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MIXED FINITE VOLUME METHOD FOR
TWO-DIMENSIONAL MAXWELL’S EQUATIONS

KWwWANG-YEON KiM AND DO YOUNG KwAK

ABSTRACT. We propose and analyze a mixed finite volume method for
the two-dimensional time-harmonic Maxwell’s equations which simulta-
neously approximates the vector field w and the scalar function & =
pu~tcurlu. The method chooses the lowest-order Nédélec edge element
for w and the P1 Crouzeix—Raviart nonconforming element for £ on tri-
angular meshes. It is shown that the method is reduced to a modified
P1 nonconforming FEM for £ or a modified edge element method for u
by eliminating the discrete variable of uw or £. After solving the reduced
method, the eliminated discrete variable can be recovered from the other
one via a simple local formula. Using this feature, we also derive optimal
a priori error estimates under weak regularity assumptions and show that
the approximation to £ has a higher-order of convergence in the L2 norm
than the one obtained by direct differentiation of the approximation to u
when the exact solution is sufficiently smooth.

1. Introduction

For a bounded polygonal domain 2 C R?, we consider the following time-
harmonic Maxwell’s equations with the perfectly conducting boundary condi-
tion
(1)

curl(p~! curlu) — w?eu = f in £,
u-t=0 on 0f),

where t is the unit tangent vector on 92 with positive orientation and

curlv*%—% curlg = %—%
Oz Oy’ - \oy’ oz

for a vector field v = (v1,v3) and a scalar function ¢. The vector field u rep-
resents the electric field and f € (L%(Q))? is a given function due to external
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current sources. The coefficients p and e represent the magnetic permeability
and the electric permittivity, respectively, and are assumed to be scalar func-
tions bounded above and below by positive constants. The parameter w is
a positive constant representing a temporal frequency of the electromagnetic
wave.

Let us introduce the space of all square integrable vector fields on Q with
square integrable curls

H(curl; Q) = {v € (L*(Q))? : curlv € L*(Q)}
with the norm defined by

1/2
9]l (curtiey = (I0]13 + | curlw]§) .
As usual, || - ||s,p,0 denotes the norm of the Sobolev space W*P (D) with the
shorthand notation || - ||sp = || - ls.2,0 and || - [|s = || - |s.2.0-

It is known that the following Green’s formula holds for v € H (curl; Q) and
x € H'(Q)

(2) /curl’vxf/qwcurlx:/ v-ty,
Q Q ro)

where the integral of the right-hand side denotes the duality paring between
H~1/2(0) and H'/2(99). The subspace of H (curl; Q) satisfying the boundary
condition in (1) is denoted by

Hy(curl; Q) = {v € H(curl; Q) : v - t = 0 on 90Q}.

Then the variational formulation of (1) is to find w € Hg(curl; 2) such that

(3) /uflcurlucurlv7w2/6u~v:/f~v
Q Q Q

for all v € Ho(curl; Q). Throughout the paper we assume that w? # 0 is not an
interior Maxwell eigenvalue so that this problem is uniquely solvable [17,24].
The problem (1) can be rewritten as the first-order mixed system

€ =pteurlu in €,

(4) e leurlé —wPu=¢1f in Q,
u-t=0 on 0,

where the scalar function £ represents the z component of the magnetic field
which is perpendicular to the electric field w. By taking the curl of the second
equation in € and the tangential component of the same equation on OS2, the

system (4) is reduced to the following second-order self-adjoint indefinite elliptic
equation for the scalar function &

curl(e T eurl§) — w?pé = curl(e 1 f) in Q,
eleurlé - t=c'f t on 0f).
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The corresponding variational formulation is to find £ € H'(Q) such that

(5) alé,x) =F(x)  VYxeH'(Q),
where
a = e teurlé - curl y — w?
(6) (& x) /Q 1£ 1x /Quﬁx,
= e ' f - curly.
() P = [ f-curly

It was shown in [6, Lemma 3.2] that the problem (5) has a unique solution
when w? # 0 is not an interior Maxwell eigenvalue. Moreover, the following
stability estimate holds

(8) 1€ll1 < Cll llo-

The well-known H (curl)-conforming edge elements of Nédélec [26,27] are
based on the primal formulation (3) and have been analyzed in [17,23-25,32],
just to name a few. Nonconforming and discontinuous FEMs have also been
developed in [7-9,16,18,19,22,28,29] (see also the references therein). On the
other hand, the authors of [6] proposed a non-traditional FEM using the Hodge
decomposition for divergence-free vector fields. This method finds a numerical
approximation of u by solving some Dirichlet and Neumann problems for the
Laplace operator including (5). For example, one obtains a piecewise constant
approximation of w and a continuous piecewise P1 approximation of £ when P1
conforming FEMs are used. We remark that H!-conforming Lagrange finite
elements may converge to a wrong solution for (3), unless u € (H'(2))?; see, for
example, the recent paper [1] and references therein for more details about the
use of H'-conforming Lagrange finite elements based on some regularization or
special triangulations.

