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Let us introduce following lemma:

Lemma 1. Any bounded monotone functions in [0,1] is differentiable at almost
everywhere.

Proof. more strong form is possible : any real function which is monotone is
differentiable almost everywhere. (Proof is available in Theorem 14, in this web-
page)

Let us define F,G : [0, 1] → R by F (x) =
∑

xr<x yr and G(x) =
∑

xr≤x yr.

(Since the series
∑∞

n=1 yn (absolutely) converges, we can define F,G as well.)
Then we immediately have F,G are bounded monotone functions, hence differ-
entiable at almost everywhere, hence so f = G− F is.
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