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Note: Z* = NU{0}. #(A) is the cardinality of A. a =2 b < a =b (mod 2).

Problem. Let F be a non-empty collection of subsets of a finite set U. Let
D(F) be the collection of subsets of U that are subsets of an odd number of
members of F. Prove that D(D(F)) = F.

Proof. Let f :2V x 2V — Z* be f(X,Y) =#({Z €2V|X CZANZ CY}).
Then
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,and f(X,Y) = 1if X =Y, 50 S pcr (X, F) = 15(X).
Let g : 2V x 2@7) — Z* be g(X,F) = #({Y € F|X CY}), so D(F) =
{X €2Y|g(X,F)=21}. Then
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,50 D(D(F)) ={X €2V |g(X,D(F)) =21} ={X €2V | X € F} = F. O



