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1 Construct Y

We will construct a “completion” of X, and imbed X to its completion by inclusion-like mapping. Let

Sx be a collection of Cauchy sequences in X. Define a relation ~ on Sx by

This is an equivalence relation. The reflexivity and symmetry hold since d(z,z) = 0 and d(z,y) =
d(y,z). Suppose {xn}, {yn}, {zn} are Cauchy sequences in X such that {z,} ~ {y,} and {yn} ~ {zn}.
Observe that nh_}ngo d(xpn, zn) < nli_)ngo(d(a:n,yn) + d(yn, zn)) = nh_)rrgo d(Tp, yn) + nh_}rrgo d(yn, zn) = 0 hence
{zn} ~ {2z} and the transitivity holds. Let Y = Sx/ ~ be the collection of equivalence classes of Sx.

Define a function d’ : Y x Y — R by

([} [ H) = Jim d(n, ).

Claim that d’ is well defined, and is a metric on Y.

Firstly, we will show that {d(z,,y,)} converges for {z,}, {y.} € Sx. For arbitrary ¢ > 0, there exists
an integer N such that n > N implies d(zn,z,) < £/2 and d(yn,yn) < €/2, since the sequences are
Cauchy. By the triangle inequality, we have d(x,,, yn) < d(xn, 2 n)+d(@ N, yn)+d(yn, yn) < d(zn,yn)+
e. Similarly, d(zn,yn) < d(zpn,yn)+e. Deduce that d(z,,y,) € [d(zn,yn)—¢,d(xy,yn)+e] if n > N.
For ¢; = %, choose Ny < Ny < --- such that d(x,,yn) € [d(zN,,yn;) — €i,d(TN;, yn,) + €] if n > N;,
as the above argument. Let «; = d(xy;,,yn;) and Ag = R, A; = [y — €5, o + €] N A;—1. For arbitrary
n, iy A; is nonempty since a;,,4+1 € A; for 1 <4 < n. The collection of closed sets {4;};>1 has the

finite intersection property as Ay D Ay D ---. Using the compactness of A;, deduce that A = (2, A4;

is nonempty. This set cannot contain more than one element. On contrary, assume that a < b are in



A. There exists e, such that 2¢,, < b — a. It contradicts A C A,, hence the assumption is absurd. Let
A = {a}. ais the limit of {d(xy,,yn)}. For € >0, choose €; = 5 so that 3e; < e. « is contained in 4;,
and for every n > N; d(xy,yn) € A;. Hence | — d(zy, yn)| < 2¢; < € for every n > N,.

Let {z/,} be an another representative of [{x,}], and {y,} be a Cauchy sequence. Observe that
d(l’%, Yn) < d(l’%, Tn) + d(Tn, Yn)

hence

lim d(z),y,) < nhﬁngo d(z), zn) + nhﬁngo d(zyn,yn) =0+ nhﬂn;c’ d(Tn, Yn)-

n—oo

Similarly, lim d(x,,y,) < lim d(2},y,) holds so two limits are the same. This implies that d’ is
n— oo n—oo
independent of the choice of representatives.
It is easy to verify that d’ is a metric on Y. Let s,t,u be elements of Y, and {a,},{bn},{cn} be
their representatives. Since d(z,y) > 0 for every z,y € X, d'(s,t) > 0. By the definition of Y = Sx/ ~,

d'(s,t) = 0if and only if s = t. Clearly d'(s,t) = d'(t, s). To obtain the triangle inequality, observe that

d'(s,u) = lim d(an,cp)

n— oo

< lim (d(an,bn) + d(by, cn))

T n—ooo

= lim d(an,b,)+ lim d(by,,cy)

n— oo n—oo

=d'(s,t) + d'(t,u).

Therefore, (Y, d’) is a metric space. Let rename Y as X*.

2 Completeness of Y = X*

Firstly, observe that (X, d) can be isometrically imbedded into X™* naturally. For € X, consider the
sequence {a, } such that every term is equal to x. Note that this is a Cauchy sequence. Let 2* = [{a,}].
Define a map ¢ : X — X* x — x*. Because d'(c(z),t(y)) = d'(z*,y*) = nl;ngo d(z,y) = d(z,y), ¢ is an
isometric embedding.

t(X) is dense in X*. Let [{z,}] € X*. Since {z,} is Cauchy, for ¢ > 0, there exists N such
that d(zn,z,) < /2 if n > N. The e-ball centered at [{z,}] intersects «(X): d'(z¥,[{zn}]) =

lim d(xn,z,) < /2 < e. This argument can be applied for arbitrary € hence [{z,}] is a limit point
n—oo



of o(X).

We will show that (Y,d’) is a complete metric space. Let y1,y2,- - be a Cauchy sequence in X*,
and let y; = [{a;;}]. Let &5 = 5, and choose Ny < Ny < --- such that d’(a]y,, %) < % hence
d(a;n,,am) < 5 for every sufficiently large n. As observed in the above paragraph, these choices are

possible. Claim that the sequence {a,y, } is Cauchy, and the limit of the sequence {y;}.

For ¢ > 0, fix k such that e, < e. Choose M > k such that d'(y;,y;) < & if 4,5 > M. Observe that

d(aiNivaij) < d(aiNz‘vain) + d(ain? a’j”) + d(ajn’ a’ij)

Eq E;
< 1 +d(ain, ajn) + ZJ
€k
< 5 + d(ain, ajn)

for M < i < j and for sufficiently large n > N;. Since lim d(ain,ajn) = d'(yi,y;) < 5, there exists
n—oo
sufficiently large n such that d(ain,ajn) < 5. Therefore, d(a;n,,a;n;) < G + 5 = e < € for every
i,7 > M hence {a;n, } is Cauchy and [{a;n,}] € X*.
Finally, it is remianing to show lim y; = [{ann, }]- Let y = [{ann, }]. Claim that lim d'(y;,y) = 0.
71— 00 71— 00
This is equivalent to show that lim lim d(a,,a,n,) = 0. For given ¢ > 0, fix &k such that d'(y;, y;) < §
1—00 N—00

)
if 4,j > k, and that g = 2% < . For chosen k, choose [ > k such that 4,j > [ implies d'(y;,y;) < <.

Assume that n > N; and n > [. For m > N,,, observe that

d(ain, ann,) < d(am, ain,) + d(ain,, ann,)

< d(amn,an,) + dlain,, @im) + d(Qim, Gnm) + d(Gnm, Gnn,)

el €k Ek
< Z + Z + d(almvanm) + X

S % + E?k + d(almvanm)~

By our choice of I, d(aim, Gnm) < % for sufficiently large m. Hence d(ain,ann,) < G + 5 + 5 < 26,
for every sufficiently large n. Assume i > k. Observe that

5
Ain, ann,) < d(ain, aim) + d(am, any, ) < g + 20, < Ze,

for every large n such that d(ain,a;,) < 5. This inequality holds by the choice of k£ and 4, > k.
Deduce that lim d(an,ann, ) < %8 < ¢ for every ¢ > k. This argument holds for arbitrary € > 0 hence
n— 00

lim lim d(ain,ann,) =0 and lim d’'(y;,y) = 0. Therefore, every Cauchy sequence in X* converges.
1—00 N—> 00 71— 00



