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Problem

Let T be a tree (an acyclic connected graph) on the vertex set[n] = {1,...n}.

Let A be the adjacency matrix of T, i.e, the n x n matrix with Aij = 1 if i and j are adjacent in T
and Aij = 0 otherwise. Prove that the number of nonnegative eigenvalues of A equals to the size
of the largest independent set of T. Here, an independent set is a set of vertices where no two

vertices in the set are adjacent.

Sol

Let T; be a tree on the vertex set [i] = {1,...i}, be A4; a its adjacency matrix and 0; be the largest

independent set of T;

Interlacing Theorem(reference)

| can find the theorem in the googling

Lemma 1

Eigenvalue of real Symmetric matrix is real

Proof

Let A & v be a respectively eigenvalue and eigenvector st Av =Av and A = AT = 4



< Av,Av > = (Av)*Av = v*A*Av = v A%v = v A(W) = vy = 22||v|)?

2 _ <Av,Av>
llvli2

is a nonegative number. So A is a real number.

Lemma 2
|0p41] = |0,] if y € 0, for all possible 0,

041l = 10,1+ 1 if y € 0, for some different 0,

proof

By adding one vertex and one edge from unlabeled T,,, we can make unlabeled T,,;. By
removing one vertex and one edge from unlabeled T,,;, we can make unlabeled T,. It means

that all different unlabeled T,., can be derived from unlabled T, and vice versa.

tree of n vertices(Tn)

O vertex

—edge
X

—e

<figure 0>
case(1) y € 0, for all possible 0,

By adding vertex x and adding e’, we can make T,,,. If y € 0, for all possible different 0,
vertex x can't be a element of some 0,,,. If x € 0,4, y isn't a element of 0,,, and 0., — {x} =
0,. So, it is contradiction that y € 0, for all possible different 0,. and because |0,,;| =]0,| and

x isn't a element of O0,,¢, Opy1 € Oy. thus |0p41] = [0yl



case(2) y € 0, for some different 0, ory isn't always a element of 0,

If y € 0, for some different 0, or y isn't always a element of 0, there exists Oy s.ty is not a
element of Oy, and |0;| = |0,]. so, |05 + {x}| < |0,44]. And O,,; has always vertex x Because if x
can't be a element of 0,,; , On4;1 € 0, and it is contradiction. Thus 0,,; has always vertex x. Let
[Op41] =. |0 + 2. Because 0,,; has always vertex x, 30, s.tO0,,; —{x}< 0,. But [0y, —

{x}| =.10,] + 1 so it is contradiction. Thus [0,,4] = [On] + 1

Lemma 3

When f,(A) = det(A, — Al,), Show that f,.;(A) = A= f,(A) — (=0)* 2 = f,_, .1 (1) with k degree of

vertex 2 on the following tree

<figure 1>

( L, is a n x n identity matrix )

Proof



Since n+1 is finite, there always exist like following form on the T,,, and can label 1,2 on the

form and k is greater than 2 and less than n, i.e, n>k =2

==

label 1,2

(label 3,4,...n+1 randomly)

k degree k degree
<figure 2>
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(M;; is defined to be the determinant of n xn matrix that results from A by removing the ith row and jth column.

and M 1,2,2)iS the determinant of (n — 1) x (n — 1) matrix that results from Ay,

by removing the 1st row & 1st column and 2nd row & 2nd column)



0 as, A3n+1
a,3 0
Graph of : : is like following figure 3.
0
An+1,3 0
T(n+1-k)
k degree
<figure 3>
/ —A A3y a3,n+1\
. . . a4’3
And det( its adjacency matrix —Al,_,) = det | : : | = det(G,_,)

\an+1,3 -\ /

det(Gp-q1) = X721 (=1 % [Gy_q];; * M;; for any i and if we take label number of vertex with 0

( : \
o | 0 |
degree into i, det(G,_,) = deti 0 .. 0 =2 0 0..0 i =—1* M

o)

(M';; is the determinant of (n-2) x (n-2) matrix that results from G,_; by removing ith row and ith

column s.t i vertex has 0 degree)

By repeating k-2 times, det(G,_;) = (V)X 2 *f, 1,1 Q) st fu g1 Q) = det(Ap_is1 — Alp_is1) &

A, _xs1=adjacency matrix of Tp,_i4q

Conclusively, fo,;(A) = =4 £,(A) — (—0)* 2 * f,_1.1 (A)

