finest level, for which we need the operators H^K_k and Q^k_K .

Theorem 2.4. Assume that (2.18)–(2.20) hold, and define B^s_K and B^n_K by methods 2.1 and 2.2, respectively. Then (2.16) and (2.17) are satisfied with

(2.21) δ_K = 1 − 1 CK , where C = (1 + C^{1/2}_2 + (C_RC_1)^{1/2})^2.

Proof. Let E^k = (I − H^K_k B^n_k A_kΠ^k_K )^∗; the same remark for the notation on S^k applies to E^k as well. By (2.15), we have

(2.22) E^k = (I − S^k)E^{k−1}, k = 1, . . . , K.

Equality (2.22) also holds for k = 0 if we let E^{−1} = I. To show (2.17) with δ_K given by (2.21), it suffices to prove that (2.23) b_K (v, v) ≤ CK{b_K (v, v) − b_K (E^K v, E^Kv)}, ∀v ∈ V_K . By (2.22), we observe that b_K (E^{k−1}v, E^{k−1}v) =b_K (E^kv, E^kv) + 2b_K (S^k(I − S^k)E^{k−1}v, E^{k−1}v) + b_K (S^kE^{k−1}v, S^kE^{k−1}v) =b_K (E^kv, E^kv) + b_K (S^k(I − S^k)E^{k−1}v, E^{k−1}v) + b_K (S^kE^{k−1}v, E^{k−1}v). Since the operator S^k(I − S^k) is symmetric and positive semi-definite with respect to the b_K (·, ·) form by Lemma 2.3 and the fact that the spectrum of J_k is in [0, 1], we have b_K (S^kE^{k−1}v, E^{k−1}v) ≤ b_K (E^{k−1}v, E^{k−1}v) − b_K (E^kv, E^kv).

Summing on k leads to K∑ k=0 b_K (S^kE^{k−1}v, E^{k−1}v) ≤ b_K (v, v) − b_K (E^K v, E^Kv),

which, together with (2.23), implies that it suffices to show that

(2.24) b_K (v, v) ≤ CK K∑ k=0 b_K (S^kE^{k−1}v, E^{k−1}v).

Toward that end, let Q̄^k = H^K_k Q^k_K , k = 0, . . . , K, with Q̄^K = I. Then we write

v = K∑ k=1 (Q̄^k − Q̄^{k−1})v + Q̄^0v.

Hence we see that

(2.25) b_K (v, v) = K∑ k=1 b_K (v, (Q̄^k − Q̄^{k−1})v) + b_K (v, Q̄^0v)

= K∑ k=1 b_K (E^{k−1}v, (Q̄^k − Q̄^{k−1})v) + b_K (v, Q̄^0v)

+ K∑ k=1 b_K ((I − E^{k−1})v, (Q̄^k − Q̄^{k−1})v).

We first bound the first term on the right-hand of (2.25). By the definitions of Q̄^k and Π^k_K , we have K∑ k=1 b_K (E^{k−1}v, (Q̄^k − Q̄^{k−1})v) = K∑ k=1 b_k(Π^k_K E^{k−1}v, (Q^k_K − I_kQ^{k−1}_K )v)

= K∑ k=1 (A_kΠ^k_K E^{k−1}v, (Q^k_K − I_kQ^{k−1}_K )v)_k

≤ K∑ k=1 ‖A_kΠ^k_K E^{k−1}v‖_k‖(Q^k_K − I_kQ^{k−1}_K )v‖_k, so that, applying the Cauchy-Schwarz inequality, (2.18), and (2.20), we see that K∑ k=1 b_K (E^{k−1}v, (Q̄^k − Q̄^{k−1})v)

≤ (C_1)^{1/2}b^{1/2}_K (v, v) K∑ k=1 λ^{−1/2}_k ‖A_kΠ^k_K E^{k−1}v‖_k

≤ (C_1C_RK)^{1/2}b^{1/2}_K (v, v) (_K ∑ k=1 (R_kA_kΠ^k_K E^{k−1}v, A_kΠ^k_K E^{k−1}v)_k )_{1/2}

= (C_1C_RK)^{1/2}b^{1/2}_K (v, v) (_K ∑ k=1 b_k(R_kA_kΠ^k_K E^{k−1}v, Π^k_KE^{k−1}v)_k )_{1/2} .

