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Solution.

commute.

Let X € R™ ™ be a symmetric matrix with eigenvalues \; and orthonormal eigenvectors u;.

The spectral decomposition gives
n
X = Z )\iuiu?.
i=1

For a function f : R — R, define

n

f(X) = Zfo\i)uiu;r'

i=1
Let X, Y € R*™*™ be symmetric. Is it always true that eX+Y = eXe¥'? If not, under what
conditions does the equality hold?

X and Y can be simultaneously diagonalized by an orthogonal matrix if and only if they
([1], Theorem 5 in Chapter 4) From X = Y1 | Aw;u) and Y = >0 | wyusu;, we have

n n
eXe¥ = E e)‘iu,;uzT E e"jujujT
i=1 j=1

n n
:E E e>‘i+"juiujujujT

i=1 j=1

n n
= E E e/\1+”fui5iju;r

i=1 j=1

n
= E elithi uiuzT
i=1

=Xy,

If X and Y do not commute, the equality does not necessarily hold. Here is a counterexample:

Consider

and

Note that

Then

X:ll 1]_[1% y ﬁ] [0 (’] [Wﬁ Wﬂ

11 [1v2 o2l o 2| | 1v2 12

v 01:[1 0“1 0] [1 0].
0 2 0 1{lo 2/]0 1
11
XYy = ;AYX:L 2];
X and Y do not commute.
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and

SO
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On the other hand,

vy 21l ~V5+v6 V5-v5l1[5-v5 0 1 [-vV5+v6 V5-V6
13 VIO VE=VE VE+VE|2] 00 5+5|VI0 | VE—VE VE+5|]
SO s
xov 1 [=V5+V6 V5B | 2 0 | [-Vs+v5 V-5
TV VE VEEEl | g SB[ [ VE-VE V)
Obviously eX+Y £ eXeY, [ |
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