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Problem : Suppose that a; + a2 + --- + a, = 0 for real numbers ay,...,a, and n > 2. Set
an4i = a; for i =1,2,.... Prove that

n

1
=0
; ai(ai + ai+1) e (ai + Aj41 + -+ aH_n_Q)
Solution : Using induction on n.
For the base case, n = 2, as = —a1, and a—ll + é = 0. So, the statement holds.

Now suppose n > 2. Since the denominator is nonzero, any sums of less than n—1 consecutive
terms are nonzero.
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For notational convenience, denote fy(ai,...,a,) => 1" PR Py rr— b

From induction, f,—1(a; + a2,as,aq4,...,an) = fn_1(a1,a2 + as,aq,...,a,) = 0.

I'll show that asfn(ai,...,an)+ fn_1(a1 +ag,...,ay) = fn—1(a1,az+as,...,ay,). Then from
induction, asfp(ai,...,a,) +0=0= fy(ai,...,a,) =0.

Note that
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aj + ajy1-- -+ a1
b
aj(aj +aji1) ... (a5 + ajr1+ -+ ajyn-2)

fn—l(al + CLQ, st 7an)

7j=1
n
aj+ a1+ + anga
fn_l(al,@—i—ag,...,an):z J It n
= ajlaj +aji1) .- (g +ajpr+ o+ ajin-2)
Since each terms of f,_1(a1 + ag,...,ay) is of the form

1
aj(aj +ajp1)...(aj+--+an)(aj+- - +an+any1 +ang2) ... (aj+ -+ ajrn_2)

. . aj+-+ant1 .
for  =1,3,4,...,n and is same as P =y I e mmr— and when j = 2,
az+t-+ani1 -0
az(az+agy1)...(az++an)
In case of f,_1(a1,a2 +as,...,a,), it can be shown by similar calculation.
agfrn(al, ... an) + fne1(ar +az, ..., ap)

1

En: as n a; +aj1+ + an41
i(ai +aiy1) ... (@i + -+ Giyn_2) i aj(aj +aji1) ... (aj + -+ ajin—2)
1

j+ et ange
ilaj + a]+1) (aj+ -+ ajin-2)
= fn—l(a17 CLQ + a37 R a?’l)
Therefore, f,(ai,...,a,) =0 and proof is done.