The aim of this work is to propose and analyze a mixed finite volume method
directly based on the mixed system (4). This method seeks to find the numerical
approximations up ~ u in the lowest-order edge element of Nédélec and &, ~ &
in the P1 nonconforming element of Crouzeix and Raviart. The discretization
of (4) is simply done by following the idea of the finite volume box scheme of
Courbet and Croisille [13] which was originally developed for the Poisson equa-~
tion in the mixed form. The main feature of the mixed finite volume method
is that it can be readily reduced to either a modified P1 nonconforming FEM
of (5) or a modified edge element method of (3). More precisely, one can get a
matrix system for &, similar to (5) by eliminating wy, locally, and after solving
this matrix system, recover u; from &, via a simple local formula. It is also
possible to first eliminate &, and recover it from wj;, computed by solving a
matrix system similar to (3). This facilitates the derivation of a priori error
estimates as well as the implementation of the numerical method. Besides, the
mixed finite volume method not only provides an H (curl)-conforming approx-
imation of w but also more accurate approximation of ¢ = p~! curlu than the
standard lowest-order edge element. We refer to [12,13,20] for a discussion
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about other advantages of the mixed finite volume method in the context of
the Poisson equation. Our method is similar to that of [6] as approximation of
u can be obtained from approximation of £ computed by solving the Neumann
problem (5), but is conceptually more straightforward and easier to implement.

We will derive a priori error estimates for the mixed finite volume method
under the weak regularity assumption that u € (H*(Q))? and £ € H*(Q) for
0 < s <1, which is known to hold under mild conditions on the coefficients p,
€ and the source term f; see Remarks 5.2-5.3 for more details on the regularity
of u and £. The crucial part of the analysis is to establish stability and optimal
H' and L? error estimates for the (modified) P1 nonconforming FEM of the
problem (5). In the classical error analysis using Green’s formula (2), it is
necessary to introduce the Nédélec interpolation operator I, which is known
to satisfy the estimate ||u — Iullo < Ch®||lul/s only for & < s < 1. We
avoid the use of II;, by adopting the argument of Carstensen et al. [10] based
on use of an enriching operator for analyzing the P1 nonconforming FEM of
second-order elliptic equations. The H(curl) error estimate of wy, follows in
a straightforward way from the error estimates of &;, using the local recovery
formula for uy,.

The rest of the paper is organized as follows. In Section 2 we introduce
some preliminary results and notation about the lowest-order edge element
of Nédélec and the P1 nonconforming element of Crouzeix and Raviart. In
Section 3 we define the mixed finite volume method and describe how it can be
implemented. We establish the stability estimates of the mixed finite volume
method in Section 4 and then derive the a priori error estimates in Section
5. Finally, in Section 6 some numerical results are reported to support the
theoretical results.

2. Preliminaries

Suppose that 7}, is a shape-regular triangulation of €2 into triangles such that
Q= UKeTh K. The set of all edges of Tj, is denoted by &, = & US,?, where &
and E}? consist of all interior and boundary edges, respectively. For a triangle
K € Ty, we denote the diameter of K by hg, the area of K by |K|, and the
centroid of K by (zx,yx). The mesh size of T}, is defined as h = maxge7T;, hi.
For an edge e € &, we denote the length of e by |e|.

For approximation of the vector variable u and the scalar variable £, we
choose the lowest-order edge element of Nédélec [26] and the P1 nonconforming
element of Crouzeix and Raviart [14] defined by

Vi = {v, € Hlcwrl; Q) : v,|x € (Po(K))> @ (y, —2)Po(K) YK € T},
VY = VN Hy(curl; Q),
N = {xn € L*(Q) : xn|lx € P1(K) VK € Ty,

and [ xp is continuous for every e € 7},
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where P,.(K) denotes the space of all polynomials of degree at most r on K.
Note that the two-dimensional edge element is simply obtained by a 90° rota-
tion of the Raviart-Thomas element.

