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MIXED FINITE VOLUME METHOD FOR

TWO-DIMENSIONAL MAXWELL’S EQUATIONS

Kwang-Yeon Kim and Do Young Kwak

Abstract. We propose and analyze a mixed finite volume method for

the two-dimensional time-harmonic Maxwell’s equations which simulta-
neously approximates the vector field u and the scalar function ξ =

µ−1 curlu. The method chooses the lowest-order Nédélec edge element
for u and the P1 Crouzeix–Raviart nonconforming element for ξ on tri-

angular meshes. It is shown that the method is reduced to a modified

P1 nonconforming FEM for ξ or a modified edge element method for u
by eliminating the discrete variable of u or ξ. After solving the reduced

method, the eliminated discrete variable can be recovered from the other

one via a simple local formula. Using this feature, we also derive optimal
a priori error estimates under weak regularity assumptions and show that

the approximation to ξ has a higher-order of convergence in the L2 norm

than the one obtained by direct differentiation of the approximation to u
when the exact solution is sufficiently smooth.

1. Introduction

For a bounded polygonal domain Ω ⊂ R2, we consider the following time-
harmonic Maxwell’s equations with the perfectly conducting boundary condi-
tion

(1)

{
curl(µ−1 curlu)− ω2ϵu = f in Ω,

u · t = 0 on ∂Ω,

where t is the unit tangent vector on ∂Ω with positive orientation and

curlv =
∂v2
∂x

− ∂v1
∂y

, curlϕ =

(
∂ϕ

∂y
,−∂ϕ

∂x

)
for a vector field v = (v1, v2) and a scalar function ϕ. The vector field u rep-
resents the electric field and f ∈ (L2(Ω))2 is a given function due to external
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current sources. The coefficients µ and ϵ represent the magnetic permeability
and the electric permittivity, respectively, and are assumed to be scalar func-
tions bounded above and below by positive constants. The parameter ω is
a positive constant representing a temporal frequency of the electromagnetic
wave.

Let us introduce the space of all square integrable vector fields on Ω with
square integrable curls

H(curl; Ω) = {v ∈ (L2(Ω))2 : curlv ∈ L2(Ω)}

with the norm defined by

∥v∥H(curl;Ω) =
(
∥v∥20 + ∥ curlv∥20

)1/2
.

As usual, ∥ · ∥s,p,D denotes the norm of the Sobolev space W s,p(D) with the
shorthand notation ∥ · ∥s,D = ∥ · ∥s,2,D and ∥ · ∥s = ∥ · ∥s,2,Ω.

It is known that the following Green’s formula holds for v ∈ H(curl; Ω) and
χ ∈ H1(Ω)

(2)

∫
Ω

curlv χ−
∫
Ω

v · curlχ =

∫
∂Ω

v · tχ,

where the integral of the right-hand side denotes the duality paring between
H−1/2(∂Ω) andH1/2(∂Ω). The subspace ofH(curl; Ω) satisfying the boundary
condition in (1) is denoted by

H0(curl; Ω) = {v ∈ H(curl; Ω) : v · t = 0 on ∂Ω}.

Then the variational formulation of (1) is to find u ∈ H0(curl; Ω) such that

(3)

∫
Ω

µ−1 curlu curlv − ω2

∫
Ω

ϵu · v =

∫
Ω

f · v

for all v ∈ H0(curl; Ω). Throughout the paper we assume that ω2 ̸= 0 is not an
interior Maxwell eigenvalue so that this problem is uniquely solvable [17,24].

The problem (1) can be rewritten as the first-order mixed system

(4)


ξ = µ−1 curlu in Ω,

ϵ−1 curl ξ − ω2u = ϵ−1f in Ω,

u · t = 0 on ∂Ω,

where the scalar function ξ represents the z component of the magnetic field
which is perpendicular to the electric field u. By taking the curl of the second
equation in Ω and the tangential component of the same equation on ∂Ω, the
system (4) is reduced to the following second-order self-adjoint indefinite elliptic
equation for the scalar function ξ{

curl(ϵ−1 curl ξ)− ω2µ ξ = curl(ϵ−1f) in Ω,

ϵ−1 curl ξ · t = ϵ−1f · t on ∂Ω.
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The corresponding variational formulation is to find ξ ∈ H1(Ω) such that

(5) a(ξ, χ) = F (χ) ∀χ ∈ H1(Ω),

where

a(ξ, χ) =

∫
Ω

ϵ−1 curl ξ · curlχ− ω2

∫
Ω

µ ξχ,(6)

F (χ) =

∫
Ω

ϵ−1f · curlχ.(7)

It was shown in [6, Lemma 3.2] that the problem (5) has a unique solution
when ω2 ̸= 0 is not an interior Maxwell eigenvalue. Moreover, the following
stability estimate holds

(8) ∥ξ∥1 ≤ C∥f∥0.
The well-known H(curl)-conforming edge elements of Nédélec [26, 27] are

based on the primal formulation (3) and have been analyzed in [17,23–25,32],
just to name a few. Nonconforming and discontinuous FEMs have also been
developed in [7–9,16,18,19,22,28,29] (see also the references therein). On the
other hand, the authors of [6] proposed a non-traditional FEM using the Hodge
decomposition for divergence-free vector fields. This method finds a numerical
approximation of u by solving some Dirichlet and Neumann problems for the
Laplace operator including (5). For example, one obtains a piecewise constant
approximation of u and a continuous piecewise P1 approximation of ξ when P1
conforming FEMs are used. We remark that H1-conforming Lagrange finite
elements may converge to a wrong solution for (3), unless u ∈ (H1(Ω))2; see, for
example, the recent paper [1] and references therein for more details about the
use of H1-conforming Lagrange finite elements based on some regularization or
special triangulations.

