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Problem. For any positive semideifinite A and B, prove that [N(A™B™)]w < [/\(Am'*‘le‘*‘l)]m%l.

We prove useful lemma firstly and proceed by induction on m. Since A and B are both hermitian,
there exist unitary matrices U,V and diagonal matrices Dy, Dy such that A = UD,U*, B = VD,V*.
Moreover, diagonal entries of D; and Dy are nonnegative, thus v/D; and /Dy are well defined. Note
that from these definitions we may define VA, VB as VA = U\/D,U*,v/B = V/D3V*, too. We have
following lemma:

Lemma 1. for any p € C\{0} and p,q,r € Z~q, p is eigenvalue of BP A1B" if and only if p is eigenvalue
of BPttA9pBr—1,

Proof. Without loss of generality we may assume B is diagonal, since
BPAIB"x = px
< (VDEV*)(UDIU*)(VDIV*)x = px
<—DE(V*UDIU*V)Dy(V*z) = u(V*r)
—=DE(U*V)*'DIU*V)Dy = py,y = V*z #0,

while Dy and (U*V)*D{U*V are positive semidefinite. We first prove the ’only if” part. Let B be diagonal
such that first k£ diagonal entries are nonzero while all the rest are zero, i.e., let

(B)i = di>0 ifi<k
"o ifi>k
We also define diagonal matrix B’ as
(B = At >0 ifi<k
"o ifi>k

Note that (B |range(B)) ™" = B’ |Range(n)- If nonzero vector x satisfies BPAYB"x = px, since px €
Range(B) one can conclude that last (n — k) entries of x are all zero, and there exists vector y €
Range(B) \ {0} such that z = B’y. Then
BPAYB"x = px
<= BPAIB"B'y = uB'y
= BPTAIB" Y (BB )y = u(BB')y
= BPHAIB™ Yy = py,

which is the result we wanted. Proving converse is rather similar:

BPHYAIBT Yy = py
— B'BPT AIB" "y = uBy.



Since BPT1A9B" "1y = py implies that y € Range(B) and there exists z € Range(B) such that z = By
and we get

B'BPY'AIB™ Yy = uB'y
— B'BPT AIB""'Bz = uB'Bz
= BPAB"z = Hz ( (B ‘Range(B))il = B/ ‘Range(B)),

which completes the proof. O

As an immediate consequence for any m > 1, eigenvalues of
ABT = (VAPT (VB = (VA (VB (VAT
are all real and nonnegative, since (vVA)"(vVB)?*"(vA)™ = ((vVB)™(VA)™)*((~vB)™(v/A)™) thus pos-

itive semidefinite. Showing that B"A™ has only real nonnegative eigenvalues can be done in similar
sense. Now we prove the case of m = 1. Note that whenever pu is eigenvalue of M, 11 is eigenvalue of
M*(Perform the triangularization on M and take conjugate). We have following inequalities

A(AB) < W
NBAZB)
A(B2A3?)
MA2B2) (. A2B? = (B*A?)* and cigenvalues of B?A? are all real )

, thus one gets the proof of the case of m = 1. Now Assume we have [\(A™~1B™~1)] w1 <[A (AmBm)] m

Let || - || be usual matrix norm, which is induced from euclidean norm on C™. Then following inequalities
hold:
AA™B™) = XN(VB)™(VA*"(VB)™)
= A(VB)" (VAP (VB)™H)
< (VB (VAP (VB
< VB (VA HII(VB) (VA

— VABY = (VA1) (VB (VA )

X VA(VBYm L (VA (VB (VA
\/)\(Am 1gm—1)\(Am+1Bm+1)

Last two equalities become clear if one performs polar decomposition on
(VB (VA and (VB) (VA

and we get
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A(Am—le—l)
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)\(Am+1Bm+1)

v

which is equivalent to
AT B™)]m < AA™ BT



