
POW-10

Define a function f : Rm × Rm · · ·Rm → R for n×m matrix M .

fM (x1, · · · , xm) =

m∏
i=1

|Mxi|2

Claim. When x1, · · · , xm forms a orthonormal basis then

fM (x1, · · · , xm) ≥ det
(
MTM

)
If x1, · · · , xm are eigenvectors of MTM then equality holds.

Proof. Let v1, · · · , vm be eigenvectors of MTM which forms orthonormal basis.
Then we can find an orthogonal matrix C such that[

x1, · · · , xm
]

=
[
v1, · · · , vm

]
C

Then

|Mxi|2 = xTi M
TMxi =

(
c1iv

T
1 + · · ·+ cmiv

T
m

)
(λ1c1iv1 + · · ·+ λmcmivm) = λ1c

2
1i+· · ·+λmc2mi

where cij is i, j th component of C. Now apply weighted AM-GM inequality
then we obtain

fM (x1, · · · , xm) =

m∏
i=1

(
λ1c

2
1i + · · ·+ λmc

2
mi

)
≥

m∏
i=1

λ
c21i
1 · · ·λ

c2mi
m = λ1 · · ·λm = det

(
MTM

)
Since

∑m
j=1 c

2
ij =

∑m
i=1 c

2
ij = 1. And trivialy when x1, · · · , xm are eigenvectors

of MTM equality holds.

Back to problem, denote number of columns of A and B as p, q.

M =
[
A,B

]
Denote eigenvectors of A and B, each forming orthonormal basis of Rp and Rq

as a1, · · · , ap and b1, · · · , bq. Now define

x1 =


a1
0
...
0

 , · · · , xp =


ap
0
...
0
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with q zeros each. And

xp+1 =


0
...
0
b1

 , · · · , xp+q =


0
...
0
bq


with p zeros each. Then x1, · · · , xp+q forms an orthonormal basis of Rp+q. So
by the claim

det
(
MTM

)
≤

p+q∏
i=1

|Mxi|2

≤
p∏

i=1

|Mai|2
q∏

i=1

|Mbi|2

=

p∏
i=1

|Aai|2
q∏

i=1

|Bbi|2

= det
(
ATA

)
det
(
BTB

)
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