The aim of this work is to propose and analyze a mixed finite volume method
directly based on the mixed system (4). This method seeks to find the numerical
approximations uh ≈ u in the lowest-order edge element of Nédélec and ξh ≈ ξ
in the P1 nonconforming element of Crouzeix and Raviart. The discretization
of (4) is simply done by following the idea of the finite volume box scheme of
Courbet and Croisille [13] which was originally developed for the Poisson equa-
tion in the mixed form. The main feature of the mixed finite volume method
is that it can be readily reduced to either a modified P1 nonconforming FEM
of (5) or a modified edge element method of (3). More precisely, one can get a
matrix system for ξh similar to (5) by eliminating uh locally, and after solving
this matrix system, recover uh from ξh via a simple local formula. It is also
possible to first eliminate ξh and recover it from uh computed by solving a
matrix system similar to (3). This facilitates the derivation of a priori error
estimates as well as the implementation of the numerical method. Besides, the
mixed finite volume method not only provides an H(curl)-conforming approx-
imation of u but also more accurate approximation of ξ = µ−1 curlu than the
standard lowest-order edge element. We refer to [12, 13, 20] for a discussion
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about other advantages of the mixed finite volume method in the context of
the Poisson equation. Our method is similar to that of [6] as approximation of
u can be obtained from approximation of ξ computed by solving the Neumann
problem (5), but is conceptually more straightforward and easier to implement.

We will derive a priori error estimates for the mixed finite volume method
under the weak regularity assumption that u ∈ (Hs(Ω))2 and ξ ∈ Hs(Ω) for
0 < s ≤ 1, which is known to hold under mild conditions on the coefficients µ,
ϵ and the source term f ; see Remarks 5.2-5.3 for more details on the regularity
of u and ξ. The crucial part of the analysis is to establish stability and optimal
H1 and L2 error estimates for the (modified) P1 nonconforming FEM of the
problem (5). In the classical error analysis using Green’s formula (2), it is
necessary to introduce the Nédélec interpolation operator Πh which is known
to satisfy the estimate ∥u − Πhu∥0 ≤ Chs∥u∥s only for 1

2 < s ≤ 1. We
avoid the use of Πh by adopting the argument of Carstensen et al. [10] based
on use of an enriching operator for analyzing the P1 nonconforming FEM of
second-order elliptic equations. The H(curl) error estimate of uh follows in
a straightforward way from the error estimates of ξh using the local recovery
formula for uh.

The rest of the paper is organized as follows. In Section 2 we introduce
some preliminary results and notation about the lowest-order edge element
of Nédélec and the P1 nonconforming element of Crouzeix and Raviart. In
Section 3 we define the mixed finite volume method and describe how it can be
implemented. We establish the stability estimates of the mixed finite volume
method in Section 4 and then derive the a priori error estimates in Section
5. Finally, in Section 6 some numerical results are reported to support the
theoretical results.

2. Preliminaries

Suppose that Th is a shape-regular triangulation of Ω into triangles such that
Ω =

⋃
K∈Th

K. The set of all edges of Th is denoted by Eh = E0
h ∪E∂

h , where E0
h

and E∂
h consist of all interior and boundary edges, respectively. For a triangle

K ∈ Th, we denote the diameter of K by hK , the area of K by |K|, and the
centroid of K by (xK , yK). The mesh size of Th is defined as h = maxK∈Th

hK .
For an edge e ∈ Eh, we denote the length of e by |e|.

For approximation of the vector variable u and the scalar variable ξ, we
choose the lowest-order edge element of Nédélec [26] and the P1 nonconforming
element of Crouzeix and Raviart [14] defined by

V h = {vh ∈ H(curl; Ω) : vh|K ∈ (P0(K))2 ⊕ (y,−x)P0(K) ∀K ∈ Th},
V 0

h = V h ∩H0(curl; Ω),

Nh = {χh ∈ L2(Ω) : χh|K ∈ P1(K) ∀K ∈ Th,
and

∫
e
χh is continuous for every e ∈ E0

h},
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where Pr(K) denotes the space of all polynomials of degree at most r on K.
Note that the two-dimensional edge element is simply obtained by a 90◦ rota-
tion of the Raviart–Thomas element.

It is important to observe that the degrees of freedom of both V h and Nh

are associated with the edges of Th. The tangential component of vh ∈ V h is
constant on every edge e ∈ Eh and continuous across every interior edge e ∈ E0

h.
This fact leads to the following set of degrees of freedom for V h{

1

|e|

∫
e

vh · te : e ∈ Eh
}
,

where te is a fixed unit tangent vector on e. Similarly, in view of the weak
continuity imposed on Nh, the degrees of freedom for Nh are chosen to be{

1

|e|

∫
e

χh : e ∈ Eh
}
.

Consequently,
dimV 0

h = #E0
h, dimNh = #Eh,

where #A is the cardinality of a finite set A.
For K ∈ Th, we will often use the following expression for vh ∈ V h

(9) vh = vh − 1

2
(curlvh)r

⊥
h ,

where

w|K =
1

|K|

∫
K

w, r⊥h |K = (y − yK ,−(x− xK)).

For a vector field v = (v1, v2), the integral average operator is applied compo-
nentwise, i.e., v = (v1, v2).