It is important to observe that the degrees of freedom of both V' and N},
are associated with the edges of T,. The tangential component of v;, € V7, is
constant on every edge e € &, and continuous across every interior edge e € £ 2.
This fact leads to the following set of degrees of freedom for V7,

1
{M/Uh'teieegh}7

where %, is a fixed unit tangent vector on e. Similarly, in view of the weak
continuity imposed on Nj, the degrees of freedom for Nj, are chosen to be

1
{M/Xhleegh}.

dim V) = #&7, dim Nj, = #&,
where #A is the cardinality of a finite set A.
For K € Ty, we will often use the following expression for v, € V7,

Consequently,

1
9) v, = Tp — §(curlvh)rﬁ,
where
_ 1 1
Uk =7= [ v, 7Tlk=Uy—yx, (2 —2K)).
K| Jk

For a vector field v = (v1,vy), the integral average operator is applied compo-
nentwise, i.e., v = (71, 73).

The curl operator applied in a piecewise manner to functions of H*(2) + Ny,
will be denoted by curl,. The bilinear form a(-,-) and the linear functional
F(-) defined in (6)-(7) are naturally extended to functions of H(Q) + N}, by
replacing curl with curl,. We also define the broken H' seminorm and H'!
norm by
1/2

Xt = leurly xllo,  IIxllie = (IxIG + xIT.0)

Since p and € are assumed to be bounded above and below by positive constants,
the bilinear form a(-,-) is bounded and satisfies Garding’s inequality for n, y €
H! (Q) + Ny,

(10)  a(n,x) < Clnllualixlie — alox) = Cllxl L — Callx.
In addition, we will assume that the coefficients p and e satisfy the following
estimates for K € Tj,
(11)
e =l < Chy ™" = o0, < Chy e = € |o,00,5c < Ch.

These are ensured, e.g., if i, 4~ ! and €' are piecewise W > functions. Above
and in what follows, C' (with or without a subscript) denotes a generic positive
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constant independent of the mesh size h (but dependent on p, e and w) which
may be different at different places.

Now we present the discrete version of Green’s formula (2) which will be
crucially used in the next section.

Lemma 2.1. The following identity holds for all vy, € Vi, and xp, € Np,

(12) / curlvh Xh — / (O curlh Xh = / Vp, 'tXh-
Q Q o

Proof. Using Green’s formula (2) on K € T, we obtain

/curlvhxh—/vh-curlhxh: Z (/ curlvhxh—/ vh-curlxh>
Q Q K K

KeTy,

= Z /8K'Uh'tKXh7

KeT,
where £ is the unit tangent vector on 0K with positive orientation. Then the
result (12) follows by observing that the two integrals on every interior edge of
Tr cancel each other by the continuity properties of V';, and Np,. ([

Finally, we introduce an enriching operator E : N, — H'(Q) which will be
used for error analysis of the P1 nonconforming FEM of the problem (5) under
the weak regularity assumption (u,&) € (H*(Q))? x H*5(Q) for 0 < s < 1.
Enriching operators were used for various purposes in [3-5, 15], where Exj
is defined to be the continuous piecewise quadratic polynomial obtained by
averaging nodal values of xj at every P2 Lagrange node of T,. It was shown
in [5, Section 3] that the following approximation property and stability hold

1/2
(13) (ZhK2||xh—Exh||3,K) 1Bl < Clxalln Yo € N
K€7-h

This result is still valid when we modify the values of Ex; at midpoints of
edges of 7, in such a way that

/EXh:/Xh Ve € &,.

Then, using Green’s formula (2) on K € 7j, yields

(14) / curl(x, — Exn) =0 VK € T.
K

In [10], Exp, is defined to be the continuous piecewise cubic polynomial which

further satisfies
/ Exn :/ Xh VK € T.
K K

The proof of [5, Section 3] also applies to this operator so that (13) holds for
this operator. We remark that no Dirichlet boundary condition is imposed for
Exyp, as well as for x;, € Ny,.
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3. Mixed finite volume method

By following the idea of the finite volume box scheme of Courbet and
Croisille [13] for the Poisson equation, the mixed finite volume method for
(4) is defined as follows:

Find (up, &) € V) x Ny, such that for all K € Ty,

/fh—/ ' eurluy, /K(e_lcurlfh—wzuh):/Ke—lf

Observe that the number of equations in (15) is equal to 3 x #7},, whereas the
number of unknowns is equal to

dim V) + dim Ny, = 2 x #E) + #&7.

It was noted in [13] that these two numbers are equal, and as a result, (15)
yields a square matrix system. The unique solvability of (15) will be proved in
the next section by showing that f = 0 gives u;, = 0 and &, = 0 for sufficiently
small h (cf. Theorem 4.2).

Since curl uy, and curly, &, are piecewise constant, the equations of (15) imply
that

(16) EZFcurluh, curly, &, = (F)*l(wzufhij).

Using this result, we can eliminate either u; or £, from the mixed system
(15) and recover it from the other variable. This feature is very helpful in
implementing the mixed finite volume method (15) as well as in establishing
its stability and error estimates by slight modification of the standard analysis,
as will be shown in the next sections.

