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Problem. For a nonnegative real number x, let

f(x) =

∏n−1
k=1((x+ k)(x+ k + 1))

(n!)2

for a positive integer n. Determine lim
n→∞

fn(x).

Proof.
When x = 0, fn(0) equals to (n− 1)!n!

(n!)2
=

1

n
, which converges to 0.

For x > 0, we use the fact that the following identity holds for x > 0;

Γ(x) = lim
n→∞

n!nx

x(x+ 1) · · · (x+ n)
· · · (∗)

By (∗), we obtain

fn(x) =
(x+ 1)(x+ 2) · · · (x+ (n− 1))

n!
· (x+ 2)(x+ 3) · · · (x+ n)

n!

∼ nx

x(x+ n)Γ(x)
· nx

x(x+ 1)Γ(x)
(as n → ∞)

∼ 1

x2(x+ 1)Γ(x)2
· 1

1 + x
n

· n2x−1 (as n → ∞)

This shows that fn(x) is convergent only when 2x − 1 ≤ 0, and divergent
otherwise.

Hence we obtain

lim
n→∞

fn(x) =


0 when 0 ≤ x ≤ 1
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8

3π
when x =

1

2

∞ when x >
1
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