The curl operator applied in a piecewise manner to functions of H1(Ω)+Nh

will be denoted by curlh. The bilinear form a(·, ·) and the linear functional
F (·) defined in (6)-(7) are naturally extended to functions of H1(Ω) + Nh by
replacing curl with curlh. We also define the broken H1 seminorm and H1

norm by

|χ|1,h = ∥ curlh χ∥0, ∥χ∥1,h = (∥χ∥20 + |χ|21,h)1/2.
Since µ and ϵ are assumed to be bounded above and below by positive constants,
the bilinear form a(·, ·) is bounded and satisfies G̊arding’s inequality for η, χ ∈
H1(Ω) +Nh

(10) a(η, χ) ≤ C∥η∥1,h∥χ∥1,h, a(χ, χ) ≥ C1∥χ∥21,h − C2∥χ∥20.
In addition, we will assume that the coefficients µ and ϵ satisfy the following
estimates for K ∈ Th
(11)

∥µ− µ∥0,∞,K ≤ Ch, ∥µ−1 − µ−1∥0,∞,K ≤ Ch, ∥ϵ−1 − ϵ−1∥0,∞,K ≤ Ch.

These are ensured, e.g., if µ, µ−1 and ϵ−1 are piecewiseW 1,∞ functions. Above
and in what follows, C (with or without a subscript) denotes a generic positive
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constant independent of the mesh size h (but dependent on µ, ϵ and ω) which
may be different at different places.

Now we present the discrete version of Green’s formula (2) which will be
crucially used in the next section.

Lemma 2.1. The following identity holds for all vh ∈ V h and χh ∈ Nh

(12)

∫
Ω

curlvh χh −
∫
Ω

vh · curlh χh =

∫
∂Ω

vh · tχh.

Proof. Using Green’s formula (2) on K ∈ Th, we obtain∫
Ω

curlvh χh −
∫
Ω

vh · curlh χh =
∑

K∈Th

(∫
K

curlvh χh −
∫
K

vh · curlχh

)
=

∑
K∈Th

∫
∂K

vh · tK χh,

where tK is the unit tangent vector on ∂K with positive orientation. Then the
result (12) follows by observing that the two integrals on every interior edge of
Th cancel each other by the continuity properties of V h and Nh. □

Finally, we introduce an enriching operator E : Nh → H1(Ω) which will be
used for error analysis of the P1 nonconforming FEM of the problem (5) under
the weak regularity assumption (u, ξ) ∈ (Hs(Ω))2 × H1+s(Ω) for 0 < s ≤ 1.
Enriching operators were used for various purposes in [3–5, 15], where Eχh

is defined to be the continuous piecewise quadratic polynomial obtained by
averaging nodal values of χh at every P2 Lagrange node of Th. It was shown
in [5, Section 3] that the following approximation property and stability hold

(13)

( ∑
K∈Th

h−2
K ∥χh − Eχh∥20,K

)1/2

+ ∥Eχh∥1 ≤ C∥χh∥1,h ∀χh ∈ Nh.

This result is still valid when we modify the values of Eχh at midpoints of
edges of Th in such a way that∫

e

Eχh =

∫
e

χh ∀e ∈ Eh.

Then, using Green’s formula (2) on K ∈ Th yields

(14)

∫
K

curl(χh − Eχh) = 0 ∀K ∈ Th.

In [10], Eχh is defined to be the continuous piecewise cubic polynomial which
further satisfies ∫

K

Eχh =

∫
K

χh ∀K ∈ Th.

The proof of [5, Section 3] also applies to this operator so that (13) holds for
this operator. We remark that no Dirichlet boundary condition is imposed for
Eχh, as well as for χh ∈ Nh.
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3. Mixed finite volume method

By following the idea of the finite volume box scheme of Courbet and
Croisille [13] for the Poisson equation, the mixed finite volume method for
(4) is defined as follows:

Find (uh, ξh) ∈ V 0
h ×Nh such that for all K ∈ Th,

(15)

∫
K

ξh =

∫
K

µ−1 curluh,

∫
K

(ϵ−1 curl ξh − ω2uh) =

∫
K

ϵ−1f .

Observe that the number of equations in (15) is equal to 3×#Th, whereas the
number of unknowns is equal to

dimV 0
h + dimNh = 2×#E0

h +#E∂
h .

It was noted in [13] that these two numbers are equal, and as a result, (15)
yields a square matrix system. The unique solvability of (15) will be proved in
the next section by showing that f = 0 gives uh = 0 and ξh = 0 for sufficiently
small h (cf. Theorem 4.2).

Since curluh and curlh ξh are piecewise constant, the equations of (15) imply
that

(16) ξh = µ−1 curluh, curlh ξh =
(
ϵ−1

)−1(
ω2 uh + ϵ−1f

)
.

Using this result, we can eliminate either uh or ξh from the mixed system
(15) and recover it from the other variable. This feature is very helpful in
implementing the mixed finite volume method (15) as well as in establishing
its stability and error estimates by slight modification of the standard analysis,
as will be shown in the next sections.

Elimination and recovery of uh: Rewriting (16) as

(17) curluh =
(
µ−1

)−1
ξh, uh =

1

ω2

(
ϵ−1 curlh ξh − ϵ−1f

)
,

we can eliminate the vector variable uh from (15) and get an equation for the
scalar variable ξh. Since curlh χh is piecewise constant for χh ∈ Nh, the second
equation of (15) immediately gives∑

K∈Th

(∫
K

ϵ−1 curl ξh · curlχh − ω2

∫
K

uh · curlχh

)
=

∑
K∈Th

∫
K

ϵ−1f · curlχh.

