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Let 𝑍 be a standard normal random variable. The moment generating function of 𝑍 is 𝔼[𝑒𝑡𝑍] = 𝑒𝑡
2/2,

so by Markov’s inequality, for any 𝑡, 𝑢 > 0 it holds that

ℙ(𝑍 > 𝑢) = ℙ(𝑒𝑡𝑍 > 𝑒𝑡𝑢) ≤
𝔼[𝑒𝑡𝑍]
𝑒𝑡𝑢

= 𝑒−𝑡𝑢+𝑡
2/2.

In particular, by considering when 𝑡 = 𝑢, we get

ℙ(𝑍 > 𝑡) ≤ 𝑒−𝑡
2/2. (1)

Meanwhile, for any nonnegative random variable 𝑌, we have
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∞

0
ℙ(𝑌 > 𝑡) 𝑑𝑡.

Therefore, we conclude that

𝔼 [max
𝑖

|𝑋𝑖|
√1 + log 𝑖

] = ∫
∞

0
ℙ (max

𝑖

|𝑋𝑖|
√1 + log 𝑖

> 𝑡) 𝑑𝑡

≤ ∫
2

0
1 𝑑𝑡 + ∫

∞

2
ℙ (max

𝑖

|𝑋𝑖|
√1 + log 𝑖

> 𝑡) 𝑑𝑡

= 2 + ∫
∞

2
ℙ (

∞
⋃
𝑖=1

{
|𝑋𝑖|

√1 + log 𝑖
> 𝑡}) 𝑑𝑡

≤ 2 + ∫
∞

2

∞
∑
𝑖=1

ℙ (
|𝑋𝑖|

√1 + log 𝑖
> 𝑡) 𝑑𝑡

= 2 + ∫
∞

2

∞
∑
𝑖=1

2ℙ (𝑋𝑖 > 𝑡√1 + log 𝑖) 𝑑𝑡

≤ 2 + 2∫
∞

2

∞
∑
𝑖=1

𝑒−𝑡
2(1+log 𝑖)/2 𝑑𝑡

= 2 + 2∫
∞

2

∞
∑
𝑖=1
(𝑒𝑖)−𝑡

2/2 𝑑𝑡

≤ 2 + 2∫
∞

2

∞
∑
𝑖=1

𝑒−𝑡
2/2𝑖−2 𝑑𝑡

= 2 +
𝜋2

3
∫
∞

2
𝑒−𝑡

2/2 𝑑𝑡

≤ 2 +
𝜋5/2

3√2

where in the third inequality we used (1), in the fourth the fact that 𝑡2/2 ≥ 2 as the domain of the integral
is 𝑡 ≥ 2, and in the fifth the Gaussian integral ∫∞

0 𝑒−𝑡
2/2 𝑑𝑡 = √𝜋/2.
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