Since the spectrum of J_k is in [0, 1], we see that

b_k(R_kA_kΠ^k_K E^{k−1}v, Π^k_K E^{k−1}v)_k = b_k((I − J_k)Π^k_K E^{k−1}v, Π^k_K E^{k−1}v) ≤ b_k((I − J^{m(k)}_k )Π^k_K E^{k−1}v, Π^k_KE^{k−1}v) = b_K (H^K_k (I − J^{m(k)}_k )Π^k_K E^{k−1}v, E^{k−1}v) = b_K (S^kE^{k−1}v, E^{k−1}v). Hence we obtain

(2.26) K∑ k=1 b_K (E^{k−1}v, (Q̄^k − Q̄^{k−1})v)

≤ (C_1C_RK)^{1/2}b^{1/2}_K (v, v) (_K ∑ k=1 b_K (S^kE^{k−1}v, E^{k−1}v) )_{1/2} .

We next bound the remaining terms in (2.25). We use summation by parts to have

(2.27) K∑ k=1 b_K ((I − E^{k−1})v, (Q̄^k − Q̄^{k−1})v) + b_K (v, Q̄^0v)

= K−1∑ k=1 b_K ((E^k − E^{k−1})v, Q̄^kv) + b_K ((I − E^{K−1})v, v).

It follows from (2.22) that

I − E^{K−1} = K−1∑ k=0 S^kE^{k−1}, which, together with (2.27), gives

(2.28) K∑ k=1 b_K ((I − E^{k−1})v, (Q̄^k − Q̄^{k−1})v) + b_K (v, Q̄^0v)

= K−1∑ k=1 b_K (S^kE^{k−1}v, (I − Q̄^k)v) + b_K (S^0v, v). Since the spectrum of S^k is in [0, 1], by (2.19) we see that

(2.29) K∑ k=1 b_K ((I − E^{k−1})v, (Q̄^k − Q̄^{k−1})v) + b_K (v, Q̄^0v)

≤ K^{1/2}(1 + C^{1/2}_2 ) (_{K−1} ∑ k=0 b_K (S^kE^{k−1}v, E^{k−1})v )_{1/2} b^{1/2}_K (v, v). Now, it follows from (2.25), (2.26), and (2.29) that

b_K (v, v) ≤ K(1 + C^{1/2}_2 + (C_RC_1)^{1/2})^2 (_K ∑ k=0 b_K (S^kE^{k−1}v, E^{k−1}v) ) , which implies the desired result with C = (1 + C^{1/2}_2 + (C_RC_1)^{1/2})^2. □

Note that Theorem 2.4 gives a bound for the convergence factor δ_K in (2.16) and (2.17). In the nonconforming finite element applications later, K is proportional to a logarithm of the mesh size. This theorem implies that the multigrid methods converge quickly with the regularity-free assumptions (2.18) and (2.19). However, we mention that the result does not give any improvement in the convergence rate when the number of smoothing steps m(k) increases as in the conforming case [11]. In contrast, the convergence results in [20] do show improved convergence with increased m(k) as long as the regularity and approximation hypothesis is satisfied. Also, the nonnegativity assumption on J_k can be relaxed to the assumption that the spectrum of J_k is in [1 − ω, 1] for some ω with 1 ≤ ω < 2, as in the conforming case [11]. In this case the value of C in Theorem 2.4 is replaced by

C = {1 + C^{1/2}_2 + (C_RC_1ω/(2 − ω))^{1/2}}^2/(2 − ω).

