POW2020-24

Sunghun Ko
December 2020

Problem. Prove that either R or F,, — R is a Fibonacci number.
We begin with mentioning two properties of Fibonacci sequence.
Lemma 1. For everyn,m >0, Fy,yp = FnFni1 + F—1 F.

Proof.

Frotm = Foym—1+ Foim—2
= (Fnam—2+ Fnom-3) + Faim—2
=2F ym—2+ Foym—s
= 2(Fn-&-m—S + Fn+m—4) + Fn+m—3
=3F+m-3+2F,4+m—4

= FypFyiy + Fy 1 F)y
O
Lemma 2. For everym >n >0, F,_, = (=1)"2F, 1 F,,+(=1)""'F,F,,_1.
Proof.
Frion = Frnent2 = Finong1

111F1mn+2+ 1

(=1 (-1t
(=1) (1) Fo(Fn—nt3 = Fn—n+2)
( 1)2 Fo— n+3+( 1) F3Fy, n+2
(-1)*" 1F2 Fonnys + (=1)°F

F2 m—n-+1

1-1
Fl m+n—2 —

( m—n+4 — Fm—n+3)

(_1)n72Fn71Fm—n+(n—1)+1 + (_1)n71FnFm—n+(n—l)
= (-1)"%F, 1F,, + (-1)""'F,F,,_4

O

Now, let’s assume n = km + r for some integer k and 0 < r < m. Then, by



lemma 1, we have

Fy = Fymr
= FnFle—1ymtr+1 + Fn—1Fe—1ym+r
= Fn1Fe—1ymyr (mod Fyy)
= F'rzn—lF(k—2)m+r (mod F,)

FF | F, (mod F,,)

Also, by lemma 2, one can deduce that

(=)™ 22 Fy g Fy 4 (—1)" 2 Fy 9 F
(=1)™"3(Fp — Fo1)Fpm1 (mod F,)
(_1)m_2Fr2n71 (mOd Fm)

1= Fm—(m—Q)

Thus F2_; = (—=1)™ (mod F},,) and we get

F,=F¢ |F. (mod F,,)

_ J (=)™ E2IF, \F,  (mod F,) if k is odd
| F. (mod Fy,) Af k is even

Again, by lemma 2,
Frv=(-1)""2F_1Fp+ (-1)""'F.F,,_1=(-1)""'F.F,_; (mod F,)

and we can conclude that F,, = F,. or + F,,,_,, which completes the proof.



