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We first claim that condition (a) implies that either 𝑃 = 0 or 𝑑 = deg(𝑃). If 𝑃 = 0 then there
is nothing to show, so we may assume that 𝑃 ≠ 0. Let 𝑛 = deg(𝑃) so that 𝑛 ≥ 0. Then we can
decompose 𝑃 into a sum 𝑃 = 𝑃0 + 𝑃1 + ⋯ + 𝑃𝑛 where each 𝑃𝑖 is a polynomial whose terms are
exactly of degree 𝑖. Notice that for each 𝑖 = 0, 1,… , 𝑛, it holds that 𝑃𝑖(𝑡𝒙) = 𝑡𝑖𝑃𝑖(𝒙), and thus

𝑡𝑑𝑃(𝒙) = 𝑃(𝑡𝒙) = 𝑃0(𝑡𝒙) +⋯ + 𝑃𝑛(𝑡𝒙) = 𝑃0(𝒙) + 𝑡𝑃1(𝒙) +⋯ + 𝑡𝑛𝑃𝑛(𝒙).

Considering this equation as an identity between polynomials of 𝑡, with the fact that 𝑃𝑛 ≠ 0 as
𝑛 = deg(𝑃), we conclude that 𝑑 = 𝑛.

Now let us consider condition (b). Write 𝑃 as a sum ofmonomials 𝑃(𝒙) = ∑𝒌 𝑐𝒌𝑥
𝑘0
0 𝑥𝑘11 …𝑥𝑘55 .

From having 𝑃(𝒙) = 0 if 𝑥0 = 𝑥1, it holds that

𝑃(𝑥0, 𝑥1,… , 𝑥5) = 𝑃(𝑥0, 𝑥1,… , 𝑥5) − 𝑃(𝑥1, 𝑥1,… , 𝑥5)

= ∑
𝒌
(𝑥𝑘00 − 𝑥𝑘01 ) 𝑐𝒌𝑥

𝑘1
1 …𝑥𝑘55

= ∑
𝑘0≥1

(𝑥𝑘00 − 𝑥𝑘01 ) 𝑐𝒌𝑥
𝑘1
1 …𝑥𝑘55

= (𝑥0 − 𝑥1) ∑
𝑘0≥1

(𝑥𝑘0−10 + 𝑥𝑘0−20 𝑥1 +⋯+ 𝑥𝑘0−11 ) 𝑐𝒌𝑥
𝑘1
1 …𝑥𝑘55 .

In particular, this shows that there exists a polynomial 𝑄1(𝒙) such that 𝑃(𝒙) = (𝑥0 − 𝑥1)𝑄1(𝒙).
Here, for any (𝑖, 𝑗) ≠ (0, 1)with 𝑖 < 𝑗, because having 𝑥𝑖 = 𝑥𝑗 implies 𝑃(𝒙) = 0while 𝑥0 − 𝑥1 ≠ 0,
we must have 𝑄1(𝒙) = 0. Thus, we can apply the same procedure on 𝑄1 to conclude that there
exists a polynomial𝑄2 such that𝑄1(𝒙) = (𝑥0−𝑥2)𝑄2(𝒙), and hence 𝑃(𝒙) = (𝑥0−𝑥1)(𝑥0−𝑥2)𝑄2(𝒙).
Repeating this for all 𝑖 < 𝑗, it follows that there exists a polynomial 𝑄 such that

𝑃(𝒙) = 𝑄(𝒙)∏
𝑖<𝑗
(𝑥𝑖 − 𝑥𝑗).

As ∏𝑖<𝑗(𝑥𝑖 − 𝑥𝑗) is of degree 15, we either have 𝑃 = 0, which is when 𝑄 = 0, or deg(𝑃) ≥ 15. But
we also already know that if 𝑃 ≠ 0 then deg(𝑃) = 𝑑 ≤ 15 from condition (a). This leads us to the
conclusion that if it were not the case where 𝑃 = 0, we have deg(𝑃) = 𝑑 = 15, which moreover
implies that 𝑄 is in fact a constant.

Therefore, a polynomial 𝑃 satisfies the given conditions if and only if 𝑃(𝒙) = 𝐶 ∏𝑖<𝑗(𝑥𝑖 − 𝑥𝑗)
for some constant 𝐶 ∈ ℝ.
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