Elimination and recovery of u,: Rewriting (16) as

(17) curl uy, = (F)flfih, Wz%(?curlhfh—eflf),

we can eliminate the vector variable u, from (15) and get an equation for the
scalar variable &,. Since curly, y;, is piecewise constant for x; € N, the second
equation of (15) immediately gives

Z (/ e curl§h~curlxh—w2/ uh-curlxh>
K K

KETy,
Z / “Lf . curl y,.
KeT
Using discrete Green’s formula (12) and the first equality of (17), we obtain

L
Z / up, - curth—/uh curthh—/curluhXh—/ (,u—l) EnXn-
Q Q Q

KeTn
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Combining the two results above leads to the following equation for &, € Ny,

(18) (& xn) = F(xn)  Yxn € Na,

where
= — -1 2 — -1
a(ﬁh,xh)—/e curly, &, - curly, x, — w /(u ) Erxa
Q Q

This is a modification of the standard P1 nonconforming FEM for the problem
(5). In particular, when p is piecewise constant, the lower-order term of (18)

becomes
— -1 —
WQ/ (u=1) thhZWQ/thXm
Q Q

which is equivalent to applying one-point quadrature to w? / e WE€rXxn on each
element K € T,.
After computing &, € Ny, by (18), we can use (17) and the equality (cf. (9))

1
(19) up =up — §(curl wup)ri
to recover uj, € V9 in an element-by-element manner.

Elimination and recovery of £,: We may first eliminate the scalar variable
&, from (15), get an equation for the vector variable wy, and then recover &,
from the computed uy. Indeed, since curl vy, is piecewise constant for vy, € V%,
using the first equation of (15) and then discrete Green’s formula (12) yields

(20) /,u_lcurl'u,hcurl'uh:/fhcurlvh:/curlhgh-'uh.
Q Q Q

Hence, by substituting the second equality of (16) into (20), we obtain for all
vy € V?L

(21) /,u_lcurluhcurlvh—w2/ (6_71)_11117}1"0]1:/ (ej)_le_lfﬂ)h-
Q Q Q

This is a modification of the standard lowest-order Nédélec edge element
method for the primal formulation (3). In particular, when € is piecewise
constant, the equation (21) is simplified to

/M_lCul"luhCurl’Uh—w2/ETh'Uh:/?'vhv
Q Q Q

and, analogously to (18), the lower-order term

w2/efh-vh:w2/efh-ﬁ
Q Q

is obtained by applying one-point quadrature to w? |, i € Wp vy on each element
K € T,. After solving for u;, € V(;)L, we can readily recover &, € N, by
combining (16) with the following equality

& =& + (curl &) -7y
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Remark 3.1. From the viewpoint of error analysis, it seems more attractive to
work with (18) after elimination of w,, because we can get a higher order of
convergence for ||€ — & |lo by applying the duality argument directly to (18).

Remark 3.2. The mixed finite volume method (15) can be extended to the
nonhomogeneous boundary condition u - t|gq = gp as follows: find (u, &) €
Vi, x N, such that uy, - tlsgo = gp and (15) is satisfied for all K € Tj, where
Dle = ﬁ fe gp for e € 5,‘?. It is not difficult to verify that the variational

formulation (5) for £ € H*(Q) holds with the modified right-hand side

FKX%:/£54f'CUHXT‘WaéQQDX

and that the corresponding modification for the right-hand side of the P1
nonconforming FEM (18) is given by

F(xn) :/Gflf'curthh—wg/ IDXh-
Q

a0
Numerical experiments suggest that the convergence orders of u;, and &, do
not deteriorate, at least for smooth gp.

4. Stability analysis

In this section we show that the mixed finite volume method (15) admits
a unique solution by establishing the stability estimate. Our strategy is to
analyze the modified P1 nonconforming FEM (18) for £, using the argument
of [10] and then exploit the recovery formula (19) for wj,. A minor difference
with [10] is that the (homogeneous) Neumann boundary condition on 9f2 is
considered in (5) and (18), so we perform the analysis in terms of the broken
H' norm || - ||1,, instead of the seminorm |- |1 5 as used in [10].

Since (5) is an indefinite problem, it is necessary to use the Aubin—Nitsche
duality argument by considering the following dual problem of (5) (cf. [30,31]):

Given g € L*(Q), find ® € H'(Q) such that

(22) a(x. ®) = /Q o VxeH\(Q).

