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Answer

We consider the meaning of the number we have to compute:

n∑
i=1

ϕ(n, i)

This is sum of least elements over all subsets of [n] := {1, 2, · · · , n}.
For each 1 ≤ j ≤ n, the number of subsets of [n] whose smallest element is j

is 2n−j . This is because n− j number of natural numbers j+1, j+2, · · · , n can
be either in or not in the subset with least element k. Let l(S) denote the least
element of S ⊆ [n]. Then, 1 ≤ l(S) ≤ n for all S ⊆ [n]. By above arguments,

n∑
i=1

ϕ(n, i) =
∑
S⊆[n]

l(S) =

n∑
j=1

∑
S⊆[n]
l(S)=j

l(S)

=

n∑
j=1

∑
S⊆[n]
l(S)=j

j =

n∑
j=1

j × 2n−j

Let an =
∑n

i=1 ϕ(n, i) =
∑n

j=1 j × 2n−j .

2an = 1× 2n+2× 2n−1 + 3× 2n−2 + · · ·+n× 21 (1)

an = 1× 2n−1 + 2× 2n−2 + · · ·+(n− 1)× 21 + n× 20 (2)

(1)-(2) gives an = 2n + 2n−1 + · · ·+ 21 − n = 2n+1 − 2− n. Thus,

n∑
i=1

ϕ(n, i) = 2n+1 − 2− n
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