KAIST Math Problem of the Week 2022 Student ID: 2020****  Name: O|H

09 Let Ay, - -, Ax be presidential candidates in a country with n > 1 voters with k > 2.
Candidates themselves are not voters. Each voter has her/his own preference on those
k candidates.
Find the maximum m such that the following scenario is possible where A1 indicates

the candidate A;: for each i € [k], there are at least m voters who prefers A; to A;;1.

Solution. Let A= {Aj,---, A} be the set of the k candidates. Let B = {By,---, By} be the set
of the n voters. Denote A; < A; if a voter prefers A; to A;. Assume that every voter has her/his

own preference such that < is a strict total order on A. For example, it can be expressed as

By: Ay <A3<--- <A< A
with £ — 1 (immediate) comparisons. Hence, there are n(k — 1) comparisons in total. For such
scenario to be possible, mk < n(k —1). That is, m < [n —n/k]. (x)

(i) If n <k, then |n —n/k] =n — 1. The equality of (x) holds for the following scenario:

By : A2-<A3-<""<Ak‘<Ala
By : A3-<A4-<"~-<Ak-<A1-<A2,

By: Appr R Appa < R A < Ap R Ay < <Ay

n — 1 voters—all but B;—prefer A; to A;y; for each i € [n]. All n voters prefer A; to A;1
for each i € [k] \ [n].

(ii) If n > k, then there exist unique integers ¢ > 1 and r such that n = kg +r and 0 < r < k.
It follows from

| < n T
n—q-— n——=n—q——-<n-—
q % q L= q
that

n—gq if ¢ | m,

[n—n/k| =

n—qg—1 ifq/n.

The equality of (x) holds for the following scenario:

Bl,Bk+1, v 7Bk(q—1)+1uqu+1 : A2 =< A3 << Ak =< Al,

BQ,Bk+2, cee ,Bk(q_1)+2,qu+2 . A3 =< A4 << Ak =< A1 =< AQ,

By, Biirs s Brg—1)4rs Brgtr + Argp1 < Appo <o KA <A < A <0 <A

Br—o—h Bk+r+1a s 7Bk(q—1)+r+1 : Ar+2 < AT+3 <o <A <A <Ay <o < Ar+1;

By, Bitky -+ - 7Bk(q—1)+k DA <Ay << AL
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n —q — 1 voters—all but B; with j =4 (mod k)—prefer A; to A;;1 for each i € [r]. (Note
that [0] = @.) n — ¢ voters—all but B; with j = ¢ (mod k)—prefer A; to A, for each

i€ [K\[r].

Therefore, the maximum m is |[n —n/k]. O
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