Finally, in the case of nonsymmetric R_k, the result in Theorem 2.4 can be shown with minor modifications on the above proof provided that the following hypotheses are satisfied [9]:

(1) There exists a constant C_R independent of k such that ‖v‖^2_k λ_k ≤ C_R(R̄_kv, v)_k, v ∈ V_k, where R̄_k is either (I − J^∗_k J_k)A^{−1}_k or (I − J_kJ^∗_k )A^{−1}_k , and (2) There exists a constant θ < 2 independent of k such that b_k(R_kA_kv, R_kA_kv) ≤ θb_k(R_kA_kv, v)_k, v ∈ V_k.

Gauss-Seidel smoothing satisfies these hypotheses for the applications considered in the next setions, for example. In the nonsymmetric case, other smoothing iterations are also possible [40].

3. Application to the P_1-Nonconforming Element

In this and next sections, as examples of the application of the theory in the previous section, we apply the multigrid methods 2.1 and 2.2 to the P_1 and rotated Q_1-nonconforming finite elements for second-order elliptic problems without regularity assumptions. The analysis below carries over directly to the P_1 and rotated Q_1-nonconforming divergence-free elements for the stationary Stokes problem [20]. Also, the same results can be obtained for the Zienkiewicz [5] and Adini [1] nonconforming finite elements for fourth-order problems [20]. However, the Morley element [31] for the biharmonic problem cannot be handled using the present approach since we cannot control the energy norm of the iterates of the usual coarse-to-fine intergrid transfer operators for this element. In fact, as numerical tests indicate [33], the energy norm of the iterates deteriorates exponentially with the number of grid levels for the Morley element. In §5 we shall consider the application to problems which have large jumps in coefficients.

We consider the model problem − ∇ · (a∇u) = f in Ω, (3.1a) u = 0 on Γ,

(3.1b)

using the P_1-nonconforming finite element. In this and next sections, Ω ⊂ R^2 is a simply connected bounded polygonal domain with the boundary Γ, f ∈ L^2(Ω), and the coefficient a ∈ L^∞(Ω) satisfies

(3.2) 0 < a_1 ≤ a(x, y) ≤ a_2, (x, y) ∈ Ω,

with fixed constants a_1 and a_2. Since a(x) only belongs to L^∞(Ω), it is not known whether the solution u belongs to H^{1+α}(Ω), α > 0. Thus the theory presented in [20] (or in earlier papers [16, 42] on nonconforming multigrid methods for problems with less than full elliptic regularity) does not yield a proper convergence result of multigrid methods in this case. In the present condition on the coefficient a, (3.1) is understood in the weak sense.

Problem (3.1) is recast in weak form as follows. The bilinear form a(·, ·) is defined by a(v, w) = (a∇v, ∇w), v, w ∈ H^1(Ω), where (·, ·) denotes the L^2(Ω) or (L^2(Ω))^2 inner product, as appropriate. Then the weak form of (3.1) for the solution u ∈ H^1_0 (Ω) is

(3.3) a(u, v) = (f, v), ∀ v ∈ H^1_0 (Ω).

Let 0 < h_0 < 1 and E_{h0} = E_0 be given, where E_{h0} is a triangulation of Ω into triangles with diameter h_0. For each integer 1 ≤ k ≤ K, let h_k = 2^{−k}h_0 and

E_{hk} = E_k be constructed by connecting the midpoints of the edges of the triangle in E_{k−1}, and let E_h = E_K be the finest grid. In this and next sections, we replace subscript h_k simply by subscript k.

For each k, we define the P_1-nonconforming finite element space [25]

V_k = {v ∈ L^2(Ω) : v|_E ∈ P_1(E) for all E ∈ E_k; v is continuous at the midpoints of interior edges and vanishes at the midpoints of edges on Γ}.

Associated with each V_k, we introduce a bilinear form on V_k ⊕ H^1_0 (Ω) by a_k(v, w) = ∑ E∈E_k (a∇v, ∇w)_E, v, w ∈ V_k ⊕ H^1_0 (Ω),

where (·, ·)_E is the (L^2(E))^2 inner product.

