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수리과학과 석박통합과정 김준홍

We introduce new definition that generalizes the condition of problem.

Definition) (a1, · · · , an) ∈ Rn with n ≥ 3 is Vn-tuple if it satisfies

a1 ≤ a2 ≤ · · · ≤ an,
∑

1≤i≤n

ai > 0,
∑

1≤i<j≤n

aiaj > 0, and
∑

1≤i<j<k≤n

aiajak > 0.

Lemma 1) (a1, a2, a3) is V3-tuple if and only if a1 > 0.

Proof) If part is trivial. To prove the only if part, let (a1, a2, a3) be a V3-tuple.

From a1a2a3 > 0, we get only two possible cases: a1 ≤ a2 < 0 < a3 and 0 < a1 ≤ a2 ≤ a3.

For the first case, let f(x) = a1a2 + (a1 + a2)x. Then f ′(x) = a1 + a2 < 0 and

f(−a1 − a2) = a1a2 − (a1 + a2)
2 = −(a21 + a1a2 + a22) = −(a1 + a2/2)

2 − 3a22/4 < 0, so

f(x) < 0 for all x ≥ −a1 − a2. As a3 ≥ −a1 − a2 from
∑
1≤i≤3

ai > 0, it is contradiction.

Therefore, a1 > 0. ■

Lemma 2) If (a1, · · · , an) is Vn-tuple, then (a1 + c, · · · , an + c) is also Vn-tuple for all c ≥ 0.

Proof) a1 + c ≤ a2 + c ≤ · · · ≤ an + c,
∑

1≤i≤n

ai + c = nc+
∑

1≤i≤n

ai > 0.∑
1≤i<j≤n

(ai + c)(aj + c) =
∑

1≤i<j≤n

(aiaj + cai + caj + c2) =
∑

1≤i<j≤n

(aiaj) + C
∑

1≤i≤n

(ai) + C ′ > 0

for some nonnegative constant C,C ′.

Similarly,
∑

1≤i<j<k≤n

(ai + c)(aj + c)(ak + c) =
∑

1≤i<j<k≤n

(aiajak) + C
∑

1≤i<j≤n

(aiaj) + C ′
∑

1≤i≤n

(ai)

+ C ′′ > 0 for some nonnegative constant C,C ′, C ′′. ■
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Claim) If (a1, · · · , an) is Vn-tuple, then an−2 > 0. Furthermore, there is Vn-tuple with an−3 ≤ 0.

Proof) Use induction on n. If n = 3, we proved it in Lemma 1. Assume it holds for n.

Then for n+ 1, assume (a1, · · · , an+1) is Vn+1-tuple.

If an−1 ≤ 0, then (a1 − an−1, · · · , an−2 − an−1, 0, an − an−1, an+1 − an−1) is also Vn+1-tuple by

Lemma 2. Then (a1 − an−1, · · · , an−2 − an−1, an − an−1, an+1 − an−1) is also Vn-tuple.

But this is contradiction as an−2 − an−1 ≤ 0. Therefore, an−1 > 0 for every Vn+1-tuple, so

induction holds. For the second statement of claim, (0, · · · , 0, 1, 1, 1) is the example. ■

By the claim, we conclude that maximum p such that there exists Vn-tuple (a1, · · · , an)

whose ap ≤ 0 is n− 3. For n = 5, p = 2.
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