
Proof. From definition, Sp = {n : xn − 1 ≡ (xp − x+ 1)f(x) mod p for some f(x)}.

Claim. 2pp−1
p−1 = 2(pp−1 + · · ·+ 1), pp − 1 = (p− 1)(pp−1 + · · ·+ 1) ∈ Sp

Proof. Let α be any root of xp − x + 1 = 0 over Fp. Observe that αp = α − 1. Then

(α + 1)p − (α + 1) + 1 = αp + 1p − α = (α − 1) + 1 − α = 0, which means that α + 1

is also a root of the polynomial xp − x + 1. Similarly, α + a is a root for any a ∈ Fp.

Because the polynomial has p roots and α+ a’s are pairwise distinct for a ∈ Fp, we get

xp − x+ 1 ≡
p−1∏
a=0

(x− α− a) mod p

Let m = pp−1 + · · · + 1. To show the claim, it is enough to show that x2m − 1 and

x(p−1)m− 1 are divided by xp− x+ 1 over Fp, in other words, any root α of xp− x+ 1,

α2m = α(p−1)m = 1 over Fp.

From the factorization of xp − x + 1, we can observe that
∏p−1

a=0(−α − a) = 1. Also,

since αp = α− 1,

αpk

= (αp)p
k−1

= (α− 1)p
k−1

= αpk−1

+ (−1)p = · · · = αp0

+ k × (−1)p = α+ k(−1)p

for every k ∈ N. Using these equalities, we get

α2m =
(
α
∑p−1

k=0 pk
)2

=

(
p−1∏
k=0

αpk

)2

=

p−1∏
k=0

(α+ k(−1)p)2 =

p−1∏
k=0

(α+ k)2 =

p−1∏
k=0

(−α− k)2 =

(
p−1∏
k=0

(−α− k)

)2

= 1

α(p−1)m =
(
α
∑p−1

k=0 pk
)p−1

=

(
p−1∏
k=0

αpk

)p−1

=

(
p−1∏
k=0

(α+ k(−1)p)

)p−1

=

(
p−1∏
k=0

(α+ k)

)p−1

=

(
(−1)p

p−1∏
k=0

(−α− k)

)p−1

= (−1)p(p−1) = 1

over Fp, which proves the claim.

When p > 3, 2pp−1
p−1 < pp − 1. Thus pp − 1 is not a minimum of Sp for p > 3. We

want to prove that pp − 1 is the minimum of Sp when p = 2, 3. Suppose that m = minSp.

Note that when s, t ∈ Sp, xs − 1 and xt − 1(s > t) are both divided by xp − x+ 1 over Fp,

xs − xt = xt(xs−t − 1) is divided, thus xs−t − 1 is divided by xp − x + 1. Then by using

division algorithm, xgcd(s,t)− 1 is divided by xp−x+ 1 over Fp, so gcd(s, t) ∈ Sp. Therefore

since gcd(m, pp − 1) ∈ Sp and gcd(m, pp − 1) ≤ m, m is a divisor of pp − 1. From the fact

that xp − x+ 1 divides xm − 1, p ≤ m.

When p = 2, pp − 1 = 3. Since m divides 3 and m ≥ 2, m = 3 = pp − 1.
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When p = 3, pp − 1 = 26. Since m divides 26 and m ≥ 3, m = 13 or 26. Since x13 + 1 =

(x3−x+ 1)(x10 +x8−x7 +x6 +x5−x4 +x2 +x+ 1) over F3 and x13 + 1− (x13− 1) 6≡ 0

mod 3, m 6= 13. Thus m = 26 = pp − 1.

Therefore, primes p for which pp − 1 is the minimum of Sp are 2 and 3.
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