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2025-16 Poisson variable: Show that if X is a Poisson random variable with parameter u, for
t > p+ 1, there exists a constant ¢ > 0 such that P(X — y > t) > ce™2t1og(1+0+1)/n),
Solution: Let X ~ Pois(y) and fix t > p + 1. Put

K :=|u+t] and tk =K —peltt+1).

Then P(X —p>t)=P(X > p+t) >P(X =K).
For every integer k > 1,

k! < \/ﬂ@)kel/(lzm

via Stirling’s approximation. Hence
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Write the exponent as
—u—Klog% + K=tk — (u+tg)log (1+ %‘) =:g(tk),
where g(u) :=u — (1 + u)log(1 + u/p). Since ¢'(u) = —log(l + u/u) <0, g is decreasing, and thus
gltx) > gt+1)=(t+1)— (u+t+1)1og(1+%).
Because t > pu + 1, we have u+t + 1 < 2¢, hence
gt+1)> (t+1) —2tlog (1 + %)

Therefore,
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Since t > pu+ 1, we have K = [p+t] < p+t+1 < 2t and also ¢ > 1. Hence

P(X > p+t)> exp((t+1)—2tlog(1+%)).
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Combining the displays,
P(X —p>t)>cexp ( — 2tlog (1 + %)),

with the absolute constant
o2-1/12

=

CcC =