Let (·, ·)_k be a quadratic form on V_k defined by

(v, w)_k = h^2_k ∑ q v(q)w(q), v, w ∈ V_k,

where the summation is taken over all the midpoints in E_k. It is not difficult to see that the norm induced by (·, ·)_k is equivalent to the standard L^2(Ω) norm || · ||; i.e., (3.4) C_3‖v‖ ≤ ‖v‖_k ≤ C_4‖v‖, v ∈ V_k, with C_3 and C_4 independent of k.

We consider two sets of intergrid transfer operators I_k : V_{k−1} → V_k and T_{k−1} : V_k → V_{k−1} as follows. Following [6, 13, 19], if v ∈ V_{k−1} and q is the midpoint of an edge of a triangle in E_k, then I_kv ∈ V_k is defined by

(I_kv) (q) =

0 if q ∈ Γ, v(q) if q ∉ ∂E for any E ∈ E_{k−1}, 1 2 {v|_{E1} (q) + v|_{E2} (q)} if q ∈ ∂E_1 ∩ ∂E_2 for some E_1, E_2 ∈ E_{k−1}.

If v ∈ V_k and q is the midpoint of an edge e of a triangle in E_{k−1}, following [20, 33] T_{k−1}v ∈ V_{k−1} is given by

(T_{k−1}v) (q) = 1 2 (v(q_1) + v(q_2)),

where q_1 and q_2 are the respective midpoints of the edges e_1 and e_2 in E_k, which form the edge e in E_{k−1}. Note that the definition of T_{k−1} automatically preserves the zero nodal values on boundary edges. Also, it can be seen that (3.5) T_{k−1}I_kv = v, v ∈ V_{k−1}, k = 1, . . . , K.

That is, T_{k−1}I_k is the identity operator on V_{k−1}.

As in [20], we introduce the iterated intergrid transfer operators H^K_k = I_K · · · I_{k+1} : V_k → V_K , k = 0, . . . , K − 1, Q^k_K = T_k · · · T_{K−1} : V_K → V_k, k = 0, . . . , K. By (3.5), we see that Q^k_K H^K_k v = v, v ∈ V_k. Denote the norm induced by the a_k form by || · ||_{E,k}. It has been shown [20] that the norms ‖ · ‖_{E,k} and ‖ · ‖_{1,k} are equivalent: (3.6) C_5‖v‖_{E,k} ≤ ‖v‖_{1,k} ≤ C_6‖v‖_{E,k}, ∀v ∈ V_k, k = 0, . . . , K, with C_5 and C_6 independent of k.

To verify (2.18) and (2.19), we need the next result, which was proven in [20]. Below C indicates a generic positive constant independent of k. Lemma 3.1. There exist constants C independent of k such that ‖Q^k_K v‖_{E,k} ≤ C‖v‖_{E,K} , ∀v ∈ V_K , (3.7) ‖T_{k−1}v‖_{E,k−1} ≤ C‖v‖_{E,k}, ∀v ∈ V_k. (3.8)

Now assumption (2.19) follows from (3.6) and (3.7). To prove (2.18), observe that Q^k_K − I_kQ^{k−1}_K = (I − I_kT_{k−1})Q^k_K . Consequently, by (3.4), (3.7), (3.8), and the approximation properties of I_k and T_{k−1} [20], we see that ‖(Q^k_K − I_kQ^{k−1}_K )v‖_k = ‖(I − I_kT_{k−1})Q^k_K v‖ ≤ C ( ‖(I − T_{k−1})Q^k_K v‖ + ‖(I − I_k)T_{k−1}Q^k_K v‖ ) ≤ Ch_k‖v‖_{E,K} , v ∈ V_K . This, together with (3.6), implies assumption (2.18). Now we see that Theorem 2.4 holds in the case of the P_1-nonconforming element.

4. Application to the Rotated Q_1-Nonconforming Element In this section we consider the multigrid methods 2.1 and 2.2 for numerically solving (3.1) using the rotated Q_1-nonconforming finite element.