Using discrete Green’s formula (12) and the first equality of (17), we obtain∑
K∈Th

∫
K

uh · curlχh =

∫
Ω

uh · curlh χh =

∫
Ω

curluh χh =

∫
Ω

(
µ−1

)−1
ξhχh.
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Combining the two results above leads to the following equation for ξh ∈ Nh

(18) a(ξh, χh) = F (χh) ∀χh ∈ Nh,

where

a(ξh, χh) =

∫
Ω

ϵ−1 curlh ξh · curlh χh − ω2

∫
Ω

(
µ−1

)−1
ξhχh.

This is a modification of the standard P1 nonconforming FEM for the problem
(5). In particular, when µ is piecewise constant, the lower-order term of (18)
becomes

ω2

∫
Ω

(
µ−1

)−1
ξhχh = ω2

∫
Ω

µ ξhχh,

which is equivalent to applying one-point quadrature to ω2
∫
K
µ ξhχh on each

element K ∈ Th.
After computing ξh ∈ Nh by (18), we can use (17) and the equality (cf. (9))

(19) uh = uh − 1

2
(curluh)r

⊥
h

to recover uh ∈ V 0
h in an element-by-element manner.

Elimination and recovery of ξh: We may first eliminate the scalar variable
ξh from (15), get an equation for the vector variable uh, and then recover ξh
from the computed uh. Indeed, since curlvh is piecewise constant for vh ∈ V 0

h,
using the first equation of (15) and then discrete Green’s formula (12) yields

(20)

∫
Ω

µ−1 curluh curlvh =

∫
Ω

ξh curlvh =

∫
Ω

curlh ξh · vh.

Hence, by substituting the second equality of (16) into (20), we obtain for all
vh ∈ V 0

h

(21)

∫
Ω

µ−1 curluh curlvh − ω2

∫
Ω

(
ϵ−1

)−1
uh · vh =

∫
Ω

(
ϵ−1

)−1
ϵ−1f · vh.

This is a modification of the standard lowest-order Nédélec edge element
method for the primal formulation (3). In particular, when ϵ is piecewise
constant, the equation (21) is simplified to∫

Ω

µ−1 curluh curlvh − ω2

∫
Ω

ϵuh · vh =

∫
Ω

f · vh,

and, analogously to (18), the lower-order term

ω2

∫
Ω

ϵuh · vh = ω2

∫
Ω

ϵuh · vh

is obtained by applying one-point quadrature to ω2
∫
K
ϵuh ·vh on each element

K ∈ Th. After solving for uh ∈ V 0
h, we can readily recover ξh ∈ Nh by

combining (16) with the following equality

ξh = ξh + (curlh ξh) · r⊥h .
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Remark 3.1. From the viewpoint of error analysis, it seems more attractive to
work with (18) after elimination of uh, because we can get a higher order of
convergence for ∥ξ − ξh∥0 by applying the duality argument directly to (18).

Remark 3.2. The mixed finite volume method (15) can be extended to the
nonhomogeneous boundary condition u · t|∂Ω = gD as follows: find (uh, ξh) ∈
V h × Nh such that uh · t|∂Ω = gD and (15) is satisfied for all K ∈ Th, where
gD|e = 1

|e|
∫
e
gD for e ∈ E∂

h . It is not difficult to verify that the variational

formulation (5) for ξ ∈ H1(Ω) holds with the modified right-hand side

F (χ) =

∫
Ω

ϵ−1f · curlχ− ω2

∫
∂Ω

gDχ

and that the corresponding modification for the right-hand side of the P1
nonconforming FEM (18) is given by

F (χh) =

∫
Ω

ϵ−1f · curlh χh − ω2

∫
∂Ω

gDχh.

Numerical experiments suggest that the convergence orders of uh and ξh do
not deteriorate, at least for smooth gD.

4. Stability analysis

In this section we show that the mixed finite volume method (15) admits
a unique solution by establishing the stability estimate. Our strategy is to
analyze the modified P1 nonconforming FEM (18) for ξh using the argument
of [10] and then exploit the recovery formula (19) for uh. A minor difference
with [10] is that the (homogeneous) Neumann boundary condition on ∂Ω is
considered in (5) and (18), so we perform the analysis in terms of the broken
H1 norm ∥ · ∥1,h instead of the seminorm | · |1,h as used in [10].

Since (5) is an indefinite problem, it is necessary to use the Aubin–Nitsche
duality argument by considering the following dual problem of (5) (cf. [30,31]):

Given g ∈ L2(Ω), find Φ ∈ H1(Ω) such that

(22) a(χ,Φ) =

∫
Ω

gχ ∀χ ∈ H1(Ω).

As mentioned in Section 1, the original problem (5) is well-posed when ω2 ̸= 0
is not an interior Maxwell eigenvalue. Under the same condition, the dual
problem (22) also has a unique solution satisfying

(23) ∥Φ∥1 ≤ C∥g∥0.

