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The answer is false.

Consider R as a vector space over QQ. Assuming the Axiom of Choice, we can consider the basis B.
Fix a, 8 € B such that a # § and consider the function ¢ : B — R satisfying ¢(a) = 0, ¢(5) = 1.
We can extend this function to f : R — R as following:
For any « € R\ {0}, there exists n € N, by,ba,--- ,b, € B, q1,q2- -+ ,qn € Q\ {0} such that

m:(Ilbl'f"""’_ann (1)

Define
f(@) = q1p(b1) + q2ep(b2) + -+ + gnp(bn).
Set f(0) = 0. Since the expression (1) is unique(since B is a basis and ¢;’s are nonzero), f is well-defined.

For any x,y € R, there exists by, ba, -+ ;b € B, q1,92* ,Gm, 71,72, ,Tm € Q such that

xZQ1b1+"'+mem
y=ribr+-+rmby

where {b1, -+, by} is a set of elements in B used in expressing x or y. Then,

fle+y) = f((qn+ )b+ 4 (@m + 7m)bm) = (@1 +7r1)p(b1) + (g2 + 72)@(b2) + - - - + (gm + Tm)(bm)
= (q1(b1) + q20(b2) + - - + gmp(bm)) + (r10(b1) + r20(b2) + - - 4 T2 (brn))
= f(z) + f(y)

Thus, f(z+y) = f(z) + f(y) for all x,y € R. Also, f(nz) = nf(x) for all n € N,z € R by induction.
Suppose there exists ¢ € R such that |f(z) — cx| < 1 for all x € R. Then, for all b € B and n € N,

[F(nb) = ¢ nb| = nf(b) - ncb| = n|f(b) - cb| < 1

Thus,
1
0 <|f(b) —cb| < - for all n € N.

Therefore, f(b) = c¢b for all b € B. Then, f(a) = p(a) =0 = ca and f(B) = ¢(8) = 1 = ¢B. Since
a € B,a#0. Thus, c=0 and 1 = ¢ = 0. This is a contradiction.

Remark 1. The given statement is false even if we change all the 1’s in the statement into any fized
number € > 0 by same argument.





