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CROSSING-CHANGE PATHS FROM THE TREFOIL

TO THE FIGURE-EIGHT KNOT:

EXAMPLES WITH TWO-BRIDGE KNOTS

WONJUN LEE

1. The Question

Find up to three examples of sequences of knot diagrams that begin with a diagram of the trefoil

knot and end with a diagram of the figure-eight knot, where each step is obtained from the previous

diagram by a crossing change.

The obvious chains trefoil → unknot → figure-eight and trefoil → trefoil # figure-eight → figure-

eight are not allowed.

2. Facts

2.1. Double Twist Knots. For given integers n and m, we say a knot or a link of the form described

in Figure 1 is a double twist knot/link, and denote it by K(m,n). Unlike the general convention

for double twists knots, we allow half twists throughout this work.

n

m

=

...

· · ·

n half twists

m half twists

Figure 1. Double twist knot/link K(m,n).

Remark 1. Any double twist knot has bridge index of at most 2 (see [Rol03, Remark 4.D.21]). In

other words, any nontrivial double twist knot is a two-bridge knot and is prime.

The proposition below will be used to prove that the crossing-change paths in Section 3.2 are

nontrivial.

Proposition 2. Double twist knots of the form K(2m + 1, 2n) with n > 0 are all distinct, and

additionally if (m,n) ̸= (0, 1), K(2m+ 1, 2n) is nontrivial.
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Proof. First observe that K(2m + 1, 2n) with n > 0 is always a knot, not a link. We show that the

Alexander polynomials of double twist knots are distinct. Applying the skein relation at the bottom-

most crossing among the 2m+1 half twists, the Alexander polynomial of K(2m+1, 2n) is computed

as:

∆(K(2m+ 1, 2n)) = ∆(K(2m− 1, 2n))− (t1/2 − t−1/2)∆(T2,2n)

= · · ·

= ∆(K(1, 2n))−m(t1/2 − t−1/2)n(t1/2 − t−1/2)

= ∆(T2,2n−1)−mn(t− 2 + t−1)

·
= t1−n t

2n−1 + 1

t+ 1
−mn(t− 2 + t−1)

= tn−1 − tn−2 + · · · − t2−n + t1−n −mn(t− 2 + t−1)

where Tp,q is the (p, q)-torus knot/link.

Comparing the Alexander polynomial for n > 0 proves the statement. □

3. Crossing-Change Paths with Two-Bridge Knots

3.1. A Basic Example. For a knot diagram of the trefoil with three crossings, changing any one of

the crossings gives the unknot. Therefore we add new crossings with Reidemeister moves and then

change crossings. We get a crossing-change path from the (right-handed) trefoil to the figure-eight

knot as in Figure 2.

∼ CC

CC ∼

Figure 2. Crossing changes (denoted CC above an arrow) from the trefoil to the

figure-eight knot.

The crossing-change path in Figure 2 is an explicit example, but we have to prove that the path

is non-trivial in order to solve the question. That is, denoting the rightmost knot at the first row of

Figure 2 as K, we must show that K is neither the unknot nor the connected sum of the trefoil and

the figure-eight knot. This will be proven in Section 3.2.
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3.2. Generalization of the Example. By redrawing the example given in Figure 2 with double

twist knots, we confirm that the example in Figure 2 is a nontrivial example of crossing-change path,

and we also generalize the example to show that there are more than three examples of crossing-change

paths. Before that, we introduce a notation for a particular “twist-making” crossing change, which

adds ±1 full twist (equivalently, ±2 half twists) to a part of the diagram.

+
CC

− CC

Figure 3. The “twist-making crossing change,” denoted by the blue box □ with sign.

Now we reformulate Figure 2 into Figure 4, following the convention in Figures 1 and 3.

3

∼

3

CC

3

3

∼

3

∼

4

3

4

3

− CC

2

3

∼

−2

2

Figure 4. Redrawn crossing changes from the trefoil to the figure-eight knot. Again,

the number in each box represents the number of half twists. The last knot isotopy

follows from a diagrammatic verification of K(m+ 1, 2) = K(m,−2).
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Now combining Remark 1 with Proposition 2, we conclude that the knot K(3, 4) in Figure 4 is

neither the unknot nor the connected sum of the trefoil and the figure-eight knot. Moreover, we

generalize Figure 4 to countable crossing-change paths in Figure 5.

· · · K(1, 6) K(1, 4) T2,3

· · · K(3, 6) K(3, 4) K(3, 2) K(2,−2)

· · · K(5, 6) K(5, 4) K(5, 2)

...
...

...

CC CC

CC

∼

CC
CC CC

CC

CC

CC

∼

CC
CC CC

CC

CC

CC CC

Figure 5. Generalized crossing-change paths. The crossing-change path in Figures 2

and 4 is marked with red.
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