Moreover, straightforward adaptations of [31, Theorem 2] and [10, Lemma 3.2]
to the Neumann boundary condition show the following results: For any given
δ > 0,

• the P1 conforming finite element approximation ΦC of Φ satisfies

(24) ∥Φ− ΦC∥1 ≤ δ∥g∥0,
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• the consistency error of the dual problem satisfies

(25) a(χh,Φ)−
∫
Ω

gχh ≤ Cδ∥g∥0∥χh∥1,h ∀χh ∈ Nh,

provided that the mesh size h is sufficiently small.
Now we are ready to present the following lemma which establishes the

stability of the standard P1 nonconforming FEM for the problem (5). This
is a simple modification of [10, Theorem 3.1]. We remark that no regularity
assumptions are made here on the solution ξ ∈ H1(Ω) of the problem (5) and
the solution Φ ∈ H1(Ω) of the dual problem (22).

Lemma 4.1. Let G be a linear functional on Nh whose discrete H−1 norm is
defined by

(26) ∥G∥−1,h = sup
χh∈Nh

G(χh)

∥χh∥1,h
.

Then, for sufficiently small h, the solution ψh ∈ Nh of the discrete problem

(27) a(ψh, χh) = G(χh) ∀χh ∈ Nh

satisfies the following stability estimate

∥ψh∥1,h ≤ C∥G∥−1,h.

Proof. The proof is essentially the same as the proof of [10, Theorem 3.1] and
is included here for the reader’s convenience.

Taking χh = ψh in (27) and applying G̊arding’s inequality (10), we obtain

(28) ∥ψh∥1,h ≤ C(∥ψh∥0 + ∥G∥−1,h).

Next we estimate ∥ψh∥0 by mean of the Aubin–Nitsche duality argument. Fix
g ∈ L2(Ω) and δ > 0. Let Φ ∈ H1(Ω) be the solution of the dual problem (22)
and let h be sufficiently small so that (24)-(25) hold. It is trivial to see that∫

Ω

gψh =

{∫
Ω

gψh − a(ψh,Φ)

}
+ a(ψh,Φ− ΦC) +G(ΦC).

The first term represents the consistency error of the dual problem which is
bounded by (25) ∫

Ω

gψh − a(ψh,Φ) ≤ Cδ∥g∥0∥ψh∥1,h.

The second term can be readily bounded by (10) and (24)

a(ψh,Φ− ΦC) ≤ C∥ψh∥1,h∥Φ− ΦC∥1 ≤ Cδ∥g∥0∥ψh∥1,h.
Similarly, it follows by (26), (24) and (23) that

G(ΦC) ≤ ∥G∥−1,h∥ΦC∥1 ≤ ∥G∥−1,h(∥ΦC − Φ∥1 + ∥Φ∥1) ≤ C∥G∥−1,h∥g∥0.
Collecting the above results and taking g = ψh, we obtain

∥ψh∥0 ≤ C(δ∥ψh∥1,h + ∥G∥−1,h),
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which, when substituted into (28), gives

∥ψh∥1,h ≤ C(δ∥ψh∥1,h + ∥G∥−1,h).

The proof is completed by choosing δ sufficiently small. □

From Lemma 4.1 it is deduced that for sufficiently small h, the standard P1
nonconforming FEM for the problem (5)

(29) a(ξ̂h, χh) = F (χh) ∀χh ∈ Nh

has a unique solution ξ̂h ∈ Nh satisfying

(30) ∥ξ̂h∥1,h ≤ C∥f∥0.

By further estimating ∥ξ̂h − ξh∥1,h, we can prove the following stability result
for the modified P1 nonconforming FEM (18) and the mixed finite volume
method (15).

Theorem 4.2. For sufficiently small h, the mixed finite volume method (15)
has a unique solution (uh, ξh) ∈ V 0

h ×Nh satisfying

(31) ∥uh∥H(curl;Ω) + ∥ξh∥1,h ≤ C∥f∥0.

Proof. Since (15) is a square matrix system, its solvability follows from the

uniqueness of the solution which is a direct consequence of (31). Let ξ̂h ∈ Nh

be the solution of (29). To prove (31), we first note that

a(ξ̂h − ξh, χh) = G(χh),

where

G(χh) = F (χh)− a(ξh, χh) = a(ξh, χh)− a(ξh, χh)

= ω2

∫
Ω

{
µξh −

(
µ−1

)−1
ξh
}
χh.

In order to apply Lemma 4.1, we need to estimate ∥G∥−1,h. Write 1
ω2G(χh) as∫

Ω

{
µξh −

(
µ−1

)−1
ξh
}
χh = I + II,

where

I =

∫
Ω

{
µ−

(
µ−1

)−1}
ξhχh, II =

∫
Ω

(
µ−1

)−1
(ξh − ξh)χh.

By the estimates (11) and the Cauchy–Schwarz inequality, it follows that

I =

∫
Ω

(
µ−1

)−1{
µ−1 − µ−1

}
µ ξhχh

=

∫
Ω

(
µ−1

)−1{
µ−1 − µ−1

}
(µ ξhχh − µ ξhχh)

=

∫
Ω

(
µ−1

)−1{
µ−1 − µ−1

}
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×
{
(µ− µ)ξhχh + µ(ξhχh − ξhχh) + (µ− µ)ξhχh

}
≤ Ch2∥ξh∥1,h∥χh∥1,h,

II =

∫
Ω

(
µ−1

)−1
(ξh − ξh)(χh − χh) ≤ Ch2|ξh|1,h|χh|1,h,

which leads to

∥G∥−1,h ≤ Ch2∥ξh∥1,h.
Hence, by Lemma 4.1, we obtain

(32) ∥ξ̂h − ξh∥1,h ≤ Ch2∥ξh∥1,h.
Combining (30) and (32) gives

∥ξh∥1,h ≤ ∥ξh − ξ̂h∥1,h + ∥ξ̂h∥1,h ≤ Ch2∥ξh∥1,h + C∥f∥0,
from which we conclude that

∥ξh∥1,h ≤ C∥f∥0
for sufficiently small h. Finally, using (19) and (17), we obtain

∥uh∥H(curl;Ω) ≤ C(∥uh∥0 + ∥ curluh∥0) ≤ C(∥ξh∥1,h + ∥f∥0) ≤ C∥f∥0.
This completes the proof of (31). □

5. Error estimates

In this section we will derive optimal error estimates for the solution (uh, ξh)
of the mixed finite volume method (15). As in the previous section, the error
analysis is performed first for ξh and then for uh via the local recovery formula
(19).

