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Lemma 1. When n is odd, YA € L(R™,R"), if A+ AT is invertible, then
nullity(A) < (n —1)/2.

Proof. Assume that nullity(A) > (n + 1)/2. Since nullity(A) = nullity(AT),
nullity (A4) + nullity(A7) = 2 x nullity(4) = n + 1 > n, so 3z € R™ such that
x # 0 and = € ker(A) Nker(AT). Then (A + AT)z = Az + AT2 = 0, which
shows that A + AT is not invertible.

Therefore, if A+ AT is invertible, then nullity(A4) < (n — 1)/2. O

Problem. Let A and B be n X n real matrices for an odd integer n. Prove that
if both A+ AT and B + BT are invertible, then AB # 0.

Proof. By the Lemma 1, nullity(A) < (n—1)/2 and nullity(B) < (n—1)/2. By
the rank-nullity theorem, dimim(B) > (n+1)/2 > (n — 1)/2 = dim ker(A), so
Jz € R™, Bx ¢ ker(A) and ABxz # 0. Therefore AB # 0. O





