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Problem. Consider the power set P([n]) consisting of 2" subsets of [n] = {1,--- ,n}. Find the
smallest k such that the following holds: there exists a partition Q1,--- ,Qy of P([n]) so that there
do not exist two distinct sets A, B € P([n]) and i € [k] with A,B,AUB,ANB € Q.

Solution. The smallest such partition number is £ = n+1. Suppose we have a partition Q1, -+ , Qg
of P([n]). Then for any two distinct sets A, B € P([n]) with A C B, there must exist i # j €
[k] such that A € @Q; and B € Qj, i.e., A and B never belong to the same part. Otherwise,
A, B,AUB = A ;AN B = B are contained in the same part, which is a contradiction. Now
consider the chain ) C [1] C [2] C [3] C --- C [n] in P([n]). To split these (n 4+ 1)-many sets, at
least (n + 1)-many parts are needed. So k > n + 1 and in fact kK = n + 1 is optimal if we take
partition P = {Qo, -+ , @, } such that

Qi:={ACn]:|A] =i 0<i<n