Lemma 4

Eigenvalues of A, with labled isomorphic tree are same,,



Proof

Lemma 4 means that f,(1) of isomorphic labeled trees are same. For example, f,(A) of following

isomorphic labled trees are same

=
J

f,(0) = —A(A% — 2)

Assume that f; for i=1,2,...,n satisfy lemma 4. By lemma 3, f,,.; (1) = =4 = f,(A) — (=% 2 * f 1.1 (D)
and f,(Q), f_xs1(Q) satisfy lemma 4. If we randomly arrange from 1 to n+1 into the unlabeled
tree T,.q, they are always isomorphic trees and T,&T,_i4+1 are always isomorphic trees. So, f,(})
and f,_x,1(A) are same for isomorphic trees. Therefore f,,,;(1) is always same for isomorphic
trees Tppi. Q) = =7 f,(A) =22 —1 are always same for isomorphic trees. By mathematical

induction Lemma4 is proved

Lemma 5
f.(A) is expressed like following math form

For n=2t+1 (odd) for t=0,1,2,...

f,() = =A%+ a A2 4 o+ aAt +a A% +ay)
for n = 2t (even) for t=1,2,3...

f,(0) = A%+ a, A% 2+ +aAt +a A% +a

(a; fori = 0,1,..,t-1 are real)

Proof
Assume that f; fori=1,2,..,n satisfy lemma5

By lemma 4, f,,1 () = f(0) = =4+ f,() — (1) 7 * 41 Q)

case(1) n=2t+1

(1k=2s(even)



far1 ) = Forp Q) = =A% Fr1 ) = ()72 * o102 D)
=222+ a A% 24 4 A% tag) — ASTE(A2U2STZ 4 b AZV2S 4.+ bA% 4+ by)

For s = 1,2 respectively

forez ) = 222 + (2 — DA+ (ap_y — beo)A? 2 + -+ (ag—by)A% + b, for s=1
frrez () = 222 4 (a,_; — DA% + (ap_y — be_y)A252 + - + (ag—bg)A? for s=2
For s >3

free2(Q) = M2 + (ay — DA+ (g — Do) N772 + o + (a5, —b)A? 7% + -+ + ap)?

(2)k=2s+1(odd)

fas1 ) = o142 = —Ax £, D) — (_7\)k—2 * frr ke V)
=A%+ a A2 24 A2 tag) F AT —A(MPT2S + b A2 4.+ byAZ + by)

= )\2t+2 + (at_l - 1)}\2t + (at_z - bt_s_l)AZt_z + b + (as_l_bo))\zs + b + ao)\z for S 2 1

So, frp2(A) is expressed like A22 + A2t + - + A+ A2 + ¢y for n =k =2

case(2) n=2t
(Mk=2s(even)

far1 ) = ) = A+ £, — (_7\)k—2 * foeke1 )
= —AA* + 2 A%T2 4+ e+ ad? +ag) —AB T2 =AM+ b (A?VETZ 4 o+ byA% + by)

= _)\( }\Zt + (at_l - 1))\2t_2 + (at_z - bt_s_l)}LZt_4 + -+ (as_l - bg))\.zs_z + -+ ao) for s = 1

(2)k=2s+1(odd)

frr1 ) = fe00 ) = =25 £,0 = (D52 % fpe e )
=A%+ 2 A%Y 24+ -+ a A% +ag) AL (W2 4+ b AZT2T2 4+ biAZ 4+ by)

= _)\( }\Zt + (at_l - 1))\2t_2 + (at_z - bt_s_l)}LZt_4 + -+ (as_l - bg))\.zs_z + -+ ao) for s = 1

So, fp1 Q) is expressed like —A(AZ' + ¢ A2 2 + v + A + A2+ ¢p) forn=k =2



Conclusively, when f; for i=1,2,..,n satisfy lemma5, f,,; satisfy lemma5 and

for n=1,

A; = (0) > f;(0) = det(A, — Al,) = —A

For n=2,
0 1 A1
Az = (1 0) - fz()\) = det(A2 - )\12) = det( 1 _A) =22 -1

By mathematical induction, lemma 5 is proved.

| will derive the number of nonnegative eigenvalues of A,.,; equals to the size of 0,,,; by
mathematical induction. Assume that the number of nonnegative eigenvalues of 4; fori=12,..,n
equals to the size of 0,. We can make the labeled T,,, by adding vertex (n+1) and edge( n+1,p)
to T, and By lemma 4, change the vertex n+1,p respectively to the vertex 1,2. It means that we
can make labeled T,,, of <figure 1> by adding vertex 1 and edge(1,2) to T,. By lemma 3,
frrr ) = =Ax f,(A) — ()X 2 % £, 1,1 (A) with figure 1

n+1 verte

<figure 1>

For k = 3, vertex 2 is a element of some different 0, or is not always a element of 0,. Let



vertex 2 € 0, for all possible 0, but there exists 0, = 0, — {2} + X{v} s.t v is adjacent to 2(v #

vertex 1) and |0,| = |0,]. It is contradiction. Thus vertex 2 is case(2) of Lemma 2.

