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We have

(1 ± 1
𝑥)

𝑥
= 𝑒𝑥 log(1± 1

𝑥 )

= 𝑒±1− 1
2𝑥 +𝑂( 1

𝑥2 )

= 𝑒±1 (1 − 1
2𝑥 + 𝑂 ( 1

𝑥2 )) (1 + 𝑂 ( 1
𝑥2 ))

= 𝑒±1 − 𝑒±1

2𝑥 + 𝑂 ( 1
𝑥2 )

as 𝑥 → ∞. Also,

𝑛𝑛 + (𝑛 − 1)𝑛−1 ≤
𝑛

∑
𝑘=1

𝑘𝑘 ≤ 𝑛𝑛 + (𝑛 − 1)𝑛−1 + (𝑛 − 2)𝑛−2 + (𝑛 − 3)𝑛−3 + ⋯ + 11

≤ 𝑛𝑛 + (𝑛 − 1)𝑛−1 + 𝑛𝑛−2 + 𝑛 ⋅ 𝑛𝑛−3

implies that
𝑛

∑
𝑘=1

𝑘𝑘 = 𝑛𝑛 ⎛⎜
⎝

1 + (1 − 1
𝑛)

𝑛
⋅ 1

𝑛 − 1 + 𝑂 ( 1
𝑛2 )⎞⎟

⎠

= 𝑛𝑛 (1 + (1
𝑒 + 𝑂 ( 1

𝑛)) ( 1
𝑛 + 𝑂 ( 1

𝑛2 )) + 𝑂 ( 1
𝑛2 ))

= 𝑛𝑛 (1 + 1
𝑒𝑛 + 𝑂 ( 1

𝑛2 ))

as 𝑛 → ∞. Thus by dividing, the given sequence is

(𝑛 + 2) (1 + 1
𝑛 + 1)

𝑛+1
(1 + 1

𝑒(𝑛 + 2) + 𝑂 ( 1
𝑛2 )) (1 − 1

𝑒(𝑛 + 1) + 𝑂 ( 1
𝑛2 ))

− (𝑛 + 1) (1 + 1
𝑛)

𝑛
(1 + 1

𝑒(𝑛 + 1) + 𝑂 ( 1
𝑛2 )) (1 − 1

𝑒𝑛 + 𝑂 ( 1
𝑛2 ))

which is

(𝑛 + 2) (𝑒 + 𝑒
2(𝑛 + 1) + 𝑂 ( 1

𝑛2 )) (1 + 𝑂 ( 1
𝑛2 )) − (𝑛 + 1) (𝑒 + 𝑒

2𝑛 + 𝑂 ( 1
𝑛2 )) (1 + 𝑂 ( 1

𝑛2 ))

and
(𝑛 + 2) (𝑒 + 𝑒

2𝑛 + 𝑂 ( 1
𝑛2 )) − (𝑛 + 1) (𝑒 + 𝑒

2𝑛 + 𝑂 ( 1
𝑛2 )) = 𝑒 + 𝑂 ( 1

𝑛) → 𝑒

as 𝑛 → ∞. Thus the limit is 𝑒.
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