Let h_0 and E_{h0} = E_0 be given, where E_{h0} is a partition of Ω into rectangles with length h_0 and oriented along the coordinate axes. For each integer 1 ≤ k ≤ K, let h_k = 2^{−k}h_0 and E_{hk} = E_k be constructed by connecting the midpoints of the edges of the rectangles in E_{k−1}, and let E_h = E_K be the finest grid. Also, let ∂E_k be the set of all interior edges in E_k.

For each k, we introduce the rotated Q_1-nonconforming space [18, 36]

V_k = { v ∈ L^2(Ω) : v|_E = a^1_E + a^2_Ex + a^3_E y + a^4_E (x^2 − y^2), a^i_E ∈ R, ∀E ∈ E_k;

if E_1 and E_2 share an edge e, then ∫ e v|_{∂E1} ds = ∫ e v|_{∂E2} ds; and ∫ ∂E∩Γ v|_Γds = 0 } . The quadratic form a_k(·, ·) has the same definitions as before, while the quadratic form (·, ·)_k is defined as follows. Let {ϕ^j_k} be the basis functions of V_k such that the edge average of ϕ^j_k equals one at exactly one edge and zero at all other edges. Then each v ∈ V_k has the representation v = ∑ j v^j ϕ^j_k.

Now, for v, w ∈ V_k we define

(v, w)_k = h^2_k ∑ j v^j w^j .

By the uniform L^2-stability of the basis functions, we can easily show that the norm induced by (·, ·)_k is equivalent to the standard L^2(Ω) norm [24].

As in the last section, we introduce two sets of intergrid transfer operators I_k : V_{k−1} → V_k and T_{k−1} : V_k → V_{k−1} as follows. Following [2, 19], if v ∈ V_{k−1} and e is an edge of a rectangle in E_k, I_kv ∈ V_k is defined by

1 |e| ∫ e I_kvds = 0 if e ⊂ Γ, 1 |e| ∫ e vds if e ⊄ ∂E for any E ∈ E_{k−1}, 1 2|e| ∫ e(v|_{E1} + v|_{E2} )ds if e ⊂ ∂E_1 ∩ ∂E_2 for some E_1, E_2 ∈ E_{k−1}.

If v ∈ V_k and e is an edge of an element in ∂E_{k−1}, T_{k−1}v ∈ V_{k−1} is given by [24] 1 |e| ∫ e T_{k−1}vds = 1 2 { 1 |e_1| ∫ e_1 vds + 1 |e_2| ∫ e_2 vds } , where e_1 and e_2 in ∂E_k form the edge e ∈ ∂E_{k−1}. Note that the definition of T_{k−1} automatically preserves the zero average values on boundary edges. These two intergrid transfer operators satisfy the relation (3.5) as well. Further, their iterated transfer operators H^K_k and Q^k_K can be defined as in the last section. Finally, the following result remains valid [20]:

Lemma 4.1. There exist constants C independent of k such that ‖Q^k_K v‖_{E,k} ≤ C‖v‖_{E,K} , ∀v ∈ V_K , ‖T_{k−1}v‖_{E,k−1} ≤ C‖v‖_{E,k}, ∀v ∈ V_k. Now, with the same argument as in the previous section, we can easily show assumptions (2.18) and (2.19). Consequently, Theorem 2.4 holds for the rotated Q_1-nonconforming element.

As mentioned before, the present results also apply to mixed finite element methods for second-order elliptic problems thanks to their equivalence to nonconforming finite element methods [2, 3, 17, 19, 22]. Also, an extension to three dimensions is straightforward.

5. Application to Problems with Large Jump Coefficients

In this section, as the final example of the application of the theory in §2 we apply the multigrid methods 2.1 and 2.2 to the P_1 and rotated Q_1-nonconforming finite elements for second-order elliptic problems which may have large jumps in coefficients. We only consider the P_1-nonconforming element; a similar treatment can be given for the rotated Q_1-nonconforming element.