As mentioned in Section 1, the original problem (5) is well-posed when w? # 0
is not an interior Maxwell eigenvalue. Under the same condition, the dual
problem (22) also has a unique solution satisfying

(23) 1]lx < Cllgllo-

Moreover, straightforward adaptations of [31, Theorem 2] and [10, Lemma 3.2]
to the Neumann boundary condition show the following results: For any given
60 >0,

e the P1 conforming finite element approximation ®¢ of ® satisfies

(24) [®— el < dllgllo,
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e the consistency error of the dual problem satisfies

(25) alxn, B) — / oxn < Collglolxallin  ¥xn € Na,
Q

provided that the mesh size h is sufficiently small.

Now we are ready to present the following lemma which establishes the
stability of the standard P1 nonconforming FEM for the problem (5). This
is a simple modification of [10, Theorem 3.1]. We remark that no regularity
assumptions are made here on the solution £ € H'(2) of the problem (5) and
the solution ® € H'(Q) of the dual problem (22).

Lemma 4.1. Let G be a linear functional on Ny whose discrete H=! norm is
defined by

G(xn
(26) IGllin = sup 20X
XhENR ”Xh”Lh

Then, for sufficiently small h, the solution ¥y € Ny, of the discrete problem

(27) a(Pn,xn) = G(xn)  Vxn € N
satisfies the following stability estimate
l1Ynllin < CING-1,h-

Proof. The proof is essentially the same as the proof of [10, Theorem 3.1] and
is included here for the reader’s convenience.
Taking xp, = ¢y, in (27) and applying Garding’s inequality (10), we obtain

(28) [¥nllin < Cll¥nllo + I1Gll-1n)-

Next we estimate ||1,]|o by mean of the Aubin—Nitsche duality argument. Fix
g € L?(Q2) and § > 0. Let ® € H(Q) be the solution of the dual problem (22)
and let h be sufficiently small so that (24)-(25) hold. It is trivial to see that

/ngh = {/ngh — a(tn, ‘I’)} +a(n, ® — o) + G(P0).

The first term represents the consistency error of the dual problem which is
bounded by (25)

/Q Gt — aton, ) < Cdllgllollvnlls a-

The second term can be readily bounded by (10) and (24)
a(Yn, ® — @) < Cl[Ynl1nll® = Polly < Céllgllollvn
Similarly, it follows by (26), (24) and (23) that
G(@o) < [|Gll-1rll®cly < [IGl-1n([®c = @l + [[2]1) < CUG]-1.nllgllo-
Collecting the above results and taking g = vy, we obtain

lYnllo < COlwnllin+ I1Gll=1.n),

1,h-
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which, when substituted into (28), gives

[¥nllin < COllYnlln + 1Gll-1.n)-
The proof is completed by choosing ¢ sufficiently small. (]

From Lemma 4.1 it is deduced that for sufficiently small h, the standard P1
nonconforming FEM for the problem (5)

(29) (& xn) = F(xn)  Vxn € Ny
has a unique solution Eh € Ny, satisfying
(30) [€rll1.n < ClIfllo-

By further estimating ||§h —&nll1,n, we can prove the following stability result
for the modified P1 nonconforming FEM (18) and the mixed finite volume
method (15).

Theorem 4.2. For sufficiently small h, the mized finite volume method (15)
has a unique solution (up, &) € VY x Ny, satisfying

(31) [wnll z(eurr) + [1€nllin < ClLElo-

Proof. Since (15) is a square matrix system, its solvability follows from the

uniqueness of the solution which is a direct consequence of (31). Let é\h € Ny,
be the solution of (29). To prove (31), we first note that

al&n — &, xn) = Glxn),

where

G(xn) = F(xn) — a(&n, xn) = a(&n, xn) — al&n, Xn)
=w / {uén — (p 1)~ fh}Xh

In order to apply Lemma 4.1, we need to estimate |G| —1,,. Write Z3G(x3) as

/{Mﬁh— p )" Eh}Xh—IJrH

where

/{M }thh» II:‘/Q(F)il(fh_gih)Xh

By the estimates (11) and the Cauchy—Schwarz inequality, it follows that

= [ ) T = s

(F)il{ﬁ— i (wénxn — 1€nxn)

(w7 T) T '

I
S—S— 5
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x (1= W&xn + B&nxn — Enxn) + (T — wW&nxn }

< CR?(|&nl1nllxnllin,

7= /Q (1177) ™ (6 = &) O = ) < OR2[€nl 1l s

which leads to
IGll-1,n < CR?| 4]

Hence, by Lemma 4.1, we obtain

(32) 1€n — &

Combining (30) and (32) gives
1€nllin < 1€n — Enllin + |€nllin < CR2|E)

from which we conclude that

1,h-

1 < CR?(|€n ]l -

Lh + Cll o,

I€nll1n < Cllfllo
for sufficiently small h. Finally, using (19) and (17), we obtain

lunll ey < C([@nllo + [l curlunllo) < C([[Enllrn + | Fllo) < ClIflo-
This completes the proof of (31). O

