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Show that any set of d + 2 points in R? can be partitioned into two sets whose convex hulls

intersect.

Solution

This is known as Radon’s theorem. Let 1, ..., 242 € R? be d + 2 points in R?. Consider
the d + 2 vectors (x;,1) € R4, Since R4 has dimension d + 1 < d + 2, these vectors are
linearly dependent, so there exist scalars Ai,..., Ao, not all zero, such that

d+2

i=1

That is, Zﬁf \iz; = 0 and Zf-lif Ai =0.

Let I, :={i : \; > 0} and I_ := {i : \; < 0}. The equation > ; \; = 0 and nonzeroness
implies both I, and /_ are nonempty. Let

S, = Z)‘i: Z(_)‘i> =5_>0

icly iel_

Also, define o; := g‘—i (tely), Bi:= ;il (i€1.). Then o, B; > 0and Yyef, o = Y4y Bi =

1. Using >, iz, = 0, we get

1
Z iz = 5. S (=X)zi =Y Bim = y.

el 1€l

1
Z o;r; = Si_i_

i€l

Thus the point y is a convex combination of {z; : ¢ € I} and also a convex combination of
{z; : i € I_}. Therefore

y € conv{z; :i € I} Nconv{x;: 1€ [},
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so the convex hulls of the two parts intersect. (Any x; with A\; = 0 can be placed in either

part without affecting y.)

Note. The problem doesn’t hold for d 4 1 points in R?

Let vg = 0, v; = ey,...,v054 = eq € R% Let A, B be a partition of {vy,...,v4} into two
nonempty sets. Suppose, for contradiction, that conv(A) N conv(B) # &. Then there exists
y such that

y=> au;= Bu; and Y =) B;=1

i€A jEB i€A jEB
where «;,3; > 0 By adding auxiliary zeros, we obtain (d + 1)-tuples (a,...,aq) and
(Boy- -, Ba) with y = X8 g v, = X By and Y, = Y, 8; = 1. Le.

d d
Z(Oéi - ﬁi)vi =0 and Z(Oéi - 51’) =0.
=1 =0
By the independence of standard basis, first equation implies that a;—3; = 0forall 1 < < d

and the second equation additionaly shows that ay — 3y is also zero.

Note that AN B = @ says that at least one of «; or 3; must be zero for all i. Combining this
observation with the equation «o; = ;, we get o; = 3; = 0 for all k, contradicting to the fact

that the sums equal 1. Therefore conv(A) N conv(B) = & for every nontrivial partition.
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