Therefore,

10n+1] = 10n| + 1 & |Oy—k41| = [0n| = (k = 2) fork =3 (@)&(b)

Proof of (a)&(b)

because vertex 2 is case(2) of lemma 2, (a) is proved. when vertex x is case(1) of Lemma 2
with Ty_141 + Opre1 + 2{v} = 0, s.t v is adjacent to 2(v # vertex 1) because 0,_y4; + X{v} is the
biggest size of possible independent set. when vertex x is case(2) of Lemma 2 with T,_y,4, also

Op_is1 + 2{v} = 0, by same above reason. So, whether vertex x is case(1) or case(2) of Lemma 2,

|0n-t+1] = 10n] = [X{v}| = |O4| — (k — 2). (b) is proved

For k=2, vertex 2 can be case(1) or case(2) of Lemma 2.
(1) x is case(1) of lemma 2 (10| = 10p—k+1] = |0p_1] )

Obviously, vertex 2 is case(2) of lemma 2. So, |0,41] =0, +1

(2) x is case(2) of lemma 2 (10,| = 10p_k+1] +1=10,_1| +1)

Because x is case(2) of lemma?2, vertex 2 is always a element of 0,. So, vertex 2 is case(1) of

lemma 2 and |0,,41] = |0y]

Conclusively, we can know that whether x is case(1) or not case(2) of lemma 2,

|0n+1| = |0n—1| +1

case(1) n=2t
By lemma 1, f,(A) has 2t real eigenvalues and By lemma 5, f,;(A) = f,.(—A). So we can order its
eigenvalues like this

AIZAZZZ/MZOZ—/L_ZZ—AZZ—/M

(i) = A2+ a,_A22 4 -+ 2,22 + a)



Let Ay_g41 = ... = A—y = A, = 0. ( # of zero eigenvalues = 2q).

Then, f,(A) =A%+ - +a, =A29(A%29 + 2, ;2272729 4 .+ a ) s.tag # 0

(Mk=2s for s=2,3,...

By using similar way, eigenvalues of f,._, (A) can be ordered like this
/’{1 2 /12 2 o 2 /’IC—S 2 /10 = 0 2 _)lt—s 2 o 2 _AZ 2 _Al

(t=s21fp ) =-AA"2 + b1 A*7%7% + -+ by))

Let Apg_g'41 = - = Ap—g-1 = A5 = 0. (# of zero eigenvalues = 2q" +1 )

Then, f2t_25 (}\) = —}\Zq’+1(}L2t_25_2q’ + bt_s_l}\.Zt—ZS—Z—Zq’ + -+ bql) s.t bq! +* 0

By assumption, |0,.|= # of nonnegative eigenvalues =t+q, |0Oyt_zs41| =t —s+q" +1
[On-k+1l = [0n] = (k= 2) = |0zt-25 |=102] —(25-2) = t—s+q'+1 =t+q—(2s—2)

—-q =q-s+1

Thus, fre1 () = =4 * £,,(0) = (0> * fr_p501 Q)
— _)\2q+1(}\2t—2q +at_17x2t_2_2q 4 e +aq)+)\25—2}\2q’+1O\Zt—ZS—Zq’ + bt_s_l)\Zt—ZS—Z—Zq' + .. +bq’)
— _AZq+1()\2t—2q + at_l)th—Z—Zq 4ot aq)+)l2q+10\2t—2— + bt—s—l)\Zt_4_2q 4+ bq—s+1)

= =TI 4 (@ —DAPT2729 + (ag_p — bos_ AT 4 - +(aq - bq—s+1))

(2)k=2s+1 for s=1,2,...

eigenvalues of f,_,;(A) can be ordered like this,
/’{1 2 AZ 2 A 2 At’—S 2 0 2 _/’{C—S 2 tee 2 _AZ 2 _/’{1
(frm2s () = X225 4 by_g 1 A**72572 4 . 4 by)

Let Apg_g'41 = - = A—g—1 = A,—s = O( # of zero eigenvalues = 2q’ )

Then, fop_ps(A) = 229 (A2625720" 4 p_( | A20°2572720 4.4 b ) s.t by # 0



By assumption, |0,.|= # of nonnegative eigenvalues =t+q, |0y_ys| =t —s+¢q’
10n-k+1l = 10n] = (k =2) = |Ozt25] =[05| = (25 —1) = t—s+q = t+q—-(2s—1)

!