5. Error estimates

In this section we will derive optimal error estimates for the solution (wp, &)
of the mixed finite volume method (15). As in the previous section, the error
analysis is performed first for &, and then for u; via the local recovery formula

(19).
From (31) and (32) it follows immediately that
(33) 1€ = &nllin < CR[| Fllo

Therefore optimal H' and L? error estimates for &, can be obtained from
the corresponding error estimates for the solution fAh of the standard P1 non-
conforming FEM (29). To this end, we assume that the solution of the dual
problem (22) satisfies the following regularity estimate for some v € (0, 1]

(34) [@]l1++ < Cllgllo,

and adapt the proofs of [10] to the P1 nonconforming FEM (29).

Theorem 5.1. Assume that u € (H*(Q))? and £ € H5(Q) for 0 < s < 1
and that the regularity estimate (34) holds for some v € (0,1]. Let &, € Ny, be
the solution of the modified P1 nonconforming FEM (18). Then we have for
sufficiently small h

(35) 1€ = &nlln < Ch([[ulls + T curluflo + I€ll+s + [[£0),

(36) 1€ = &nllo < Ch*(Jlulls + [ eurlulflo + (€145 + | Fllo)-
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Proof. Let fAh € Ny, be the solution of (29) and note that for all ny, xn € Np,

a(nn — &y xn) = aln — & xn) + a(&, xn) — F(xn)-
By (10) we have
a(mn =& xn) < Clinn = &llunlixnllin,
and

a‘(gaXh) - F(Xh) S IceHXh”l,fu
where I, is the consistency error given by

- F
L= sup a(é, xn) (Xh).
XhENR HXh 1,h

Then, by applying Lemma 4.1, it follows that
nn = &nllin < CUIE = mmllin + Lee),

which results in
6 = &ullun < C(int g = mllun + Lec)-
NhENR

Choosing 1, € Np, to be the standard P1 nonconforming interpolant of &, we
have

(37) inf [|€ = nnll1,n < CR°(|E]1+s-
nrENp

In order to estimate the consistency error I.., we slightly modify the proof of
[10, Lemma 3.2] and employ the enriching operator E : N, — H(Q) satisfying
(13) and (14). Note that (5) and (4) yield

a(&, xn) — F(xn) = al§, xn — Exn) — F(xn — Exn)

= [ e eurlg - curly (o~ Bx) - [ pétu— Bx)
— /Q e f - curly(xn — Exn)
= w? /Q w - curly (xn — Exn) — w? /Q curlu(xn — Exn)-
By using (14) and (13), we obtain

al€xn) — Flxp) = w? /Q (u — ) - eurly (xn — Exi) — o /Q curlu(xn — Exn)

< C(|lu —allo + Al curlullo)|[xn

|1,ha
and thus
I <C(|lu— o + Al curlu|lp) < Ch*(JJu||s + || curl ul|p)-

Collecting the above results yields
(38) 1€ = &nlln < CR([lulls + [l curlullo + [I€]l1+s),
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which, together with (33), proves the H! error estimate (35).

Now we turn to the L? error estimate (36). The regularity assumption (34)
implies that (24)-(25) hold with § = A?, and following the duality argument
given in the proof of [10, Theorem 3.3], one can show that

€ = Enllo < ChY||E — &l
The proof is completed by combining this estimate with (38) and (33). O

1,h-

Remark 5.2. For the divergence-free source term (div f = 0), it was shown in
[29, Proposition 2] that if 4 and e are smooth, then there exists s > 1 such

2
that
s + || curlul[s < C| ffo-

In particular, we have s = 1 if  is convex. This regularity estimate also
holds for some s > 0 in the case that p and € are piecewise smooth over a
partition of € into finitely many subdomains and €2 is simply-connected; see
[2, Theorem 5.1]. Furthermore, using the Helmholtz decomposition of u and
the regularity result of the elliptic problem (cf. [2,29]), we can deduce that the
above regularity estimate still holds when div f € H=175(Q) and || div f| -1+
is added to || fllo-

Remark 5.3. Tt is easy to check that the regularity assumption & € H**(€)
is only used in the approximation property (37), so Theorem 5.1 is still valid
when ¢ is piecewise H'** and ||€]|14s is replaced by the broken norm

1/2
€on = ( ) ||s%+s,K) .

