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All the bases of the log in this proof is 10. For given r € R, let {r} :=7r — |r].
Observe that first digit of 2" is 9 iff 9 x 10™ < 2" < 10™*! for some nonnegative integer m iff log9 < {nlog2} < 1. Since
log 2 is irrational, the set {{nlog2} : n € N} is dense in [0, 1]. Therefore there are infinitely many powers of 2 which starts
with 9 in decimal representation.

Lemma. Ifr € R is irrational, then S := {{nr} : n € N} is dense in [0,1]

Proof. A set A C [0,1] is dense in [0, 1] iff for all integer n > 1, AN [£ ££L) o£ ) for nonnegative integer k < n. Let n > 1 be
an integer. By pigeon-hole principle, there exist two distinct nonnegative integers a and b so that % < {ar} < {br} < %
for some nonnegative integer k < n. Let § = {br} — {ar}. If a < b, then {m(b— a)r} = md for integer m € (0,67 1). If a > b,
then {m(b — a)r} = 1 — md for integer m € (0,5 "). Since 0 < § < 1, for each nonnegative integer k < n there exists two

integers m’,m € (0,61) so that md, 1 — m’s are in [£, £51). Therefore S is dense in [0, 1]. O





