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Problem. A permutation π : [n] → [n] is graceful if |π(i + 1) − π(i)| ̸= |π(j + 1) − π(j)| for all
i ̸= j ∈ [n − 1]. For a graceful permutation π : [2k + 1] → [2k + 1] with π({2, 4, · · · , 2k}) = [k], prove
that π(1) + π(2k + 1) = 3k + 2.

Solution. Since π is a permuation and π({2, 4, · · · , 2k}) = [k], we have

π({1, 3, · · · , 2k + 1}) = [2k + 1] \ [k]. (1)

For i ∈ [2k],

|π(i+ 1)− π(i)| =
{
π(2m− 1)− π(2m) if i = 2m− 1
π(2m+ 1)− π(2m) if i = 2m

where m ∈ [k]. One can easily check 1 ≤ |π(i+1)−π(i)| ≤ 2k. Since π is graceful, g : [2k] → [2k] defined
by g(i) = |π(i+ 1)− π(i)| is a permutation. Therefore

2k∑
i=1

|π(i+ 1)− π(i)| =
2k∑
i=1

i. (2)

The left side of (2) is

k∑
m=1

(π(2m− 1)− π(2m))−
k∑

m=1

(π(2m+ 1)− π(2m))

= π(1) + π(2k + 1) + 2

k∑
m=2

π(2m− 1)− 2

k∑
m=1

π(2m)

= π(1) + π(2k + 1) + 2

k∑
m=2

π(2m− 1)− 2

k∑
i=1

i.

Therefore,

π(1) + π(2k + 1) + 2

k∑
m=2

π(2m− 1) =

2k∑
i=1

i+ 2

k∑
i=1

i = k(3k + 2). (3)

On the other hand, (1) implies that

2(π(1) + π(2k + 1)) + 2

k∑
m=2

π(2m− 1) = 2

2k+1∑
i=k+1

i = (k + 1)(3k + 2). (4)

From (3) and (4), we conclude that

π(1) + π(2k + 1) = 3k + 2.
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