—-q =q—-s+1

Thus, 1) = =A% £, A) — (=) 15 £y, )

= —A2AFI(A2720 4 g A2E2720 4 g )4AZSTINZA (W262572) 4 o AP252720 4t b))
= 2PN 4 g A% e dag) AR AZT2T2 4 b A% 4 bggen)

= —QR2F(N2 a2 4 4 AT (P2 4 b AP 4t bggrg)

= A2 4 (A DA 4 (A — bros-)APTTTH 4 s (g — b))

Therefore, for 3 <k < n, fy;;(A) has at least 2q+1 zero eigenvalues.

And By interlacing theorem,
A;_ 2 ll 2 A’Z 2 2 l’t—q+1 2 lt—q+1 2 l’t—q+2 2 2 l;g 2 At 2 6 = 0 2 _A,t 2 2 _lll

(st frpa(£A) =0 fori=0,1,...t and f(+4;,) =0 fori=12,.t & A_q4y1="+=2,=0)

If 2iq=0, Ai_q=A—q=A_g41 = A—q=0. Because A,_4>A;_q41 =0, It is contradiction. So,

At—g+1 =0 =, f,1(1) has t+g+1 nonnegative eigenvalues. And By (a), [Opesq| =10 +1 = t+
q+1

Conclusively, |0,,1| = # of nonnegative eigenvalues of Ay, for3 <k < n =2t

(3)k=2
(1) x is case(1) of lemma 2 (10,| = 10p_k+1] = |01l )

Because vertex 2 is case(2) of lemma 2, it is proved by above k=2s for s=1

(2) x is case(2) of lemma 2 (|0,| = [0p—gs1l +1 =101+ 1)
By using similar way,

for1 ) = A« £,(0) — (_A)k_z 1) = = A 650 — )



fe() = A29(A%"  +a,, A% 2294 ..t a ) s.tag # 0 (# of zero eigenvalues = 2q)

freo () = —A20' #1222 " 4 p o g2t=4-2 [ 4y byr) s.t by # 0 ( # of zero eigenvalues = 2q' + 1)

By assumption, |0,:|=t+4q, |05;_1]| =t +¢q' and x is case(2) of lemma 2

O] = [0p_ql +1 — [Og] = [0gp4|+1 = t+gq=t+q +1

—-q =q-1

Thus, feeq = =A% f,(0) — fi-1 Q)

= —N2H(AZ20 g W22 4eeag) + RIHIQZ22 T 4 p 2242 Tt b))

= A2 (A2729 a APT2T2 4 ) + AT (APT29 + b AP 220 e+ by )

= 21X 4 (@, — DAPT29 4 (@, — bp)A?T2T L4 (ag — b)A? —Dbyy)
therefore b,_; # 0 and f,.,1(A) has 2g-1 zero eigenvalues for k = 2.

Thus, fy..1(A) has t+q nonnegative eigenvalues and since vertex 2 is case(1) of lemma 2,

[On+1l = [0n] = [Og¢41]l =102 = t+¢q

Conclusively, |0,¢,1|= # of nonnegative eigenvalues of Ay, for2 <k <n =2t

| will show case(2) n=2t+1 by using same method. It's just simple calculation for proof
case(2) n=2t+1

fyi+1(A) can be ordered like following,
/’{12122'.'2/’{(?210:02_11'2“'2_122_11

(B ) = —A(A%Y + 2,222 + o + 2,22 + ay))

Let A¢_g+1 = ... = 44—y = A, = 0. (¥ of zero eigenvalues = 2q + 1).

