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Pow 2013-14 Let A, B are N x N complex matrices satisfying rank(AB —
BA) = 1. Prove that (AB — BA)? = 0.

Proof. Note that the statement is vacuously true when NV = 1; set of 1 x 1
matrices are commutative under matrix multiplication, thus AB— BA =0
for any A, B € M;1(C), so rank(AB—BA) = 0 # 1. So we assume N > 1.

Let M € Myxn(C) be a matrix with tr(M) = 0 and rank(M) = 1. (Such
matrices exist when N > 1.) Column space of M has dimension 1, i.e.
there exists a nonzero (column) vector v € CV such that, for any vector

x € CV there exist k € C wich satisfies Mx = kv. Let v = (v1,- -+ ,vn)T
for v; € C.
Let Mey = kyv,---, Men = kyv. (k; € C.) Note that tr(M) = Ef\il v;kj,.
We have

N

M?e; = M(k;jv) = k;M > _vie;
i=1

N N
= ij’UiMei = k] <Zvlkz> vV = k‘]tr(M)V =0
=1

=1

for j=1,---,N, i.e. M? = O a zero matrix. Consquently, If M is rank 1
matrix with zero trace, then M? = O.

In particular, since tr(AB—BA) = tr(AB)—tr(BA) = 0, (AB—BA)? = O.
(tr(AB) = tr(BA) is well know fact, and is immediate from the definition
of the matrix multiplication.)
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