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1 Problem Statement

Find all positive integers k satisfying the following statement: For any positive integers m and n,

((k+1)m)!((k+ 1)n)!
min!((k — 1)m + n)l(m + (k — 1)n)!

is an integer.

2 Necessary and Sufficient Condition

The exponent of a prime p in N!is v,(N!) = > ;2 | N/p'|. Therefore, expression (A) is an integer if and
only if for all primes p:
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3 Lemmal

Define the function P(z,y) for z,y > 0 as:

P(z,y) = [(k+Dz] + [(k+ Dy] — [2] = ly] = [(k =Dz +y] - [z + (k- 1y] (1)

Then, P(z,y) >0 for all z,y > 0if k =1,2,3,4

(Proof)

Note that P(x +1,y) = P(x,y) = P(x,y + 1) for all x,y > 0. Thus, we may assume 0 < z,y < 1, which
implies [z| = |y] = 0. In this range:

Plz,y) = [(k+ Vx| + [(k+Dy| — [(k =Dz +y] - [z + (k- 1y] (2)

For each k, let k+_1 << }C"_;ll and k%rl <y< % for i,7 € {0,1,...,k}. Then [(k+ 1)z] = ¢ and
L[(k+1)y] =7

Case i =j

Ifi = j, then (k—1)z+y < E=DEELTEED — k_(11) 5o [ (k—1)z-+y) < i. Similarly, |z-+(k—1)y] <.
Thus, P(z,y) > i+1i—i—i=0. By symmetry, we only need to consider i < j.

() k=1

P(z,y) = [2z] + |2y] > 0.

(ii) k =2

P(z,y) = |3z| + [3y] — 2|z +y]. Cases for i < j € {0,1,2}:
e {i=0,j=1}:04+1-2[z+y]. Sincex+y <

> Wlw

=Llz+y] =0 = Plr,y) > 1.
> 0.

¢ {i=0,j=2}:0+2-2|z+y|. Sincex+y< 3, |v+y|l <1 = P(x,y) >
e {i=1j=2}:1+2-2[z+y]. Sincex+y <3, |z +y] <1 = P(z,y) >1.



(iii) k=3
P(z,y) = |4z + |4y] — |22+ y] — |z + 2y]. Cases for i < j € {0,1,2,3}:
e {i=0,j=1}:0+1-0—[2+2y]. 2z4+y<1, 2+2y<2 = Pz,y) >0+1-0-1>0.

o {i=0,j=2}:0+2—[20+y|—[z+2y]. 22 +y< 2, 2+2y< T = Pla,y) >2-(1+1)=0.
o {i=0,j=3}:0+3—20+y|—|z+2y]. 20 +y<S,2+2y<§ = P(z,y) >3- (1+2) =
o {i=1,j=2}:14+2—[20+y|—|2+2y). 2r+y< To+2y<§ = Plz,y) >3- (1+1) =1
o {i=1,j=3}:1+43-[2z+y|—[v+2y). 2z+y < §, 242y < = P(a,y) >4—-(1+2) =1
o {i=2,j=3}:243—22+y|— |2 +2y]. 20+y < L x+2y< il = P(z,y) >5-(2+2) =1
(iv) k=4
P(z,y) = |5z + |by] — |3z +y] — |z + 3y]. Cases for i < j € {0,1,2,3,4}:
o {i=0,j=1}:0+1—[3z+y|]—[z+3y|. 3x+y<2, 24+3y<{ = P(z,y) >1-1=0
e {i=0,j=2}:0+2—[3z+y|—[#+3y). 3x+y < L, a+3y < P(z,y) >2-(1+1) =
o {i=0,j=3:0+3—[3z+y|—[z+3y]. 3z+y < I,a+3y< P(z,y) >3- (1+2)=0.
o {i=0,j=4}:0+4—[3z+y|—|z+3y]. 3z+y < L, 243y < P(z,y) 24— (1+3) =0.
e {i=1j=2}:142—[3z+y|— [z+3y). 3x+y< L, 243y < P(z,y) >3- (1+2) =
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o {i=1,j=3}:143—3z+y|— [z+3y). 3x+y < L, 2+3y < (z,y) (

o {i=1j=4}:1+4—[3z+y|—[z+3y). 3z+y < L a+3y < P(z,y) >5—(2+3) =0.

o {i=2,j=3}:2+3—[3z+y|—|z+3y). 3z+y < 2, 2+3y < P(z,y) >5—(2+2) =

o {i=2j=4}:24+4—3z+y|—|z+3y]. 3x+y < 15)—47x+3y< P(z,y) >6—(2+3) = 1.

o {i=3,j=4}:3+4—[3z+y|—|z+3y). 3z+y < L a+3y < P(z,y) >7—(343)=1.
4 Proof for k£ <4
Note that expression (B) can be rewritten as:

;PZ g (3)

By Lemma 1, P( o 7) > 0 for all positive integers m, n, i and all prime number p. Thus, the expression

(A) is always an 1nteger for any positive integers m,n.

5 Proof for £ >5

Suppose k > 5. By Dirichlet’s Theorem, there exists a prime p > 3(k + 1) such that p =1 (mod k + 1).

Let m = 3(15;11) andn:%. Sincep>m>nandp>3(k+1) we have p? > (k + 1)m, (k + 1)n, (k —

1)m +n, (k — 1)n +m. Thus, the expression (B) equals to P(Z*, 7). Calculating the P(m 2):

n,  (k+1)m (k+Dn,  (k—Dm+n,  m+(k—1)n
7p)—L ) I+ ) =1 ’ =1 )
B B 2 p—1 k+2 p—1
e =L B L
:2+0—2—1=—1<0

P

]

m
p

]

Thus, (A) is not an integer in general for £ > 5. Conclusion: k =1,2,3,4.



Remark: Motivation for the Counterexample
The construction of the counterexample for & > 5 is based on the following observations:

1. Reduction of Expression (B): By choosing a sufficiently large prime p such that m,n < p and
(k + 1)m, (k + 1)n < p?, the summation in Expression (B) reduces to a single term where i = 1:

P(z,y) = [(k+Dz| + [(k+1)y] — [(k =Dz +y] — [z + (k- 1)y]
where x = m/p and y = n/p.

2. Lattice Point Proximity: For P(x,y) to be negative, the negative terms in the expression must
"overtake” the positive terms. This typically occurs when z and y are very close to the boundaries
J

of the floor function intervals, specifically = ~ ﬁ_l and y ~ 47 for some integers ¢, j.

3. Choice of m and n: To exploit this, I set m = Lk'_’:l
of the fractional parts, I assumed p =1 (mod k + 1).

| and n = LkaZlJ To simplify the calculation

4. Finding Specific i and j: Substituting these forms into the inequality P(z,y) < 0, I found
sufficient conditions such as m —2n > i and p — j > 2m —n. Testing the simplest non-trivial cases,
I found that the pair (i,5) = (3,1) satisfies these requirements for k£ > 5, providing the required
counterexample.