From (31) and (32) it follows immediately that

(33) ∥ξ̂h − ξh∥1,h ≤ Ch2∥f∥0.
Therefore optimal H1 and L2 error estimates for ξh can be obtained from

the corresponding error estimates for the solution ξ̂h of the standard P1 non-
conforming FEM (29). To this end, we assume that the solution of the dual
problem (22) satisfies the following regularity estimate for some γ ∈ (0, 1]

(34) ∥Φ∥1+γ ≤ C∥g∥0,
and adapt the proofs of [10] to the P1 nonconforming FEM (29).

Theorem 5.1. Assume that u ∈ (Hs(Ω))2 and ξ ∈ H1+s(Ω) for 0 < s ≤ 1
and that the regularity estimate (34) holds for some γ ∈ (0, 1]. Let ξh ∈ Nh be
the solution of the modified P1 nonconforming FEM (18). Then we have for
sufficiently small h

∥ξ − ξh∥1,h ≤ Chs(∥u∥s + ∥ curlu∥0 + ∥ξ∥1+s + ∥f∥0),(35)

∥ξ − ξh∥0 ≤ Chs+γ(∥u∥s + ∥ curlu∥0 + ∥ξ∥1+s + ∥f∥0).(36)
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Proof. Let ξ̂h ∈ Nh be the solution of (29) and note that for all ηh, χh ∈ Nh,

a(ηh − ξ̂h, χh) = a(ηh − ξ, χh) + a(ξ, χh)− F (χh).

By (10) we have

a(ηh − ξ, χh) ≤ C∥ηh − ξ∥1,h∥χh∥1,h,
and

a(ξ, χh)− F (χh) ≤ Ice∥χh∥1,h,
where Ice is the consistency error given by

Ice = sup
χh∈Nh

a(ξ, χh)− F (χh)

∥χh∥1,h
.

Then, by applying Lemma 4.1, it follows that

∥ηh − ξ̂h∥1,h ≤ C(∥ξ − ηh∥1,h + Ice),

which results in

∥ξ − ξ̂h∥1,h ≤ C
(

inf
ηh∈Nh

∥ξ − ηh∥1,h + Ice

)
.

Choosing ηh ∈ Nh to be the standard P1 nonconforming interpolant of ξ, we
have

(37) inf
ηh∈Nh

∥ξ − ηh∥1,h ≤ Chs∥ξ∥1+s.

In order to estimate the consistency error Ice, we slightly modify the proof of
[10, Lemma 3.2] and employ the enriching operator E : Nh → H1(Ω) satisfying
(13) and (14). Note that (5) and (4) yield

a(ξ, χh)− F (χh) = a(ξ, χh − Eχh)− F (χh − Eχh)

=

∫
Ω

ϵ−1 curl ξ · curlh(χh − Eχh)− ω2

∫
Ω

µ ξ(χh − Eχh)

−
∫
Ω

ϵ−1f · curlh(χh − Eχh)

= ω2

∫
Ω

u · curlh(χh − Eχh)− ω2

∫
Ω

curlu(χh − Eχh).

By using (14) and (13), we obtain

a(ξ, χh)− F (χh) = ω2

∫
Ω

(u− u) · curlh(χh − Eχh)− ω2

∫
Ω

curlu(χh − Eχh)

≤ C(∥u− u∥0 + h∥ curlu∥0)∥χh∥1,h,
and thus

Ice ≤ C(∥u− u∥0 + h∥ curlu∥0) ≤ Chs(∥u∥s + ∥ curlu∥0).
Collecting the above results yields

(38) ∥ξ − ξ̂h∥1,h ≤ Chs(∥u∥s + ∥ curlu∥0 + ∥ξ∥1+s),
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which, together with (33), proves the H1 error estimate (35).
Now we turn to the L2 error estimate (36). The regularity assumption (34)

implies that (24)-(25) hold with δ = hγ , and following the duality argument
given in the proof of [10, Theorem 3.3], one can show that

∥ξ − ξ̂h∥0 ≤ Chγ∥ξ − ξ̂h∥1,h.

The proof is completed by combining this estimate with (38) and (33). □

Remark 5.2. For the divergence-free source term (div f = 0), it was shown in
[29, Proposition 2] that if µ and ϵ are smooth, then there exists s > 1

2 such
that

∥u∥s + ∥ curlu∥s ≤ C∥f∥0.
In particular, we have s = 1 if Ω is convex. This regularity estimate also
holds for some s > 0 in the case that µ and ϵ are piecewise smooth over a
partition of Ω into finitely many subdomains and Ω is simply-connected; see
[2, Theorem 5.1]. Furthermore, using the Helmholtz decomposition of u and
the regularity result of the elliptic problem (cf. [2,29]), we can deduce that the
above regularity estimate still holds when div f ∈ H−1+s(Ω) and ∥ div f∥−1+s

is added to ∥f∥0.