KeTn

In two dimensions we have
|curlé|s k = [weu + flo k < w?leuls k + [ flox < Cluls x + | f

which gives by (8)

S,Ka

€114, < Clulls + 1 £]s.n)-
In other words, ¢ is piecewise H!T% if u € (H*(2))? and f is piecewise H®.
This strongly indicates that, instead of directly computing p~! curluy, as an
approximation to & = p~! curlu, it is more reasonable to use one-order higher

finite elements for £, than uy, as is done in the mixed finite volume method
(15) and in [6]; see also Remark 5.5.

Finally, in the following theorem we derive the error estimate for uj, in the
H (curl) norm.

Theorem 5.4. Let (up,&p) be the solution of the mized finite volume method
(15). Then, under the assumptions of Theorem 5.1, we have

(39) [w—wunllo < CR([Julls + | curlaflo + [I€]l1+s + | Fllo),
(40) [ curl(u —wp)[lo < CR™ D (|lul|; + || curlalo + €]l 145 + [|Fllo)-
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Proof. By the second equation of (15), we have for K € Tj,

/ (e eurl(€ — &) — w(u— up)} = 0,
K

which implies that

1
SK|I2 /Kff1 curl(§ —&,)| < ClE &

Together with (19) and (17), this result gives

H’u'_’U'hHO,K = 1,K-

lw —unllo < [lu —allo + [fu = unllo + Chlf curluplo
< C(h*[lulls + 1€ = &nlrn + Alignllo)-

The first result (39) then follows by applying (35) and (31).
On the other hand, using the first equality of (17), we obtain

curl(w = un) = i€ = (1) "6 = (i) e -6}
= u(p D) (T e+ T E- D+ T E= G
which gives by (11)
| cwrl(w = un)lo < C(IE] + 1€~ &nllo)
So the second result (40) is proved by applying (8) and (36). 0O

Remark 5.5. By comparing (36) with the following one obtained by (40)

€ — ™t curlug|lo < C curlw — curluy|jo = O(A™RL5+)),

we conclude that &, provides a higher-order approximation to ¢ = p~ ! curlu

than p~! curl wy, if s+ > 1 (which is true when the exact solution is sufficiently
smooth). This is one of the benefits of the mixed finite volume method (15)
based on the mixed system (4). In particular, for smooth p and €, we get the
full convergence order ||& — &|lo = O(h?) when  is convex and f is piecewise
H?' (cf. Remarks 5.2-5.3). Such an approximation may be also obtained from
the standard lowest-order edge element by using the averaging operator but
under the conditions of superconvergence (almost uniform triangulations and
higher regularity of u); for example, see [21].

6. Numerical results

In this section we report some numerical results to support the theoretical
results of the previous section. In all of the examples, we set w = 1 and the
source term f is determined by the given exact solution u.

Example 1. First we consider the constant coefficients 4 = € = 1 and the
following smooth solution on the unit square Q = (0,1)?

u(z,y) = (cos 2wz sin 7y, sin T cos 27Y)
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TABLE 1. Errors and convergence orders for Example 1

1/h [lu —urllo Order || curl(w — un)|jo  Order € = &nllo  Order
8 1.8926e-1 — 3.8013e-1 — 7.0220e-2 —
16 9.5551e—2  0.9861 1.9114e-1 0.9919 1.7747e-2  1.9843
32 4.7892e-2  0.9965 9.5698e—2 0.9980 4.4489e-3  1.9960
64 2.3960e-2  0.9991 4.7865e—2 0.9995 1.1130e-3  1.9990

128 1.1982e-2  0.9998 2.3934e-2 0.9999 2.7829e-4  1.9998

256 5.9912e-3  0.9999 1.1967e-2 1.0000 6.9576e-5 1.9999

512 2.9956e-3  1.0000 5.9838e—-3 1.0000 1.7394e-5 2.0000

which satisfies the homogeneous Dirichlet boundary condition w -t = 0 on 0.
Note that divu # 0 and so div f # 0. The numerical solution (up, &) is com-
puted on a sequence of uniform triangulations generated by first partitioning
Q) into equal squares of width h = 2% and then dividing every square into two
congruent right triangles with the diagonal of slope 1.

The numerical errors are reported in Table 1, where the convergence orders
are numerically computed by

(Error for 2h)
(Error for h)

It is clearly observed that the convergence orders in Table 1 are in perfect
agreement with those of Theorems 5.1-5.4.

(Order) = log,

Example 2. In the second example we consider the variable coefficients
1
T,Y) = ——=
Wz, y) TR
and the exact solution is chosen to be
sin 27y sin 2wz
u(z,y) = (1 ; )
+zy 1+axy
on the unit square = (0,1)2. The numerical computation is done with the
same sequence of uniform triangulations used in Example 1. The numerical

results of Table 2 show that the convergence orders are as good as in the case
of constant coefficients.

e(z,y) =1+a% +y?

