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Use xk − 1 = (x− 1)(xk−1 + · · ·+ x+ 1) for k ∈ N.

Then
f(t)

g(t)
=

(tpq − 1)(t− 1)

(tp − 1)(tq − 1)
=

(tp(q−1) + · · ·+ tp + 1)

(tq−1 + · · ·+ t+ 1)
. WLOG, assume that p > q.

For 1 ≤ i ≤ q − 1, let pi = aiq + bi for integer a, b, and 0 ≤ b < q.

As p, q are relatively prime, {b1, · · · , bq−1} = {1, · · · , q − 1}.

(It is trivial that bi ̸= 0. If bi = bj satisfies for i < j, then p(j−i) = (aj−ai)q, so contradiction.)

Then tp(q−1) + · · ·+ tp + 1 = (tp(q−1) − tbq−1) + · · ·+ (tp − tb1) + tq−1 + · · ·+ 1.

Note that tpi− tbi = tbi(taiq−1) = tbi(tq−1)(tq(ai−1)+ · · ·+ tq+1) = tbi(t−1)(tq(ai−1)+ · · ·+ tq+

1)(tq−1+· · ·+1) = {(tq(ai−1)+bi+1+· · ·+tq+bi+1+tbi+1)−(tq(ai−1)+bi+· · ·+tq+bi+tbi)}(tq−1+· · ·+1).

So
f(t)

g(t)
= 1 +

q−1∑
i=1

{(tq(ai−1)+bi+1 + · · ·+ tq+bi+1 + tbi+1)− (tq(ai−1)+bi + · · ·+ tq+bi + tbi)}.

As bi ̸= bj if i ̸= j, every term is not same with other term with same sign.

Therefore, coefficient can be only 1, 0,−1.
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