We again consider the model problem (3.1) on a domain Ω ⊂ R^2 which we assume to have the decomposition

Ω̄ = ∪^L_{l=1}Ω̄_l,

where {Ω_l} are mutually disjoint open polygons. Let ω_l > 0 be the average value of a over Ω_l. Here we consider the application where there is a large variation in {ω_l} but little variation of a over the polygons Ω_l. Furthermore, we assume that there are positive constants a_1 and a_2 independent of l = 1, . . . , L such that (5.1) a_1ω_l(∇v, ∇v)_{Ωl} ≤ (a∇v, ∇v)_{Ωl} ≤ a_2ω_l(∇v, ∇v)_{Ωl} , ∀v ∈ H^1(Ω). We now apply the theory in §2 to provide convergence estimates for appropriately defined multigrid methods for (3.1) which depend solely on the constants a_1 and a_2 in (5.1) but not on the values ω_l. This implies that max_l ω_l/ min_l ω_l can be very large without significantly reducing the convergence rate for these multigrid methods. Toward that end, we need that the coarse triangulation E_0 align with the boundaries of {Ω_l}, and introduce a discrete inner product which is weighted by the coefficients {ω_l}:

(5.2) (v, w)_L2_{ω(Ω)} = L∑ l=1 ω_l(v, w)_L2_{(Ωl)}, v, w ∈ L^2(Ω).

Let {ϕ^j_k} be the usual nodal basis functions of V_k. We also modify the smoothing operator R_k as follows:

(5.3) R_kv = β ∑ j ( (v, ϕ^j_k)_L2_{ω (Ω)}/a_k(ϕ^j_k, ϕ^j_k) ) ϕ^j_k, where the constant β is chosen to ensure that J_k is nonnegative. In general, it can be easily seen from the definition of J_k that it is sufficient to choose β = 1/3. With these and the same argument as in §3, the theory in §2 can be applied to produce the following result.

Proposition 5.1. With the above inner products and smoothing operators, the rate of convergence of multigrid methods 2.1 and 2.2 satisfies δ_K ≤ 1 − 1 CK^{1+γ} , where the constant γ equals zero if the interface has no cross points (i.e., there is no point on the interface that belongs to more than two subdomains) and otherwise it equals one.

The special form of the smoothing operator R_k in (5.3) avoids the solution of Gram matrix problems associated with the inner product defined in (5.2) thanks to the feature of the nodal basis {ϕ^j_k}. Also, the above result holds for three dimensions provided that, for instance, there are no internal cross points. Finally, the above analysis can be extended to local grid refinement problems, as in the conforming case [11].

6. Numerical Results

The final section presents some numerical results to illustrate the theory developed in the earlier sections and to show a comparison between the present approach and the usual approach where the discrete equations on all levels are defined by the same discretization. We consider the model problem (3.1) on the unit square Ω = (0, 1)^2 and with a piecewise constant coefficient:

a(x, y) = { μ, (x, y) ∈ [1/4, 1/2] × [1/4, 1/2] ∪ [1/2, 3/4] × [1/2, 3/4], 1, otherwise.

The finite element approximation of the solution of the resulting problem is based on the P_1-nonconforming element as in §3.1. For all of the runs, the coarse grid is of size h_0 = 1/4, Jacobi smoothing is applied, and the number of smoothing steps is one.

We present the convergence rate δ_K as defined in (2.16) as a function of the mesh size on the finest grid for μ = 1, 2, 1000, 10000 for the symmetric V-cycle multigrid method. The numerical results using the present and usual approaches are shown in Tables 1 and 2, respectively. A deterioration in the convergence rate for the cases of μ = 1000 and μ = 10000 can be clearly seen, which is approximately like 1 − .95/K for the former approach and 1 − .97/K for the latter approach. Little change is observed in the convergence rate between these two cases. For the smaller values of μ, the results seem to be bounded independently of the number of levels. Finally, little difference is numerically seen between the present and usual approaches.

K(1/h_K ) μ = 1 μ = 2 μ = 1000 μ = 10000

2(8) 0.35 0.35 0.53 0.53

3(16) 0.41 0.42 0.67 0.68

4(32) 0.45 0.46 0.77 0.77

5(64) 0.47 0.48 0.81 0.82

6(128) 0.48 0.48 0.84 0.85

Table 1. The convergence rate δ_K for the present approach.

