
POW 2021-16 Optimal constant 

전해구(기계공학과 졸업생) 

September 27, 2021 

Problem 

 

For a given positive integer n and a real number a, find the maximum constant b such that 

𝑥1௡ + 𝑥2௡ + ⋯ + 𝑥𝑛௡ + 𝑎𝑥1𝑥2 … 𝑥𝑛 ≥ 𝑏(𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛)௡ 

for any non-negative 𝑥1, 𝑥2, … , 𝑥𝑛 

 

sol 

 

problem of equation can be expressed like following; 

𝑥1௡ + 𝑥2௡ + ⋯ + 𝑥𝑛௡ + 𝑎𝑥1𝑥2 … 𝑥𝑛

(𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛)௡
≥ 𝑏 

For 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛 = 𝑇 > 0 and 𝑓(𝑥) = 𝑥1௡ + 𝑥2௡ + ⋯ + 𝑥𝑛௡ + 𝑎𝑥1𝑥2 … 𝑥𝑛,  

max(b) = min ቀ
௙(௫)

்೙
ቁ.  

Therefore max(b) = min (local extremum, boundary value) for 
௙(௫)

்೙
  

 

1)minimum of Boundary value 

Boundary value means value of boundary conditions  

Boundary conditions means that (𝑥1, 𝑥2, … , 𝑥𝑛) such that there exists 𝑥𝑖 = 0 for 𝑖 =
1,2, … , 𝑛  
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ସ
,

்

ସ
, 0ቁ 

so boundary conditions expressed like following; 

(𝑥1, 𝑥2, … , 𝑥𝑛)  = (𝑦1, 𝑦2, … , 𝑦𝑛 − 1, 0) such that 𝑦1 + 𝑦2 + ⋯ + 𝑦𝑛 − 1 =  𝑇 

So, 𝑓(𝑥)  /𝑇௡  = 𝑦1௡ + 𝑦2௡ + ⋯ + 𝑦𝑛 − 1௡  

by AM-GM(arithmetic Mean-Geometric Mean inequality) 

∴min (
௙(௫)

்೙
) = 

ଵ

(௡ିଵ)೙షభ
 such that 𝑦1 = 𝑦2 … = 𝑦𝑛 =

்

௡ିଵ
 

 

2)minimum of local extremum (except boundary condition) 

 

By lagrange multiplier method, local extreme points satisfy following condition;  

 

For 𝑓(𝑥) = 𝑥1௡ + 𝑥2௡ + ⋯ + 𝑥𝑛௡ + 𝑎𝑥1𝑥2 … 𝑥𝑛, 𝑔(𝑥) =  𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛 −

𝑇 = 0, 

There exists λ such that 𝛻𝑓 = 𝜆 ∗ 𝛻𝑔 

(  𝛁𝐟 = ቀ
𝛅𝐟

𝛅𝐱𝟏
,

𝛅𝐟

𝛅𝐱𝟐
, … ,

𝛅𝐟

𝛅𝐱𝐧
ቁ   such that 

𝛅𝐟

𝛅𝐱𝐢
= 𝐧𝐱𝐢𝐧ି𝟏 + 𝐚𝐱𝟏 ∗. . (𝐱𝐢 − 𝟏) ∗ (𝐱𝐢 + 𝟏) ∗. .∗

𝐱𝐧, 𝛁𝐠 = (1,1, … ,1) ) 

 

Assume that different x1, x2, x3 exist such that 𝛁𝐟 = λ ∗ 𝛁𝐠 (𝑥1 ≠ 𝑥2, 𝑥1 ≠ 𝑥3 , 𝑥2 ≠ 𝑥3) 

 

nx1୬ିଵ + ax2x3 … xn = λ                                                     …   (1) 

nx2୬ିଵ + ax1x3. . . xn = λ                                                     …   (2) 

nx3୬ିଵ + ax1x2. . . xn = λ                                                     …   (3) 

 

(1) ∗x1=(2)*x2 ⇒ n(x1୬ିଵ + x1௡ିଶx2 … + x1x2୬ିଶ + x2୬ିଵ) = λ   …    (a) 

(1) ∗x2=(3)*x3 ⇒ n(x1୬ିଵ + x1௡ିଶx3 … + x1x3୬ିଶ + x3୬ିଵ) = λ   …    (b) 



(a)=(b) ⇒ x1୬ିଶ + x1௡ିଷ(x2 + x3) … + (x2୬ିଶ + x2୬ିଵx3 + ⋯ + x3୬ିଶ) = 0 

⇒ 𝑥1 = x2 = x3 =0 ⇒ boundary condition !! 

Excepting boundary condition, there not exist three different x1,x2,x3 and at most exist two 
different x1,x2.  

 

For only one x1 exist such that 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑛 =  
்

௡
,  ∴

௙(௫)

்೙
 =

௔ା௡

௡೙
  

 

Now see only two different x1,x2 exist ( x1=X, x2=Y, n is greater than 2) 

Assume x1=X, x2=Y such that X > Y, xi = X or Y for i=3,…,n, and 𝑝𝑋 + 𝑞𝑌 = 𝑇, 𝑝 +

𝑞 = 𝑛, 𝑝, 𝑞 ≥ 1.( it means that (𝑥1, 𝑥2, … , 𝑥𝑛) = (𝑋, 𝑌, … 𝑋, 𝑌, 𝑌) such that 

x1=x3...=xp+1=X, x2=xp+2=…=xn=Y )  

 

𝑓(௑,௒,…௑,௒,௒)

்೙
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So we need to minimum of λ   

By Using above condition, we can get  

X>Y ⇒ 
்ି௤௒

௣
> 𝑌 and 𝑋 >

்ି௣௑

௤
 ⇒ 𝑇 > 𝑋 >

்

௡
> 𝑌 > 0 

Let X=T/n + a, Y=T/n – b such that pa=qb, a,b>0 ≡ pX+qY = T  

 (a)*(X-Y) ⇒ 
୬(ଡ଼౤ିଢ଼೙)

௑ି௒
=  λ  

λ is the gradient of w = nk୬. 

 

 



Although there exist not critical point of p = n-1, q = 1, its λ such that p = n-1, q = 1 and 
(n − 1)X + Y = T  is always lower than λ of critical value 

So, for a given b, p = n-1, q = 1 to get min λ (a = 𝑞

p
𝑏 = 1

n−1
b) 

For (n-1)X+Y=T (p = n-1, q = 1) 

λ =
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=
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As 
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= (𝑛 − 1) ൬
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𝑛 − 1
൰ + (n − 1)ଶ𝑌௡ିଶ − (𝑛 − 2)𝑇𝑌௡ିଷ 

      =  −X୬ିଶ + (n − 1)ଶY୬ିଶ − (n − 2)൫(n − 1)X + Y൯Y୬ିଷ  

      = (nଶ − 3n + 3)Y୬ିଶ − (𝑛ଶ − 3𝑛 + 2)𝑋𝑌௡ିଷ − 𝑋௡ିଶ 

As Y୬ିଶ < 𝑋𝑌௡ିଷ < 𝑋௡ିଶ for 
୘
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So h(Y) is decreasing function and h(0) = ቀ
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⇒ h(Y) > 0 for 
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⇒ λ is increasing function and λ(0) = n ቀ
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Therefore min ቀ
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ቁ of critical points such that two different exist is always greater than  

min ቀ
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Conclusively, max(b) = min (
ଵ
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,
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) for 𝑛 ≥ 2 

for 𝑛 = 1 
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