POW2018-16

DAESEOK LEE

I claim that m =1 — % is the minimum.

First, let’s prove that m = 1 — @ works. Let f :[0,1] — [0,1] be a convex
function. f is continuous on (0,1). We may assume that it is also continuous on 0

and 1, since we can let f(0) := supg <12 W(O— 1/2)+ f(1/2) and f(1) :=

SUPg<e<1/2 %(1 —1/2)+ f(1/2), while the integral doesn’t change. Note
that for any a € [0,1], B(a) := {z € [0,1] : f(z) <a} is a closed interval if it is
nonempty. This is true because B(a) is connected since f(z) < a and f(y) < a
implies f(Ax + (1 = N)y) < Af(z) + (1 — N f(y) < a, and B(a) is closed since f
is continuous. Thus, we can write B(a) = [l(a),r(a)] for any a € R.(l(a) := 1
and r(a) := 0 when B(a) = () The functions [ and r are right continuous since
1@),7(@)] = B(a) = Moo BO) = Myoall(®), 7(5)] = [5uppsg 1), infyq r(b)] =
limp— a4 1(b), limp_ 44 r(D)].

Let ¢ = inf{y:r(y) —I(y) > 1/2}, a = I(c) and b = r(c). Since ! and r are
right continuous, we have b — a > 1/2. In fact, b —a = 1/2 unless f(z) = ¢
for all # € [a,b]. Suppose b —a > 1/2. Then {z: f(z) <c} = U,..B(y)
[infy <. 1(y), Supy <. 7(y)]. sup,.7(y) — infy<.l(y) < 1/2 since for any yi,y2 <
r(y1) — Uy2) < r(max(y1,y2)) — l(max(y1,y2)) < 1/2. Therefore, {z : f(z) = ¢}
B(e) \ {z : f(z) < ¢} contains an intervel of nonzero length. This combined with
convexity implies f > ¢ hence £=10 on B(c).@

(1) When f(x) = c for all z € [a, b]
By convexity, we should have

SN

c§f(:c)§1+%:c fo<xz<a
fl@)=c fa<zx<bd
c<fl@) <1+ FE(z—1) ifb<z<1

Therefore, fol |f(z)—c|dz < foa(l—c—i—c;—lx)dx—i—fbl 1—c+ 1=%(z— 1)dz =
a(12—c) + (1—b)2(1—c) _ (1—(b—c2L))(1—c) < 1/4 <m
(2) Whenb—a=1/2anda>0and b< 1
We have f(a) = f(b) = c since otherwise, B(c) = {z: f(z) < ¢} = [a, ]
should have been larger because of the intermediate value theorem. Then
by convexity, we should have
o If z < a, then
(a) c= f(a) = f(3=2x + §=2b) < 3=2f(2) + §=2c, s0 ¢ < f(x)
(b) flz) = f((L—2)*
o If a <z <D, then
(a) f(z)<c
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Consider F(x)=2f( (x+1)/2 ) - 1 to make F:[-1,1]->[-1,1]
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(b) e=fla) = fF(1-5)*0+2*x) < (1-9)+ ;f(a:),sol—k%xg

(c) c=f(b) = flimp*a+{=5*1) < =5 f(2) + 15, s0 1+ 55 (2 —
1) < f(z)
e if x > b, then
(a) C=f(b):f(£ pat+ =hx) < ’”‘Z + =2 f(2), s0 ¢ < f(2)
(b) f(m)zf( b—|—z *1)§ —c+ 1 —1—|—1 C(a:—l)
Therefore, fol |f () c|da: Jo Q=+t dx+fa c—max( ,
1=¢ (x—l)))dx—!—fb (1—c+3=5 (z—1))d. A simple calculation shows that the
RHS attains maximum when ¢ =1 — ‘f and the maximum is m =1 — g
(3) When b —a =1/2 and either a =0 or b =1
Almost the same consideration as the preceding case results in the desired
upper bound
Tl | is-obtained wl

12z ifa<
{O if gz

ofgefs
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