K(1/h_K ) μ = 1 μ = 2 μ = 1000 μ = 10000

2(8) 0.22 0.23 0.52 0.53

3(16) 0.27 0.27 0.67 0.67

4(32) 0.31 0.32 0.75 0.76

5(64) 0.34 0.36 0.81 0.81

6(128) 0.36 0.37 0.83 0.84

Table 2. The convergence rate δ_K for the usual approach.

References

1. A. Adini and R. Clough, Analysis of plate bending by the finite element method, NSF Report G. 7337, 1961.

2. T. Arbogast and Z. Chen, On the implementation of mixed methods as nonconforming methods for second order elliptic problems, Math. Comp. 64 (1995), 943–972.

3. D. Arnold and F. Brezzi, Mixed and nonconforming finite element methods: implementation, postprocessing and error estimates, RAIRO Modèl. Math. Anal. Numér. 19 (1985), 7–32.

4. R. Bank and T. Dupont, An optimal order process for solving finite element equations, Math.

Comp. 36 (1981), 35–51.

5. G. Bazeley, Y. Cheung, B. Irons, and O. Zienkiewicz, Triangular elements in bending conforming and nonconforming solutions, Proceedings of the Conference on Matrix Methods in Structural Mechanics, Wright Patterson A.F.B., Ohio, 1965.

6. D. Braess and R. Verfürth, Multigrid methods for nonconforming finite element methods, SIAM J. Numer. Anal. 27 (1990), 979–986.

7. J. Bramble, Multigrid Methods, Pitman Research Notes in Math., vol. 294, Longman, London, 1993.

8. , On the development of multigrid methods and their analysis, Mathematics of Computation 1943–1993, A Half-Century of Computational Mathematics, W. Gautschi, ed., Proceedings of Symposia in Applied Mathematics, AMS, Providence, vol. 48, 1994, pp. 5–19.

9. J. Bramble and J. Pasciak, The analysis of smoothers for multigrid algorithms, Math. Comp.

58 (1992), 467–488.

10. , New estimates for multilevel algorithms including the V-cycle, Math. Comp. 60 (1993), 447–471.

11. J. Bramble, J. Pasciak, J. Wang, and J. Xu, Convergence estimates for multigrid algorithms without regularity assumptions, Math. Comp. 57 (1991), 23–45.

12. J. Bramble, J. Pasciak, and J. Xu, The analysis of multigrid algorithms with non-nested spaces or non-inherited quadratic forms, Math. Comp. 55 (1991), 1–34.

13. S. Brenner, An optimal-order multigrid method for P1 nonconforming finite elements, Math.

Comp. 52 (1989), 1–15.

14. , An optimal-order nonconforming multigrid method for the biharmonic equation, SIAM J. Numer. Anal. 26 (1989), 1124–1138.

15. , A nonconforming multigrid method for the stationary Stokes equations, Math. Comp.

55 (1990), 411–437.

16. , Convergence of nonconforming multigrid methods without full elliptic regularity, Preprint, 1995.

17. Z. Chen, Analysis of mixed methods using conforming and nonconforming finite element methods, RAIRO Modèl. Math. Anal. Numér. 27 (1993), 9–34.

18. , Projection finite element methods for semiconductor device equations, Computers Math. Applic. 25 (1993), 81–88.

19. , Equivalence between and multigrid algorithms for nonconforming and mixed methods for second order elliptic problems, East-West J. Numer. Math. 4 (1996), 1–33.

20. , Convergence of multigrid methods for nonconforming finite elements, Technical Report, Southern Methodist University, 1996.

21. Z. Chen, R. Ewing, Y. Kuznetsov, R. Lazarov, and S. Maliassov, Multilevel preconditioners for mixed methods for second order elliptic problems, J. Numer. Lin. Alg. Appl., to appear.

