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Problem. Let A , B , C = A+B be N×N Hermitian matrices. Let α1 ≥ · · · ≥ αN ,
β1 ≥ · · · ≥ βN , γ1 ≥ · · · ≥ γN be the eigenvalues of A , B , C, respectively. For any
1 ≤ i , j ≤ N with i + j − 1 ≤ N, prove that

γi+ j−1 ≤ αi + β j

Solution.

Lemma 1. Let M be an N × N Hermitian matrix. Let λ1 ≥ · · · ≥ λN be the
eigenvalues of M. Then for each 1 ≤ k ≤ N

(1) There is a subspace V of CN with dim V = k such that for any v ∈ V with
|v| = 1, λk ≤ v∗Mv.

(2) There is a subspace W of CN with dim W = N−k+1 such that for any w ∈ W
with |w| = 1, w∗Mw ≤ λk.

Proof. By Spectral Theorem, there is an orthonormal basis u1 , · · · , uN ofCN such
that for each 1 ≤ i ≤ N, ui is an eigenvector corresponding to λ i. For each v =
∑N

i=1 aiui ∈ CN ,

v∗Mv = v∗
⎛
⎝

N

∑
i=1

aiλ iui
⎞
⎠ =

N

∑
i=1

λ i|ai|
2 .

Let V be the subspace spanned by u1 , · · · , uk. Then for any v = ∑k
i=1 aiui ∈ V

with |v| = 1, v∗Mv =∑k
i=1 λ i|ai|

2
≥ λk. This proves (1).

Let W be the subspace spanned by uk , · · · , uN . Note that the dimension of W is
N−k+1. Then for any w =∑N

i=k biui ∈ W with |w| = 1, w∗Mw =∑N
i=k λ i|bi|

2
≤ λk.

This proves (2).

By the Lemma, there are subspaces U, V, W of CN such that
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1. dim U = N − i + 1, and for any v ∈ U with |v| = 1, v∗Av ≤ αi.
2. dim V = N − j + 1, and for any v ∈ V with |v| = 1, v∗Bv ≤ β j .
3. dim W = i + j − 1, and for any v ∈ W with |v| = 1, γi+ j−1 ≤ v∗Cv.

Since dim(U) + dim(V) − dim(U ∩ V) = dim(U + V) ≤ N, N − (i + j − 2) ≤
dim(U∩V). Because N < dim(U∩V)+dim(W), the space U∩V∩W is nontrivial.
So there is v 6= 0 such that v∗Av ≤ αi, v∗Bv ≤ β j , and γi+ j−1 ≤ v∗Cv. This implies

γi+ j−1 ≤ v∗(A + B)v = v∗Av+ v∗Bv ≤ αi + β j .
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