Remark 5.3. It is easy to check that the regularity assumption ξ ∈ H1+s(Ω)
is only used in the approximation property (37), so Theorem 5.1 is still valid
when ξ is piecewise H1+s and ∥ξ∥1+s is replaced by the broken norm

∥ξ∥1+s,h =

( ∑
K∈Th

∥ξ∥21+s,K

)1/2

.

In two dimensions we have

| curl ξ|s,K = |ω2ϵu+ f |s,K ≤ ω2|ϵu|s,K + |f |s,K ≤ C|u|s,K + |f |s,K ,

which gives by (8)

∥ξ∥1+s,h ≤ C(∥u∥s + ∥f∥s,h).
In other words, ξ is piecewise H1+s if u ∈ (Hs(Ω))2 and f is piecewise Hs.
This strongly indicates that, instead of directly computing µ−1 curluh as an
approximation to ξ = µ−1 curlu, it is more reasonable to use one-order higher
finite elements for ξh than uh, as is done in the mixed finite volume method
(15) and in [6]; see also Remark 5.5.

Finally, in the following theorem we derive the error estimate for uh in the
H(curl) norm.

Theorem 5.4. Let (uh, ξh) be the solution of the mixed finite volume method
(15). Then, under the assumptions of Theorem 5.1, we have

∥u− uh∥0 ≤ Chs(∥u∥s + ∥ curlu∥0 + ∥ξ∥1+s + ∥f∥0),(39)

∥ curl(u− uh)∥0 ≤ Chmin(1,s+γ)(∥u∥s + ∥ curlu∥0 + ∥ξ∥1+s + ∥f∥0).(40)
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Proof. By the second equation of (15), we have for K ∈ Th∫
K

{ϵ−1 curl(ξ − ξh)− ω2(u− uh)} = 0,

which implies that

∥u− uh∥0,K =
1

ω2|K|1/2

∣∣∣∣ ∫
K

ϵ−1 curl(ξ − ξh)

∣∣∣∣ ≤ C|ξ − ξh|1,K .

Together with (19) and (17), this result gives

∥u− uh∥0 ≤ ∥u− u∥0 + ∥u− uh∥0 + Ch∥ curluh∥0
≤ C(hs∥u∥s + |ξ − ξh|1,h + h∥ξh∥0).

The first result (39) then follows by applying (35) and (31).
On the other hand, using the first equality of (17), we obtain

curl(u− uh) = µξ −
(
µ−1

)−1
ξh = µ

(
µ−1

)−1{
µ−1ξ − µ−1ξh

}
= µ

(
µ−1

)−1{(
µ−1 − µ−1

)
ξ + µ−1(ξ − ξ) + µ−1 ξ − ξh

}
,

which gives by (11)

∥ curl(u− uh)∥0 ≤ C(h∥ξ∥1 + ∥ξ − ξh∥0).

So the second result (40) is proved by applying (8) and (36). □

Remark 5.5. By comparing (36) with the following one obtained by (40)

∥ξ − µ−1 curluh∥0 ≤ C∥ curlu− curluh∥0 = O(hmin(1,s+γ)),

we conclude that ξh provides a higher-order approximation to ξ = µ−1 curlu
than µ−1 curluh if s+γ > 1 (which is true when the exact solution is sufficiently
smooth). This is one of the benefits of the mixed finite volume method (15)
based on the mixed system (4). In particular, for smooth µ and ϵ, we get the
full convergence order ∥ξ − ξh∥0 = O(h2) when Ω is convex and f is piecewise
H1 (cf. Remarks 5.2–5.3). Such an approximation may be also obtained from
the standard lowest-order edge element by using the averaging operator but
under the conditions of superconvergence (almost uniform triangulations and
higher regularity of u); for example, see [21].

6. Numerical results

In this section we report some numerical results to support the theoretical
results of the previous section. In all of the examples, we set ω = 1 and the
source term f is determined by the given exact solution u.

Example 1. First we consider the constant coefficients µ = ϵ = 1 and the
following smooth solution on the unit square Ω = (0, 1)2

u(x, y) = (cos 2πx sinπy, sinπx cos 2πy)



92 K.-Y. KIM AND D. Y. KWAK

Table 1. Errors and convergence orders for Example 1

1/h ∥u− uh∥0 Order ∥ curl(u− uh)∥0 Order ∥ξ − ξh∥0 Order

8 1.8926e–1 — 3.8013e–1 — 7.0220e–2 —

16 9.5551e–2 0.9861 1.9114e–1 0.9919 1.7747e–2 1.9843

32 4.7892e–2 0.9965 9.5698e–2 0.9980 4.4489e–3 1.9960

64 2.3960e–2 0.9991 4.7865e–2 0.9995 1.1130e–3 1.9990

128 1.1982e–2 0.9998 2.3934e–2 0.9999 2.7829e–4 1.9998

256 5.9912e–3 0.9999 1.1967e–2 1.0000 6.9576e–5 1.9999

512 2.9956e–3 1.0000 5.9838e–3 1.0000 1.7394e–5 2.0000

which satisfies the homogeneous Dirichlet boundary condition u · t = 0 on ∂Ω.
Note that divu ̸= 0 and so div f ̸= 0. The numerical solution (uh, ξh) is com-
puted on a sequence of uniform triangulations generated by first partitioning
Ω into equal squares of width h = 2−k and then dividing every square into two
congruent right triangles with the diagonal of slope 1.