22. Z. Chen, R. Ewing, and R. Lazarov, Domain decomposition algorithms for mixed methods for second order elliptic problems, Math. Comp. 65 (1996), 467–490.

23. Z. Chen, D. Y. Kwak, and Y. J. Yon, Multigrid algorithms for nonconforming and mixed methods for nonsymmetric and indefinite problems, SIAM J. Scientific Computing, to appear.

24. Z. Chen and P. Oswald, Multigrid and multilevel methods for nonconforming rotated Q1 elements, ISC-95-10-MATH, Technical Report, Texas A&M University, 1995.

25. M. Crouzeix and P. Raviart, Conforming and nonconforming finite element methods for solving the stationary Stokes equations I, RAIRO R-3 (1973), 33–75.

26. Q. Deng and X. Feng, Optimal order nonnested multigrid methods for the biharmonic equation, Preprint, 1994.

27. W. Hackbusch, Multigrid Methods and Applications, Springer-Verlag, Berlin-Heidelberg-New York, 1985.

28. M. Hanisch, Multigrid preconditioning for the biharmonic Dirichlet problem, SIAM J. Numer.

Anal. 30 (1993), 184–214.

29. C. Lee, A nonconforming multigrid method using conforming subspaces, Proceedings of the Sixth Copper Mountain Conference on Multigrid Methods, N. Melson et al., eds., NASA Conference Publication, vol. 3224, 1993, pp. 317–330.

30. S. McCormick (eds.), Multigrid Methods, SIAM Frontiers in Applied Mathematics 3, SIAM, Philadelphia, 1987.

31. L. Morley, The triangular equilibrium problem in the solution of plate bending problems, Aero.

Quart. 19 (1968), 149–169.

32. P. Oswald, On a hierarchical basis multilevel method with nonconforming P1 elements, Numer. Math. 62 (1992), 189–212.

33. , Intergrid transfer operators and multilevel preconditioners for nonconforming discretizations, Preprint, 1995.

34. P. Peisker and D. Braess, A conjugate gradient method and a multigrid algorithm for Morley’s finite element approximation of the biharmonic equation, Numer. Math. 50 (1987), 567–586.

35. P. Peisker, W. Rust, and E. Stein, Iterative solution methods for plate bending problems:

multigrid and preconditioned cg algorithm, SIAM J. Numer. Anal. 27 (1990), 1450–1465. 36. R. Rannacher and S. Turek, Simple nonconforming quadrilateral Stokes element, Numer.

Meth. Partial Diff. Equations 8 (1992), 97–111.

37. P. Schreiber and S. Turek, Multigrid results for the nonconforming Morley element, Preprint, 1993.

38. Z. Shi, X. Yu, and Z. Xie, A multigrid method for Bergan’s energy-orthogonal plate element, Preprint, 1994.

39. S. Turek, Multigrid techniques for a divergence-free finite element discretization, East-West J. Numer. Math. 2 (1994), 229–255.

40. J. Wang, Convergence analysis without regularity assumptions for multigrid algorithms based on SOR smoothing, SIAM J. Numer. Anal. 29 (1992), 987–1001.

41. M. Wang, The multigrid method for TRUNC plate element, J. Comput. Math. 11 (1993), 178–187.

42. , The W-cycle multigrid method for finite elements with nonnested spaces, Adv. in Math. 23 (1994), 238–250.

43. J. Xu, Convergence estimates for some multigrid algorithms, Domain Decomposition Methods for Partial Differential Equations T. F. Chan, et. al., ed., SIAM, Philadelphia, 1990, pp. 174– 187.

44. Z. Zhang and S. Zhang, Wilson’s element for the Reissner-Mindlin plate, Comput. Meth.

Appl. Mech. Engrg. 113 (1994), 55–65.

Department of Mathematics, Box 156, Southern Methodist University, Dallas, Texas 75275–0156, USA.

E-mail address: zchen@dragon.math.smu.edu

Department of Mathematics, Korea Advanced Institute of Science and Technology, Taejon, Korea 305–701.

E-mail address: dykwak@math.kaist.ac.kr