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Problem. The only field automorphism of R is f(x) =

Proof. Let f be a field automorphism of R, so it satisfies f(a+b) = f(a)+ f(b),
f(ab) = f(a)f(b) for all a,b € R.

(1) Va €R, f(a) = f(0+a) = f(0) + f(a), so f(0) =0

2) Since f is a bijective map, Vx € R, if x # 0, f(x) # f(0) =

(2)
(3) f(1) = f(1%1) = f(1)% and by (2), f(1) = 1.
(4)

4) If f(i) =i (¢ € N), then f(i+1)=f(i)+1=4+1,s0 f(i+1)=i+1, and
by the mathematical induction, f(i) = for all ¢ € N.

(5) Va €R, 0= f(0) = fa+(=a)) = fla)+ f(=a),s0 Va € R, f(—a) = —f(a).
(6) Similarly, Va € R, if a # 0, f(a™'a) = f(1) = 1,50 Va € R,a # 0 =
fla™h) = f(a)~".

(7) By (4) and (5),ifi € Z, (i < 0) f(i) = —f(—i) = —
0=d,or (i>0) f(i)=1 "~ieN,soViecZ,[f(i)

(8) By (6) and (7), if i € Z, i # 0 = f(1/i) = 1/i.

(9) If ¢ € Q, then Ja,b € Z such that b # 0, so by (7) and (8), f(q) = f(a/b) =
a/b:qa SOVQGQ, f(Q):

(10) Va € R,a > 0 = Ir € R,r # 0A7? = qa, so by (2), f(a) = (2) =
f(r)? > 0. And by (5), Va € R, a < 0 = f(a) = —f(—a) < 0. Therefore,
VaeR,a>0< f(a) >0and a <0< f(a) <O0.

(11) By (10) and (5),Va,b e R, a <b < b—a > 0< f(b—a) > 0& f(b)—f(a) >
0 f(a) < f(b).

(12) By (9) and (11), Va € R, ¥g € Q,a > ¢ < f(a) > ¢, and similarly,
VaeR, VgeQ,a<qg& fla) <

(13) Va,b € R, if a < b, then In € N, n(b—a) > 2 (ex: n = [2-]) so that
Im € Nyna <m < nb (exx m = |na+2]), and a < 2 < b. Therefore,
Va,be R, dg € Q,a < qg<b.

(14) By (9) and (13) Vo € R,z < f(z) = 3¢ € Q,x < ¢ < f(z), which
contradicts with (12). Similarly, f(z) < z = 3¢ € Q, f(z) < ¢ < x, which
also contradicts with (12). Therefore, V2 € R, there can be only one case,
xz = f(x), so Yz € R, z = f(z).

(= ) i (i=0) f(i) =

O



