
KAIST Math Problem of the Week 2023 Student ID: 2020**** Name: 이명규

19 Let N be the number of ordered tuples of positive integers (a1, a2, · · · , a27) such that
1

a1
+

1

a2
+ · · ·+ 1

a27
= 1. Compute the remainder of N when N is divided by 3.

Solution. This lemma is useful.

Lemma. For all pairs of integers n ≥ m ≥ 1,

gcd(n,m)

n

(
n

m

)
∈ Z.

Proof. Write nx+my = gcd(n,m) for x, y ∈ Z. Then

gcd(n,m)

n

(
n

m

)
= x

(
n

m

)
+ y · m

n

(
n

m

)
= x

(
n

m

)
+ y

(
n− 1

m− 1

)
.

Define

S =

{
(a1, a2, · · · , a27) ∈ (Z+)

27

∣∣∣∣∣
27∑
i=1

1

ai
= 1

}
.

Observe the following.

(i) (27, · · · , 27) ∈ S.

(ii) For x ̸= y with a > 0, if (x, · · · , x︸ ︷︷ ︸
a

, y, · · · , y︸ ︷︷ ︸
27−a

) is in S, then so are its

(
27

a

)
rearrangements.

(iii) For distinct x, y and z with a > 0 and b > 0, if (x, · · · , x︸ ︷︷ ︸
a

, y, · · · , y︸ ︷︷ ︸
b

, z, · · · , z︸ ︷︷ ︸
27−a−b

) is in S, then so

are its

(
27

a

)(
27− a

b

)
rearrangements.

(iv) ... and so on.

Thus, N = |S| must be

(
a linear combination of

(
27

a

)
for each a in 1 ≤ a ≤ 26

)
+1. By Lemma,

3 divides

(
27

a

)
. Therefore, N ≡ 1 (mod 3).
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