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Problem. Let A, B,C = A+ Bbe N XN Hermitian matrices. Let «; > -+ > ay,
1 == BN, ¥y1 =+ = ynN be the eigenvalues of A, B, C, respectively. For any
1<i,j<Nwithi+ j—1< N, prove that

Vitj-1 S @i + B
Solution.

Lemma 1. Let M be an N X N Hermitian matrix. Let A; > --- > Axn be the
eigenvalues of M. Then foreach1 <k < N

(1) There is a subspace V of CY with dim V = k such that for any v € V with
lv] =1, A < v*Mu.

(2) There is a subspace W of C with dim W = N —k+1 such that foranyw € W
with |w| = 1, w*Mw < A;.

Proof. By Spectral Theorem, there is an orthonormal basis u;, - -+ , uy of C¥ such

that for each 1 < i < N, u; is an eigenvector corresponding to A;. For each v =
N N

Yoimq aiu; € CY,

N N
v* My = v* (Z aihiui) = Z Ailail?.
i=1 i=1
Let V be the subspace spanned by uq,--- , ux. Then for any v = Zle aiu; €V
with |v| = 1, v*Mv = Zle Al > Ax. This proves (1).
Let W be the subspace spanned by u;, - - - , un. Note that the dimension of W is
N —k+1. Then for any w = Zf\ik biu; € W with lw| = 1, w*Mw = Zf\ik Ailbil? < Ak
This proves (2). O

By the Lemma, there are subspaces U, V, W of CV such that
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1. dimU =N —-i+1, and for any v € U with |[v| = 1, v*Av < ;.

2. dimV =N —j+1, and for any v € V with [v| = 1, v*Bv < ;.

3. dimW =i+ j—1, and for any v € W with [v| = 1, y;1 ;-1 < v*Cu.

Since dim(U) + dim(V) —dim(UNV) =dim(U+ V) < N, N-(i+j —2) <
dim(UNV). Because N < dim(UNV)+dim(W), the space UNV NW is nontrivial.
So there is v # 0 such that v*Av < @;, v*Bv < 8}, and y;4;—1 < v*Cv. This implies

Vitj—1 SV (A+ B =v*Av+v*Bv < a; + 5.