The numerical errors are reported in Table 1, where the convergence orders
are numerically computed by

(Order) = log2
(Error for 2h)

(Error for h)
.

It is clearly observed that the convergence orders in Table 1 are in perfect
agreement with those of Theorems 5.1-5.4.

Example 2. In the second example we consider the variable coefficients

µ(x, y) =
1

(1 + xy)2
, ϵ(x, y) = 1 + x2 + y2

and the exact solution is chosen to be

u(x, y) =

(
sin 2πy

1 + xy
,
sin 2πx

1 + xy

)
on the unit square Ω = (0, 1)2. The numerical computation is done with the
same sequence of uniform triangulations used in Example 1. The numerical
results of Table 2 show that the convergence orders are as good as in the case
of constant coefficients.

Example 3. The third example involves the following nonsmooth solution on
the L-shaped domain Ω = (−1, 1)2 \ ([0, 1]× [0,−1])

u(r, θ) = curl

(
r

2
3 cos

2

3
θ +

1

π3
cosπx cosπy

)
with the coefficients µ = ϵ = 1. Here (r, θ) denotes the polar coordinates. This
solution satisfies u · t = 0 on the two line segments of ∂Ω meeting at the origin
but u · t ̸= 0 on the remaining part of ∂Ω. Although u ∈ (Hs(Ω))2 for any
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Table 2. Errors and convergence orders for Example 2

1/h ∥u− uh∥0 Order ∥ curl(u− uh)∥0 Order ∥ξ − ξh∥0 Order

8 1.8820e–1 — 9.9720e–1 — 2.1377e–1 —

16 9.4805e–2 0.9892 4.9946e–1 0.9975 5.3910e–2 1.9874

32 4.7491e–2 0.9973 2.4983e–1 0.9994 1.3507e–2 1.9969

64 2.3757e–2 0.9993 1.2493e–1 0.9998 3.3785e–3 1.9992

128 1.1880e–2 0.9998 6.2467e–2 1.0000 8.4473e–4 1.9998

256 5.9401e–3 1.0000 3.1234e–2 1.0000 2.1119e–4 2.0000

512 2.9701e–3 1.0000 1.5617e–2 1.0000 5.2798e–5 2.0000

0 < s < 2
3 , ξ = curlu = 2

π cosπx cosπy is smooth. We also note that the

regularity estimate (34) for the dual problem holds with 0 < γ < 2
3 .

The first experiment is performed for a sequence of uniform triangulations
generated by successive uniform refinement of the initial triangulation (with
h = 1) shown in the left of Figure 1. Table 3 presents the numerical errors,
showing that the convergence orders are again in perfect agreement with those
of Theorems 5.1-5.4. From these results we conjecture that the nonhomoge-
neous Dirichlet boundary condition does not affect the convergence orders (at
least when u · t is smooth on ∂Ω).

In the second experiment we perform adaptive mesh refinement using the
following (local) residual error estimator of [11] forK ∈ Th (which was originally
developed for the standard lowest-order edge element of Nédélec)

η2K = h2K∥f+ω2ϵuh∥20,K+
∑

e⊂∂K\∂Ω

(
he∥[[µ−1 curluh]]∥20,e+he∥[[ω2ϵuh ·ne]]∥20,e

)
.

Here [[v]] denotes the jump of v across e ∈ E0
h and ne is a fixed unit normal

vector to e. The initial triangulation is again the one shown in the left of Figure
1. We apply the simple maximum marking strategy which marks K ∈ Th
(and some more elements around K to avoid hanging nodes) for refinement if
ηK > 1

2 maxK′∈Th
ηK′ .

The adapted triangulations after five and ten mesh refinements are displayed
in the middle and right of Figure 1, where we can see that the residual error
estimator captures well the singularity of u at the origin. The numerical errors
are plotted in Figure 2 which shows that ∥ξ−ξh∥0 decreases more rapidly than
∥u−uh∥0 and ∥ curl(u−uh)∥0 as the triangulation is refined. More precisely,
by means of the least-squares fitting, it is found that the following optimal
convergence orders are achieved in the asymptotic regime

∥u− uh∥0 = O(N−0.5),

∥ curl(u− uh)∥0 = O(N−0.5),

∥ξ − ξh∥0 = O(N−1.0),

where N = #Eh denotes the number of edges in Th.
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Table 3. Errors and convergence orders for Example 3

1/h ∥u− uh∥0 Order ∥ curl(u− uh)∥0 Order ∥ξ − ξh∥0 Order

8 1.338e0–1 — 8.3833e–2 — 4.3828e–2 —

16 8.1497e–2 0.7153 3.9648e–2 1.0803 1.6629e–2 1.3982

32 5.0839e–2 0.6808 1.9154e–2 1.0496 6.4667e–3 1.3626

64 3.1965e–2 0.6695 9.3707e–3 1.0314 2.5420e–3 1.3471

128 2.0145e–2 0.6661 4.6207e–3 1.0200 1.0041e–3 1.3401

256 1.2701e–2 0.6654 2.2900e–3 1.0128 3.9749e–4 1.3369

512 8.0076e–3 0.6655 1.1386e–3 1.0081 1.5753e–4 1.3353
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Figure 1. Initial (left) and adapted triangulations after five
(middle) and ten (right) mesh refinement for Example 3

Figure 2. Errors and convergence orders for Example 3 with
respect to the number of edges (N)
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[26] J. C. Nédélec, Mixed finite elements in R3, Numer. Math. 35 (1980), no. 3, 315–341.
https://doi.org/10.1007/BF01396415
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