Then, f2t+1(}\') = _)\2q+1()\.2t_2 + at_l)\Zt_z_Zq + A + aq) s.t aq * 0

(Mk=2s for s=2,3,...



eigenvalues of f,;_,s.,(A) can be ordered like this
/’{1 2 AZ 2 A 2 /’{C—S+1 2 0 2 _/’{C—S+1 2 e 2 _AZ 2 _/11

(formas Q) =222 4 b A2 4 ..+ by)
Let A gr4p = = Aems—1 = Ae_s41 = 0. (# of zero eigenvalues = 2q')

Then, fyps (A) = 29 (W225+2720" 4 2625724 4 .. 4 b /) s.t by # 0

By assumption, |Oyipq]l=t+q+1, [0z zs:2l =t —s+1+¢q" and |0, x41]l =10, — (k —2)
—-q =q—-s+2
Thus, fo (D) = =A% fo ) = (FD)P72 * £ 550, (D)

= D 4 (2, NI 4 (ayp — B ag  byssa)

(2)k=2s+1 for s=1,2,...

eigenvalues of f,;_,s.1(A) can be ordered like this, ( # of zero eigenvalues = 2q' + 1)
/’{1 2 AZ 2 oo 2 /’{C—S 2 AO = 0 2 _)lt—s 2 e > _AZ 2 _Al

(t =521 g1 () = =AA*7? + b_s 1A% + -+ b))

Let Apog_grar = o = Aogg = Ap_g =0

Then, th_25+1()\) = —)\Zq’+1(}\.2t_25_2q’ + bt_s_l)tzt—ZS—Z—Zq’ + -+ bql) s.t bql +* 0

By assumption, |Oyipq]l=t+q+1, [Ozipsi1l =t —s+1+¢q" and |0,_x41]l =104 — (kK —2)
- q =q—s+2

Thus, foo (D) = —Ax fo D) = (D 1 fr s D)

G R Co PRI Co PRNERNS )

Therefore, for 3 <k < n, fy;,(A) has at least 2q+2 zero eigenvalues.

And By interlacing theorem,

’ ’ ’ ’ _
Al 2 /’{1 2 Az 2 o 2 /’{t—q+1 2 At—q+1 2 /’{t_q+2 2 o 2 /’{C 2 /’{24_1 2 AO = 0 2 _A,f-l-l > 2 _/’{i



(st frp2(£A) =0 fori=1,.. tt+1 and fry1(+4;) =0 fori=0,12,.t & A_gyy =-+=24=0)

If 2iq=0, Ai_q=A—q=A_g41 = A—q=0. Because A,_4>A;_q41 =0, It is contradiction. So,

At—g+1 =0 = f5,(1) has t+g+2 nonnegative eigenvalues. And By (@), |0z¢42] = [Opesq| +1 = t+
q+2

Conclusively, |0,,,| = # of nonnegative eigenvalues of A,,, for3 <k <n

(3)k=2
(1) x is case(1) of lemma 2 (10,| = 10p_k+1] = |01l )

Because vertex 2 is case(2) of lemma 2, it is proved by above k=2s for s=1

(2) x is case(2) of lemma 2 (10,| = |10p—k+1] +1=10,_1| +1)
By using similar way,

for1 ) = A« £,(0) — (_A)k_z 1) = fue = A () — B0

frrer ) = —A29*L(A20724 4 g, 12?027 .. 4ag)s.tag # 0 (# of zero eigenvalues = 2q+ 1)

f,l(A) = —A29' (A2t-24" 4 p_ p2t-2-20" 44 byr) s.t by # 0 (# of zero eigenvalues = 2q")
By assumption, |0y:44|=t+q+1, |05 =t +¢q' and x is case(2) of lemma 2
[Onl =10n_1] +1 = [Ozp44| =105/ +1 = t+q+1=t+q' +1

—-q =q

Thus, fyrpp = —Axfr 1 (A) — £t ()

= A20¥2(A272d 4 a_ AP2720 4 g a ) — 229 (W22 4 by 22272 T 44 b))

= A2AF2(Q2720 4 g A2 4 ) — A29(A%T2 4 by APTE20 4+ by)

= A29(A%H2729 4 (ay — DAP? 4 (agep — b )A*72729 4 o+ (ag — bguq)A? — by)
therefore b, # 0 and f,;(A) has 2q zero eigenvalues for k = 2.

Thus, fy.1(A) has t+1+g nonnegative eigenvalues and since vertex 2 is case(1) of lemma 2,

[Ons1] =105 = 10z¢42] = 102044l = t+q +1



Conclusively, |0,,,|= # of nonnegative eigenvalues of Ay, for2 <k<n=2t+1

For n=1,23, its f() = =\, 22—1, —AA*>-2) and |0,] = 1,1,2 respectively. It can show
easily. So by mathematical induction, the number of nonnegative eigenvalues of 4, equals to the

size of the largest independent set of T,



