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Answer : Player 2 has the winning strategy.
Note that player 2 can choose three coefficients of f(z). Player 2’s winning strategy is to set coefficient
of even degree(ca, ¢4, cg) to be zero as much as possible at his/her first two choice. Right before player
2’s last choice, We have f(z) = g(x) + ¢;z’ + c¢j2’ where g(z) is a monic polynomial of degree 8(with
all coefficients determined), and 4, j € [1,7] NN, # j(c;, ¢; not determined yet). Because of Player 2’s
strategy, ¢ and j cannot be even at the same time. Thus, there are two cases.

Case 1 : Both i and j are odd

Let f(z) = g(x) + coqr122T 4 copp12?t! for 2a + 1,264+ 1 € [1,7] N N. Assume a > b. Strategy

. _9y9—(2b+1)
for Player 2 is to set cgqy1 such that cgay1 > 2 (1”292(&722)172_1 . Let’s show that f(z) has real root

regardless of Player 1’s choice of cgp11. Note that

f(1) =g(1) + c2ar1 + c2p41
f(=2) = g(—2) — 229 gy — 2% ey

1)+g(—2)2~ 20+
From coqy1 > 9( )+292(a,2)b_1 , we have —g(1) — caq+1 > g(—2)

9—(2b+1) _ 22a—2b62a+1 and

(—00, g(—2)27 T —22072bcy 1) N (—g(1) — 2041, 00) = 0.

Thus, there is no copyq such that g(—2)2- G0+ — 920=2be) ¢y = 2=+ £(_2) > 0 and

coptr1 — (—g(1) — caa4+1) = f(1) > 0. This means f(—2) < 0 or f(1) < 0 regardless of Player 1’s choice

of copy1. Also, since f is monic, lim f(z) = oo. Thus, there exists ¢ > 1 such that f(¢) > 0. Since f
T—00

is continuous, f has real root in interval [—2,¢] (" [1,¢] C [~2,¢]) by Intermediate Value Theorem.

Case 2 : One of i,j is odd and one is even

Let f(x) = g(z) + coqr12%T! + copw?® for 2a + 1,20 € [1,7] N N. Strategy for Player 2 is to set cgp
such that cop < —w. Let’s show that f(x) has real root regardless of Player 1’s choice of cgq41.
Note that

f(1) = g(1) + coat1 + cp
f(=1) (—1) — coat+1 +c2

, we have cgp + g(—1) < —cop — g(1) and

From cqp < —79(1)—;9(_1)

(=00, cop + g(—1)) N (—cap — g(1),00) = 0.

Thus, there is no cg,11 such that cop+g(—1) —coq41 = f(—1) > 0 and c2g4+1— (—cp—g(1)) = f(1) > 0.
This means f(—1) < 0 or f(1) < 0 regardless of Player 1’s choice of cgq41. Also, since f is monic,
li_)m f(z) = co. Thus, there exists ¢ > 1 such that f(¢) > 0. Since f is continuous, f has real root in
x o0

interval [—1,¢] (.- [1,¢] C [~1,¢]) by Intermediate Value Theorem.

Therefore, Player 2 can always win the game.