Example 3. The third example involves the following nonsmooth solution on
the L-shaped domain Q = (—1,1)2\ ([0, 1] x [0, —1])

2 1
u(r,0) = curl r3 cos =0 + — cos T cos Y
3 3
with the coefficients y = e = 1. Here (r, ) denotes the polar coordinates. This

solution satisfies w -t = 0 on the two line segments of {2 meeting at the origin
but w -t # 0 on the remaining part of 9. Although u € (H*(Q2))? for any
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TABLE 2. Errors and convergence orders for Example 2

1/h [lu —urllo Order || curl(w — un)|jo  Order € = &nllo  Order
8 1.8820e-1 — 9.9720e-1 — 2.1377e-1 —
16 9.4805e—2  0.9892 4.9946e—-1 0.9975 5.3910e—2 1.9874
32 4.7491e-2  0.9973 2.4983e-1 0.9994 1.3507e-2  1.9969
64 2.3757e-2  0.9993 1.2493e-1 0.9998 3.3785e-3  1.9992

128 1.1880e-2  0.9998 6.2467e—2 1.0000 8.4473e-4 1.9998

256 5.9401e-3  1.0000 3.1234e-2 1.0000 2.1119e-4  2.0000

512 2.9701e-3  1.0000 1.5617e-2 1.0000 5.2798¢-5 2.0000

O<s<%,£:curlu:%

regularity estimate (34) for the dual problem holds with 0 < v < %

The first experiment is performed for a sequence of uniform triangulations
generated by successive uniform refinement of the initial triangulation (with
h = 1) shown in the left of Figure 1. Table 3 presents the numerical errors,
showing that the convergence orders are again in perfect agreement with those
of Theorems 5.1-5.4. From these results we conjecture that the nonhomoge-
neous Dirichlet boundary condition does not affect the convergence orders (at
least when w - t is smooth on 0f2).

In the second experiment we perform adaptive mesh refinement using the
following (local) residual error estimator of [11] for K € T, (which was originally
developed for the standard lowest-order edge element of Nédélec)

M = hicl f+Pewn|§ o+ D (hellle ! curlwn]|§ o +he|| [w”eun-nc]l5..)-
eCOK\OQ

cosmx cosmy is smooth. We also note that the

Here [v] denotes the jump of v across e € &) and n. is a fixed unit normal
vector to e. The initial triangulation is again the one shown in the left of Figure
1. We apply the simple maximum marking strategy which marks K € T
(and some more elements around K to avoid hanging nodes) for refinement if
Nk > %maXK'eTh NK'.

The adapted triangulations after five and ten mesh refinements are displayed
in the middle and right of Figure 1, where we can see that the residual error
estimator captures well the singularity of w at the origin. The numerical errors
are plotted in Figure 2 which shows that ||§ — & ||o decreases more rapidly than
|l — wp|lo and || curl(w — wp)||o as the triangulation is refined. More precisely,
by means of the least-squares fitting, it is found that the following optimal
convergence orders are achieved in the asymptotic regime

[ — unllo = O(NT?),
| curl(u — up)llo = O(N "),
€ = &nllo = O(NT1),

where N = #¢&), denotes the number of edges in Tj,.
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TABLE 3. Errors and convergence orders for Example 3

1/h lw — unllo Order || curl(w — un)|jo  Order € = &nllo  Order
8 1.338e0-1 — 8.3833e-2 — 4.3828e—2 —
16 8.1497e-2  0.7153 3.9648e—2 1.0803 1.6629e—2 1.3982
32 5.0839e-2  0.6808 1.9154e-2 1.0496 6.4667e-3 1.3626
64 3.1965e-2  0.6695 9.3707e-3 1.0314 2.5420e-3 1.3471

128 2.0145e-2  0.6661 4.6207e-3 1.0200 1.0041e-3 1.3401

256 1.2701e-2  0.6654 2.2900e-3 1.0128 3.9749¢-4 1.3369

512 8.0076e-3  0.6655 1.1386e-3 1.0081 1.5753e-4 1.3353

1 1

0.5 0.5

0 0

-0.5 -0.5

1 1

1 0.5 0 0.5 1 -1 0.5 0 0.5 1

FIGURE 1. Initial (left) and adapted triangulations after five
(middle) and ten (right) mesh refinement for Example 3

LR R L B L IR O L)t 1 6101

ot || curl{n — wa) [lo |

[1€—&llo

107
O(N-19)
10— R AT TTT B S A A TTT] M A A TTTT! M S THTT] S |
10! 10? 10% 10* 10% 10%

FIGURE 2. Errors and convergence orders for Example 3 with
respect to the number of edges (V)
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