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We introduce new definition that generalizes the condition of problem.
Definition) (aq,--- ,a,) € R" with n > 3 is V,-tuple if it satisfies
a1§a2§--~§an,2ai>0, Z a;a; >0, and Z a;a;ag > 0.

1<i<n 1<i<j<n 1<i<j<k<n
Lemma 1) (ay, as, a3) is Vs-tuple if and only if a; > 0.
Proof) If part is trivial. To prove the only if part, let (a;, as, as) be a Vz-tuple.
From ajasas > 0, we get only two possible cases: a1 < ay <0< az and 0 < a; < as < as.
For the first case, let f(x) = ajas + (a1 + az)z. Then f'(z) = a; + a2 < 0 and
f(—ay — az) = ajas — (a; + az)?* = —(a? + ajag + a3) = — (a1 + az/2)* — 3a2/4 < 0, so
f(x) <0 forall x > —a; — as. As az > —a; — ap from Z a; > 0, it is contradiction.

1<i<3

Therefore, a; > 0. A

Lemma 2) If (aq,- - ,a,) is V,-tuple, then (a; + ¢, -+ ,a, + ¢) is also V,-tuple for all ¢ > 0.

Proof) a; +c<ay+c¢<---<a,+c, Z a; +c=nc+ Z a; > 0.

1<i<n 1<i<n
Z (a; +¢)(aj+c) = Z (aa; + ca; + ca; + ¢*) = Z (aa;) +C Z (a;) +C" >0
1<i<j<n 1<i<j<n 1<i<j<n 1<i<n

for some nonnegative constant C, C".
Similarly, Z (a; + c)(a; + c)(ar + c) = Z (a;ajax) + C Z (aia;) +C" Z (a;)
1<i<j<k<n 1<i<j<k<n 1<i<j<n 1<i<n

+ C” > 0 for some nonnegative constant C,C’,C"”. B



Claim) If (aq,- - - , a,) is V,-tuple, then a,_» > 0. Furthermore, there is V,,-tuple with a,,_3 < 0.

Proof) Use induction on n. If n = 3, we proved it in Lemma 1. Assume it holds for n.

Then for n + 1, assume (ay, -+ ,any1) is Vi p1-tuple.
If a,—1 <0, then (a1 — ap—1, -+ ,ap—2 — @p_1,0,a, — Ap_1,0n4+1 — ayp_1) is also V,;i-tuple by
Lemma 2. Then (a3 — ap_1," "+ ,Gpn9 — Gp_1,0np — Qp_1,0ny1 — Gp_1) 18 also V-tuple.

But this is contradiction as a, o — a,—1 < 0. Therefore, a,_; > 0 for every V,1-tuple, so

induction holds. For the second statement of claim, (0,---,0,1,1,1) is the example. B

By the claim, we conclude that maximum p such that there exists V,-tuple (ay,--- ,a,)

whose a, <0isn —3. Forn =5, p = 2.



