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Lemma.The following holds for any dif ferentiable function f:R - R

If f'(x) =d for x € (a,b), then f(x) — f(a) = d(x — a) for x € (a,b)

pf f GO — f(@) = j FiOdt j ddt = f(x—a)

X 2 X
Let g(x) = U f(t)dt] —J [f()]3dt for x € R.Clearly g(0) = 0.
0 0
Then g’ (x) = 2f () j FOdt— [P = f&) [2 j FOdt - FOPR|.
0 0

Since f(0) = 0and f'(x) € [0,1], f(x) = 0 whenever x = 0 (by lemma).

Let h(x) = 2 fo(t)dt — {f(x)}2. Clearly h(0) = 0.
0

h(x)=2f(x) —2f(x)f'(x) = 2f(x)[1 — f'(x)] = 0 whenever x =0 = f'(x) € [0,1].
Since h(0) = 0 and h'(x) = 0 whenever x = 0,h(x) = 0 whenever x = 0 (by lemma).

g(0) =0and g'(x) = f(x)h(x) = 0 whenever x =0 = g(x) =0 for x = 0.

2 2
~g(l) = Uolf(x)dx] - Jol[f(x)]3dx >0,i.e. Uolf(x)dx] > Jol[f(x)]3dx.



