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1 Problem

Can we find a sequence a;, ¢ = 0,1,2,... with the following property: for each
given integer n > 0, we have

L L
lim ZQM|G¢| <23 HD® and  lim Mg = (—1)"?

L—o0 4 L—o0 4
i=0 =0

2 Solution

Yes. For integers k > 0 and n > k, define
k=1 ,; n ;
2"+ 1 2" +1
Akn = <H 2i2k> ’ < H 2i2k>‘
i=0 i=k—+1
At n = k, the latter factor is interpreted as 1, being an empty product. We

claim that the limit ay = lim ay, exists for each k, and the sequence {ay}
n— oo

satisfies the given condition.

2.1 ay, forms a solution to the linear system

Let us call the collection of equations Llim Zz’L:O 2"iq; = (—1)" for all n > 0 by
—00

the grand linear system of countably many variables a;, just for fun. Incidently,
ay,, forms a solution to first few equations obtained from the grand linear
system.

Proposition 2.1. Let L > 0 be an integer. For 0 < n < L, the equation

L

Z 2nkak7L = (—1)”

k=0
holds.
Proof. Omitted. U



2.2 aj forms a solution to the grand linear system

Firstly, we claim that ay , is convergent as n — oo for every k£ > 0.
Lemma 2.2. For0<x <1, 1+x<e® <1+ 2z holds.

Proof. Considering the series expansion e = 14+z+Y >, %, the first inequality
is well-known. For the second inequality, it suffices to observe that e® is convex,
and that e! <1+2ataz=1. For 0 <a <1, 7 is expressed as 0- (1 —z) + 1 -,
and we have e < (1 —x)e® +zel =1+ (el — 1)z <1+ 22. O

Proposition 2.3. Let k, L, M be integers such that M > L > k > 0. Then the
inequality

ﬁ 241 8.2
i=L+1

holds.

Proof. Firstly, we have

M ; M
2041 2k 41
H 2i_2k§exp<iz 2i_2k>

holds, as ;jjzlk =1+ 221’:+21k < exp (;kf;k) for each 4, by lemma [2.2

Next, we have

L1/ 2t _ 1 ) 2k 1 2k
i _ob 2\ 2ok ) =i\ T oEe gk ) T 9 omel o

for ¢ > L + 1, hence

Lokl oLt XL
Z 2t _ 9k — (2 + 1) 9L+1 2k 2
1=L+1 i=L+1
k L+1 M
As TH <2, 22— <2, and Zi:L-{-l% < Z;’iLH% = 5, we have an
upper bound
Mook 4 a2
Z 2i _ 9k — 4 9L"
i=L+1
By lemma we have
M
2k 11 2k
exp( Z M) §1+827,
i=L+1
and deduce the conclusion. O

Proposition 2.4. For k > 0, the sequence {ay,} is monotone and bounded.



n+1 n41 .
Proof. We have ap 41 = Hakn As 22”“7_31,? > 1 for n > k, |agn| is

increasing and ag,,, is monotone.
Applying proposition for M — oo, we have

_’ﬁ 2 +1 ’“ﬁo 20 41 ﬁ 20 41
- 2k 2 9k _ 9i ‘ 9 _ 9k
=0 1=k+1 i=k+11
k+10

20 4+ 1 20 4+ 1 2k
HQk_Qz' H 2k_2i'(1+8'2k+10>’

i=k+1

where the bound is a finite expression. O
Corollary 2.5. For k > 0, the sequence {ay n} converges.
Denote this limit as ai = lim ag ;.
n— oo
Proposition 2.6. For k > 1, we have an inequality

ok(k+1)/2 1 95k/2

lak,k| < Sk T 3 gRa

Proof. Note that a j, = H/-C_l 241 Observe that

i=0 2k 21
k—1 ,
H ) > H _gk=1y — k=1
i=0
and
k-1 k-1
H(zl + 1) S H(2Z + 21) — 2k(k+1)/2.
i=0 i=0
We deduce the conclusion by combining two inequalities. O

Proposition 2.7. Let k, L, M be integers such that M > L, k > 0, and L is
sufficiently greater than k. Then we have an inequality

27k/2 1
‘ak,M - ak-,L| <C- W : 27,
for some constant C, where C = 4e* is sufficient.

Proof. We have

k=1 . L ; M ;
2"+ 1 241 2" +1
|ar, 1 :HQk_Qi' H 21_2k<H 2i_2k_1>

=0 i=k+1 i=L+1

PRI S N
=2 o2 Ll oi ok " oL
i=k+1

As we might bound the product factor by a constant, we deduce the conclusion:
ay, forms a solution to the grand linear system. O



Proposition 2.8. Let n > 0 be an integer, € > 0 be a positive real number.
There exists an integer Ly = L(n,€) such that, for every L > Lo and M > L,

L L
§ 2nkak,M o § 2nkak,L
k=0 k=0

<e.

Proof. We have

L L

Z anak,M _ § 2nkak,L

k=0 k=0

L

< Z 2" ag ar — ag.p)-
)

If L is sufficiently greater than k& and 2n + 7, we have an upper bound

9(n+7/2)k s 1 2458 o(mt7/2)k c 1 L on+7/2)k
‘oL Z Tokzj2 T T 9L ok2/2 Y Z 9k2/2
k=0 k=2n+7

Observe that the first sum is constant with respect to L, and the terms in the
latter sum is at most 1, hence we have an upper bound of the form

D C-L
2L "o
This upper bound converges to zero as L — co. O

. . L L
Using the convergence of the finite sum >, 2" ap v — > 1o 2" ay as

M — oo, we have the following corollary.

Corollary 2.9. Let n > 0 be an integer, € > 0 be a positive real number. There
exists an integer Ly = L(n,€) such that, for every L > Ly,

L L
E 2"kak — E Q”kakwL <e
k=0 k=0

As Zk 02" ay = (—1)", we deduce the conclusion.

Corollary 2.10. Forn >0, hm Zk 02 a, = (—1)".

2.3 a; satisfies the upper bound condition

With observed bounds for ag, we can easily verify the sequence satisfying the
given bound

L
lim Z2nk|ak| é 23(n+11)10

L—oo

for k> 1, and [];2 1 221 +21k

I /\

for every n > 0. Note that we have |aj, | < 2
2. Hl k+221 21k <2-(1+2)=6.

k2/2



	Problem
	Solution
	ak, n forms a solution to the linear system
	ak forms a solution to the grand linear system
	ak satisfies the upper bound condition


