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The answer is false.
Consider R as a vector space over Q. Assuming the Axiom of Choice, we can consider the basis B.

Fix α, β ∈ B such that α 6= β and consider the function ϕ : B → R satisfying ϕ(α) = 0, ϕ(β) = 1.
We can extend this function to f : R→ R as following:
For any x ∈ R \ {0}, there exists n ∈ N, b1, b2, · · · , bn ∈ B, q1, q2 · · · , qn ∈ Q \ {0} such that

x = q1b1 + · · ·+ qnbn (1)

Define
f(x) := q1ϕ(b1) + q2ϕ(b2) + · · ·+ qnϕ(bn).

Set f(0) = 0. Since the expression (1) is unique(since B is a basis and qi’s are nonzero), f is well-defined.
For any x, y ∈ R, there exists b1, b2, · · · , bm ∈ B, q1, q2 · · · , qm, r1, r2, · · · , rm ∈ Q such that

x = q1b1 + · · ·+ qmbm

y = r1b1 + · · ·+ rmbm

where {b1, · · · , bm} is a set of elements in B used in expressing x or y. Then,

f(x+ y) = f((q1 + r1)b1 + · · ·+ (qm + rm)bm) = (q1 + r1)ϕ(b1) + (q2 + r2)ϕ(b2) + · · ·+ (qm + rm)ϕ(bm)

= (q1ϕ(b1) + q2ϕ(b2) + · · ·+ qmϕ(bm)) + (r1ϕ(b1) + r2ϕ(b2) + · · ·+ rmϕ(bm))

= f(x) + f(y)

Thus, f(x+ y) = f(x) + f(y) for all x, y ∈ R. Also, f(nx) = nf(x) for all n ∈ N, x ∈ R by induction.
Suppose there exists c ∈ R such that |f(x)− cx| ≤ 1 for all x ∈ R. Then, for all b ∈ B and n ∈ N,

|f(nb)− c · nb| = |nf(b)− ncb| = n|f(b)− cb| ≤ 1

Thus,

0 ≤ |f(b)− cb| ≤ 1

n
for all n ∈ N.

Therefore, f(b) = cb for all b ∈ B. Then, f(α) = ϕ(α) = 0 = cα and f(β) = ϕ(β) = 1 = cβ. Since
α ∈ B, α 6= 0. Thus, c = 0 and 1 = cβ = 0. This is a contradiction.

Remark 1. The given statement is false even if we change all the 1’s in the statement into any fixed
number ε > 0 by same argument.
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