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Problem. Find all positive integers a, n such that
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a+ n
is an integer.

Solution. There exists no such positive integers a, n. Suppose there exists a, n such that
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for some integer k. For each j = 0, 1, · · · , n define Nj = a(a + 1) · · · (a + n)/(a + j). By
multiplying a(a+ 1) · · · (a+ n) on both sides we get

(1) N0 +N1 + · · ·+Nn = ka(a+ 1) · · · (a+ n).

Since any n + 1 consecutive integers form a complete system of residues modulo n + 1, there
is one and only one integer i, 0 ≤ i ≤ n such that a + i ≡ 0 (mod n + 1). Hence for each j,
Nj ≡ 0 (mod n + 1) if j ̸= i and Nj ̸≡ 0 (mod n + 1) if j = i. Taking modulo n + 1 on both
sides of (1) gives us a contradiction. (Note that ka(a+ 1) · · · (a+ n) ≡ 0 (mod n+ 1).)
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