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Problem.

Let R be a ring of characteristic zero. Suppose that e, f, g € R are idempotent (with respect
to the multiplicaation) and satisty e + f + g = 0. Show that e = f = g = 0. (An element a is
idempotent if a? = a.)

Proof.
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Lemma. a,b € R°] idempotent®] 11 2a + 2b + ab + ba = 0°]™H a + 1, b + 1-& invertible©] 11
(a+1)b+1)=0b+D(a+1)=1

proof of the lemma.
a(2a + 2b+ ab + ba) = 2a* + 2ab + a*b + aba = 2a + 2ab + ab + aba = 2a + 3ab + aba = 0
(2a + 2b + ab + ba)a = 2a* + 2ba + aba + ba* = 2a + 2ba + aba + ba = 2a + 3ba + aba = 0
1A o A o} A W 3(ab — ba) = 0; WEFA ab = ba. )5 ThA] 270 t Y5
2a+2b+ab+ba=2(a+b+ab)(=2(a+b+ba)) =0 = a+b+ab=a+b+ba=0
g2t (a+1D)(0+1)=(b+1)(a+1) =1, & a+1,b+ 1< invertibled}t}. A
EAe] 2ACcR7EE 2 =¢c0lA e=—(f+g)olBR
~(ftg)=e=e=(+9([+9) =+ +[g+a9f=F+9+fg+af

S 2f 429+ fg+g9f =0
webA], lemma2 R E (f+1)(g+1) = (9 + )(f + 1) = L ot@r A=

(e+1)(g+)=(@+D(e+)=1L(+De+)=C+1)(f+1)=1

A7 f+l=atn b g+1=(f+1)=al=e+l=(g+1) =@ ) l=a=
r=f+1l=(e+1) =27t Z22=1,29d f?= folB"

x—1)=0 .x=1
el f=g=e=1-1=0.0



