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Problem. For given a,b € R and c € Z, find all function f:R — R which is
continuous at 0 and satisfies

f(ax) = f(bx) + x, Vv x € R\{0}
Solution.
If a =0b, then f(ax) = f(ax) + x¢, x¢ = 0, which is contradiction. . a # b.
If ¢ <0, then }Ci_r%(f (ax) — f(bx)) =0 = }Ci_rgxc, which is contradiction. -~ ¢ > 0.

Casel) |a| < |b|
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It’ easy to show that the satisfies all conditions.
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Let f(x) be a function satisfying all conditions. Define g(x) = f(x) —

Then, we have g(ax) = g(bx) and g(x) is continuous at 0.
If a =0,then g(bx) = g(0),so0 g(x) = g(0).
Now, we may assume a # 0. Then, b # 0 and we have g(x) =g (—x) =g (—Zx) =

e g(Z—:x) forall n € N and for all x # 0.

Hence, g(x) = lim g(Z—Zx) = g(0) forall x # 0since g(x) is continuous at 0.
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Therefore, g(x) = C for any constant C. Thus, f(x)= + C for any constant C.

Conversely, it satisfies all conditions.

Case2) |a| > |b]|
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Similarly, we can show that f(x)= + C for any constant C.

Case3) |a| = |b| i.e., a=—b
flax) = f(—ax) + x¢, so f(—ax) = f(ax) + (—x)¢. Hence, x° + (—x)* =0, so c is
odd. Then, acxfcbc is well-defined and satisfies all conditions.
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Let f(x) be afunction satisfying all conditions. Define g(x) = f(x) —

Then, we have g(ax) = g(—ax) forall x # 0,s0 g(x) = g(—x). Hence, g(x) iseven
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and continuous at 0. Conversely, f(x) = + g(x) satisfies all conditions for any



even function g(x) which is continuous at 0.

To sum up, we have a # b, ¢ > 0 and all possible functions are
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+C if |a| # |b|

+ g(x) if |al = |b| and c is odd

for any constant C and for any even function g(x) which is continuous at 0.



